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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 413 ]. This is test number [ 40 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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System solved Failed
Rubi %99.76 (412) | % 0.24 (1)
Mathematica | % 91.53 (378 ) | % 8.47 (35)
Maple % 96.61 (399) | % 3.39 (14)
Maxima % 14.53 (60 ) | % 85.47 (353 )
Fricas % 50.61 (209 ) | % 49.39 ( 204 )
Sympy % 46. (190 ) % 54. (1223)
Giac % 35.84 (148 ) | % 64.16 ( 265 )
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The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

grade

description

A

Integral was solved and antiderivative is optimal in quality and leaf size.

B

Integral was solved and antiderivative is optimal in quality but leaf size

is larger than twice the optimal antiderivatives leaf size.

C

Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal

antiderivative does not.

2. antiderivative contains a special function and the optimal an-

tiderivative does not.

3. antiderivative contains the imaginary unit and the optimal an-

tiderivative does not.

Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an

exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 99.76 0. 0. 0.24
Mathematica 45.04 3.39 43.1 8.47
Maple 41.89 28.57 26.15 3.39
Maxima 12.83 1.45 0.24 85.47
Fricas 36.56 13.56 0.48 49.39
Sympy 31.48 9.93 4.6 54.
Giac 27.36 412 4.36 64.16




17

The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Maple FriCAS Giac/Xcas Maxima Sympy

mA
EB

[ B3

Rubi Mathematlca

The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.
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System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.21 154.91 1. 112.5 1.
Mathematica 0.33 182.54 1.33 111. 0.99
Maple 0.05 303.9 2.16 169. 1.35
Maxima 1.1 78.73 1.4 45. 1.23
Fricas 4.22 1225.75 7.02 359. 4.57
Sympy 6.54 162.48 1.69 83. 1.1
Giac 1.19 733.36 7.89 105.5 1.31

1.4 list of integrals that has no closed form an-
tiderivative

{175},[399} 1404} [405]t

1.5

known antiderivative

Rubi {}

Mathematica {}

Maple {}
Maxima {}
Fricas {}
Sympy {}
Giac {}

1.6

verification

list of integrals solved by CAS but has no

list of integrals solved by CAS but failed

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {08}[09] [[13] 114} 115} 116} [[18}[198, 223} 224} {00 {01} [402} [£03) [408) [409), [410]

411} 412

Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.
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from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/

POST PROCESSOR SCRIPT

=
- =
Test files from Maple script E Program that

Albert Rich Rubi generates the
wet e = Latexepor

using input

from the
| Python script to run rubi-in-sympy : result tables

— Giac ~@
SageMath/Python

. .
scr!pttot?st SageMath —» Fricas
Maxima, Fricas,

oe : s
— Maxima —'—>
|
\J

q

One record (line) per one integral result. The line is CSV P ed. It ins 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) ngh level overview of the CAS
integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. lndependent mtegratlon test
number. CPU time used to solve this integral. 0 if failed. build system

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

LNV AEWNR
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: (1,23, 6,7 B) 410V T 12 13} 1) 151617 18} 19, 204 21} 2223} 24) 2526, 27
18, 29,50, 51 523 53 54 553 50, 57, 58, 50, [0, L, 2, 3, P 5, [, 7 18, 0, 50, 5, 52, 53, 54
55,56, 57, 58, 59, 60, 61} 62 63, 6.3 65366, 673 68, 69, 70, 71 72 73} 74 75, 76, 7 78, 79, 80, 8T,
52,63,54,55,56,57, 58,69,90,,91,,92,93,94,95,96,97,98,99, 100, 101} 102, [03, 104, 105,105
[107,[108}[109, 110}, 111} 112, 113, 114} [T15}, 116,117, 118, [119,[120}121} 122} [123|[124} 125 126] 127,
[128|[129}[130}, 131} [132}[133} 134} [135}[136}[137, 138} 139} [140} 141} 142} 143|144} [145][146,[147] 148,
149,150, 151} 152} 153} [154} [155}[156}[157} 158} [159} [160} [161}, 162, 163} [164} 165,166,167, 168] 169
170,171} 172,173} [175}[T76} 177, [178}[179}[180} [181}[182} [183} [184} 185} [186} [187, [188} [189, 190] 191},
[192}[193} 194} 195} [196} 197}, 198, [199} 200} 201} [202} 203} 204} [205} 206} 207, [208,[209} 210} 211] 212,
213,214} [215][216, 217, [218} [219, 220} [221} 222 [223] [224] [225] [226|[227] 228} 229, [230} 231} [232] 233}
234, [235][236], 237, 238, [239} 240} 241} [242] [243] 244} [245][246] 247, [248] [249} 250, 251} 252} [253] 254]
[255][2561 257,258,259, [260} 261} [262} 263} 26 4, 265}, 266}, 267, 268} 269} 270} 271} 272 [273] [274] 275]
[276,[277,[278}[279, 280}, [281] 282, 283} [284} [285] 286}, [287} [288} 289} [290}, 291}, 292, [293} 294} [295] 296,
[297,[298,[299} 300}, [301} 302} 303}, [304} [305} 306}, [307,[308} 309} [310}, 311}, 312} 313 [314} 315} 316] 317,
[318,[319}[320} 3211, [322} 323} 324} [325,[326} 327 [328,[329} 330} 331}, [332} 333} 334} [335] 336}, [337] 338,
339,340} [341}[342, 343} [344} 345} [346}, 347} 348, [349}[350} 351}, 352} 353} 354} 3551, [356} 357}, [358] 359
360} 3611362, 363,364, [365,[366,[36 7, [368, 369} 370} 371}, 372} 373} 374} 375}, 376}, 877, 378, [379] 380}
3811 [382}[383} 384}, [3851,[386} 387, [388},[389} 390}, [391},[392}, 393} [394},[395}, 396}, 397, [398}, 399} [400f 401}
[402][403] [404] [405] [406}[407] [408] [409} [410} [411} [412] [413] }

B grade: { }
C grade: { }

F grade: {

2.1.2 Mathematica

A grade: ([1}2)B} 3, ) 6,7 B} 9 [0} 11} [2) (3122, 22, [34) 85 56, (37 AT {23} 47 50, 5 5 53,
54,155} 56, 57,158, 59} 60163 62, 631 67, 60,167 08, 169} 70} 71, [72} 73 75,7, 774 78, 79, B1} 52, 85,
(84,85, 86,187} 89} 190, 91,04}, 05, 96, 97} 104} {105}, 120} [21] 122} 123} 124} 125} 126, 127, 1 28} 129}
[130}[131} 132} 133} [134} 135} 136, 137}, 138|139} 140} 141} 142} 143|144} 145} [146] 147,148,149 170}
[175,[176,[177, 178, [179},[182} 183, [184} 185} [189} 190} 191}, 192} 193] 194} 195} [196] 197, 202, [203] 204}
[205}[206} 207} [208} [209} 210} 211}, [212} 213} [214} 215 [216} 217, [218] [219} 220}, [221] 222} [244] [245] 246,
1247, 248, 249, 250, 251} (259, [253, 254} 255, 256, (257 258, 259, 1260} 261, (267 (263, 2614} 265, 2661 267,
[268,[269, 270} [271} 272} 273} [274} [275][276], [277,[278,[279} 280}, 281} 282} [283] [284} 285} [399} [400] 401],
(202 [203) 404 05

B grade: (25,27 26,20} B0 1) 52 53 38} 50} 65 603 89

23
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C grade: ([4) 5,10} 7 18) 9,200 21,2 25,4 5,0 1, 73, 92} 93, 0959, 100} 107 [0}
[103}[106} [107,[108} [109} 110} 111} 112} 113} 114} 115} [116} 117, 118|119, 150, 151} [152}, 153} 154] 155}
[156}[157} 158, [159}[160} 161} 162, 163} 164} 165, [166}[167, 168,169} 171} 172,173} 198,199, 200] 201}
223|224} [225] 226,227, [228] 229, 230} [231} 232, 233} [234} [235] 236} [237} [241] 242, [243] [286} [287] 288,
289,290} [291] 292, 296} [297] 298, [299}[300} 301}, [302}[303} 304} [305,[306} 312} 313 [314} 315} 316] 317,
318, [319,[320}, 3211322} [323}[328,[329} 330} 331}, 332}, 333} 334} 335} 336} 337} 338} 345} 346}, [34 7] 348,
[349,[350}[351}, 352,353} [354} 3551, [360}, [361}, 362, [363} [36 4, 365}, [366,[36 7} 368} 369}, [370} 371}, 376} 377,
[378,[379}[380} 381}, [382} [383} [384}, [385], 386}, 387} [388,[389} 390} [391},[392}, 393} 394}, [395, 396}, 397} 398,
[406}[407, [408,[409} (410} [411} [412} [413] }

F grade: [T77} 180, [T8T) 150, 15766 238, 230, 2710, [295) 291 205, [507) 508} 809, B0} 511} 521,
[325][326} 327} 339} [340} 341} [342}[343}[344} 356}, 357} 358, [359}[372}[373}[374} [375]}

2.1.3 Maple

A grade: (1)) B3} 17 26,27 28,29} B0, 51,52 53 57, 38 123 3 516 78} 19) 0,
(1,52, 56 57,58, 50V 60, 61} 52,65} 4,65} 00, 7273 75, 70,177, 54, 5% 56, 7 5, 59, 90,5, 03
[04}95} 98} 99} 102} [103} 1106} [£07 [L08} 09} (10} [L 1T} (112} [[19} (120} [L21) 22} [23} 24} [[25} 126 127}
[128}[129, 130} 131} [132,[133} 134} 135} 136} [138} 139} 140}, 141} 142|143} [145}[146] 147, 148,149 158,
[159;[160, 164} 165} [175][182} 183, [184} 185] [189} 190} 191} 192} 193] 194} 199}[200} 201} 205} [206] 207,
211} 212,213} [215 [216} 217, [218] 219} [244} [245] 246 [247] 248, 249} [250} 251}, [252} 253} [254} [255] 260,
261}, 262,267, 276,277,278, [279}[280}[281}, [282} 283} 284} 285} 316} 323} 324} 325}, 331}, 338} [347] 382,
[383}[384} 386}, 387} 388} [390} 391}, 392} [393} 399} [404} 405} 407} [412} [413] }

B grade: {[3}[4} b}[6][9} [L0} [LT} [12] [14} [15] 16} [23} [25] [34] [35} 36} [39} [40} [41} 53] 54} (55} [67] [68} [6I),
[70, 71, 7478, 7980, 51,62} B3, 91,06, 07 100, 101} 104, [02) 1 3, 1145 15,1 16, [ T7 118} 1 573 T4
[157,[161} 162,163} [166} 167, 170, 172,195,196} 197,198, [202} 203} [204} (208, 209} [210} 214} [220] 221}
223 223, 224} 256, 257 (258, 259 263, 2614 265 (266, 268, 269, 270} 271, (273, 273, 278 275 B17 318,
[319}[320} 321} 322,326}, 327,[328} [329} 330}, [332} 333} [334} [335} 3361, [337} 339, [340} 341} [342} [343] 344}
(345, .16, 380, 351355, 389}

C grade: (T8[9, 20} 71,2224 [T50)[T5T) 159 (53 (154 57 150 68, 60, 171, 73,225 22
227,228, [229] 230, 231} [232] 233 234} [235} [236] 237, [238} 239} 240} [241] 242} [243] [286] [287] [288] 289
290} 2911292, 293, 294 [295 [2961,[297, [298, [299} 300} 301}, 302} 303} 304} 305} 306}, 307} 308} [309] 310},
3111 [312}[313} 314} [315}[348} [349,[350}[351}, 352} [353}[354} [355}, [356}[357} [358} 359}, [360} 361}, 362} 363]
364, [365}[366} 367, [368, 369} 370}, [371}[372} 373} [374}[375} 376}, [377,[378, [379} 394}, [395} 396}, 397} 398,
[406], /408 (409} (410} [411] }

F grade: { [I74[176}[177)[178}[179,[180} 181} [186} [187, 188, [400} 401} [402} £03] }

21.4 Maxima

A grade: {[}[6} 8} [13}[87,[42} [43) [44} [47
(92,03, 04, 96},98} 09} [[20} 1 21} 122 [123} 128} 129} 130, 131} (175}, 244 2

[255][284][285][399} [404} [405]
B grade: ([}65 B3 0525253
C grade: {[108]}

F grade: (1)), 00} 1) T2, (4T3 75,17 T8[9, 20, 21,72 25 24,25, 26|27, 28} 29,50,

51, [53,55) 54, 5.2 55, 55 B9 0L 1. 16, 819,50, 59,54 55,59, 60,62 63,6 67,68, 69,70,

[711[75 78, [79, 80, 811,82} 83} 87, 190}, 71} 97, [£00} L01), 102} 108} L0} 105} 106} (107} 09} 10, 11T} 112)}
[113|[114}[115,[116,[117,[T18} 119} [124}[125}[126][127, (132} 133} [134}[135} 136} 137, [138}[139, 140] 141}
[142|[143] 144} [145|[146}[147] 148, [149}[150} 151} 152} 153} 154} 155} [156} 157, 158, [159} 160, 161 162,
[163}[164} 165} 166|167, 168, 169,170} 171,172,173} 174,176,177, 178, 179,180} [181} 182, 183] 184}
[185,[186] [187, [188}[189}[190} 191} 192} 193} 194} 195} [196} [197} [198} [199} [200} [201} [202} [203, [204] 205]
206,207} [208} 209, 210} [211} 212} 213} [214} 215} [216}[217}[218} 219} [220} 221} 222, [223] 224} [225] 226
227,228} [229} 230}, 231, [232} 233 234} [235} 236} 237, [238} 239} 240}, [241} 242} 243 [248} 249} [250] 251}
256,257, [258} 259, 260, [261} 262, 263} [26 4} 265} [266}[267, 268} 269} [270} 271} 272, [273] 274} [275] 276)
[277,278,[279}[280} [281], [286} 287 [288, [289} 290} 291}, [292} 293} 294} [295] 296}, 297, [298} 299} [300] 301}
[302,303}[304} 305}, [306}[307} 308, [309} 310} 311}, [312} 313} 314} [315}[316} 317} 318, [319} 320} 321} 322}

N
B

7361
1240, 247,252,253,

&
E

324

N
5
N




25

[323}[324}[325}[326}[327} [328, 329} [330}[331}, 332} [333|[334} 335} [336}[337] [338} [339} [340} 341} [342] 343]

[344}[345][3461[347}[348, 3491 350} [351} 352 353} [354} 355}, 356} [357} [358} [359}[360}, 36 T} 362} [36 3] 364}

[365}[366}367 368} [369} 3701 371} [372} [373) 374} [375} 376}, 377, [378| [379} [380}[381}, [382] [383} [384] 385]

[386}[387} [388) [389}[390}[391} 392} [393} [394} 395} [396}[397] [398} [00}, 401} 402} [03] [406} [£07} [08] 409}

MI0)[411][412) 413}

21.5 FriCAS

A grade: {55,803 10} 1) 12} 13, 20) 27,28 29, [0, 1[5 B35 85 5,57, 58,30} 0 ) 42
32,545,715, 9, 50, 51, 53,53, 54,52, 50, 57 55,59, 60, G, 62,63, 560, 67, G5, 69,7,

(71,173, 733172, 75376, 7175, 79, 80,61, 82,55, 5,55, 56,57, 89,50, 91,62 93,5, 99, (108, 120} 121
[122}[123} 124} [125|[126}[127] 128, [129} 130} [131} [132}[133} [134} [135}[136}, 141} 147, [175}[189, 190] 191},

192, (193} [195} 196} [199}[200} 201} 202} [203) [204} 205} [206} 207, [208| [209] [210} [215] [216} [217} [218] 220}

[221] [244] [245] [246}[247, 248, 249} [250} [25T] 252} [253] [254] [255}[256} [257] [261} 262} [276] 277, [278] 279,

[280} [281] [282] [283] [284] [285][399)} 404} [£05] }

B grade: (12807 5,88,07
[138|[139} 140} 142} [143}[144} [145]

9396,[97, 100} 101} [04} 105} 106, 107} 109} 110}, 111} [12}[137
146} [148] 194} [197, [198} [211} [212} [213] [214} [219} [222} [223] [224] 258

259,260} [264} 265} 2661 267} 271} [272} 273} [408} [£09} 410} [411] }

C grade: {[102}[103]}

F grade: {[14[15}16}[17}[18,[19) 20|21} 22}

5T} 152 153|154} [155)]

(292427 13[4 T3 1.6, 17 18 [L19) T} 150

[L56} 157} [158, 159} [160} 161} 162} [163| 164} [165} 166|167, [168, 169} 170 171]

[I72,[173| 174176} [177, [178, [179} 180} (181} [182} [183| [184} [185} (186} [187] [188} [225] [226} [227} [228] 229,

[230} [231} 232 [233}[234} [235] 236} [237} [238, [239} [240} [241] [242} [243] [263] [268} [269) [270] 274} [275] 286,

[287] (288} 289 [290}[291} [292 293} [294} [295] 296} [297} [298) [299}[300} [301} 302} [303} [304] 305} [306] 307,

[308}[309} 310} 311} [312} 313} 314} [315} 316} 317} [318| 319} [320} [321} [322] [323}[324} [325] [326}[327] 328

[329}3301[331} 332} [333] 334} [335 [336}[337] [338} [339} [340} 341} [342} 343} [344} [345}[346] [347, [348] 349

[350}[351}[352} 353} [354} 355 356} [357, [358} 359} [360} 361}, 362} [36 3} [364} 365} [366} 367 368} [369] 370}

871} [372}[373[374}[375} 376}, 377, [378, [379} 380} [381},[382} [383} [384), [385} [386},[387, [388} [389}[390] 391}

[392}[393} 394} [395}[3961 397} [398} 400} [401}, [402] [403} [406} 407 [412} [413] }

2.1.6 Sympy

A grade: { {133} 4} 6L, 8 9 10} L1, 1%

(39, 404 1 13} A445, 116, 47 18,19} 50,51} 52,53, 4 |3_3|>|3_7L 59,1604 61,62} 633 64 66,67,
@L@@@@L....@ 07
(100, (01} (106, {109} 120} 121} {22} (123, (127 (128} (129} {30} (31} (134, 135, (136} (137} 138} (39} [40] 141}

[144][145)[146}[147)[157, [158}[159} [164} [166} 189} 190} [191} [244] [245] [246] [247} [250} [25T) 252} [253] 254]

[255] 258} [259} 266} 267,

273279, [280]}

B grace: (71415, 25) 25,552 658 05, [0 [0 124 1 25} 1.6} 132} 135} 167} 192 193,
[194}[214) 215, 216} [217,[218] [248] [249] [256} 257} [261] 262} [265] 272} [276], 277, 278, 281} [282, [283] }

C grade: {[[8)[9) 20} 21} 98} 99} [108} (150} [51) [53) [53 LG8 7 (78} 79, 182 183} 187 185,
}

P grade: { [22)[24) 103 [T03) 107} 110} [T [T 113} 114} 115} [T} (17 [[T8} 19} 142} 143} [15)
[149,[154} [155, [156}[160}[161} 162} 163} 165} [169} 170} [171} [172} [173} [174} 175} [176,[180, 181} [186] 187,

[188}[195] 196,197 (198} [199 200} [201} [202 203} [204} [205] [206} [207, [208, [209} [210} 211} [212} P13] 219,

[220] 2211 [229] [223] [224] [225][226] 227} [228) 229} [230} [231 [232} [233] [234] [235) 236} [237] [238] [239] 240

[241] [242} 243260} [263] [264 268} [269, [270} 271} [274} [275] [284} [285] [286] [287] [288| [289] [290} [291] 292

[293}[294}295] [296}[297} [298, [299}[300} [301}, 302} [303} [304} 305} [306}[307] [308}[309} 310} 311} [312] 313]

[314}[315][316[317}[318} 319} 320} [321,[322] 323} [324} [325] [326}[32.7} [328} [329}[330} 331} 332} [333] 334}

[335}[3361[337 [338}[339} 3401 341} [342}[343) 344} 345} 3461 347} [348| 349} [350}[351} 352} 353} [354] 355]

[356}[357][358}[359}[360} 361} [362} 363} [36 4} 365} [366} 367, [368} [369} 370} [3711 372} [373) 374} [375] 376

[377,[378}[379}[380}[381},[382} [383} [384),[385] 386, [387, [388} [389}[390} 391} [392} [393} [394} 395} [396] 397,

[398}[399} 400} [£01} [402] [403} [404} 405} [406], [407} [408} [409} [410} [411} (412} [413] }




21.7 Giac

A grade: (12,5687 38) L 213, 14,5 52) 55,5, 57, 58,61, 60, 67 B9, 0L T 72, 73
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[74[75}[76}[77, 78,79} 81182} 83,84} 85186} 87, 89,90} 91192} 93} [94}97, 98, 99} [108} [120} 121, 122
123} 124} [125} 126} 127} (128, [129} (130} 131} 132, 133} (134} 135} 136} 137}, (138} 139} (140} [T41} 142 143}

44} [145][146)[147] [148| [149) 175} 195|197 [244} [245] [246] [247} [248| [249] [250} [25T) [252] [253} [254] 255]

[256] 257 [258} 259} [260} 261} [262} 276} [277 278} [279) 280} [281} [282} [283] [284} [285] [399)} 404} [405]}

B grade: {57} 1) 2 137 53 5 8575 0 69 00} 1) 93 197
C grace: { [26,27) 25,2050, BT 52 5 585 55,20, 10, ) [0 105, 266,267

F grade: {

0,10,

23, 24} PO} 45| 46, |48, 49} [50} [59} (60} 62} 63 64

(68180} [100

[101}[102]

[103}[106} 107

[109, 110} 11T

[[12)[113] 114} [T15}[116} 117 [118}[119} 150} [151]

[152,[153}[154} 155 [156} 157, [158] [159} [160} [161} 162} [163] 164} [165] 166, 167} [168}[169} 170} 171] 172

[L73} 174} 76} [177} [178}[179} 180} 181} [182] 183 [184} (185} [186} [187} (188} [193} 194} 198} [199} [200] 201}

[202}[203] 204} [205}[206}[207 [208} [209} [210} 211} [212} [213) [214} 215] [216] [217} [218] [219] [220} [221] 222]

[223][224] 225 [226][227] [228) 229} [230} [231} 232} [233] [234] [235} [236| [237] [238} [239] [240] [241} [242] 243]

[263}[264}[265] 268} [269} [2701 271} [272} [273] 274} [275] [286] [287] [288| [289] [290} [291 [292 293} [294] 295]

[296}[297] [298} [299}[300} 301} [302} 303} [304} 305} [306} 307} [308} [309} 310} [311} 312} [313) [314}[315] 316

(317,318,319} [320}[321} 322 323} [324} [325] 326} [327} [328} [329}[330} 331} [332} [333} 334} 335} [336] 337,

[338}[339}[3401 341} [342} 343} 344} [345] 346, 347} [348| [349] [350} [351} 352 [353}[354} 355] 356} [357] 358,

[359}[360}[3611 362} [363}[3641 365} [366}[36 7], 368} [369} 370} 371} [372} [373) [374} [375} 3761 377, [378] 379

[380} (381382} [383}[384),[385] 386} [387, [388} 389} [390} [391} 392} [393} [394} [395}[396} [397] [398} [400] 401},

[402}[403] [406} [407, [408] 409} [410} [411} (412 [413] }

2.2 Detailed conclusion table per each integral

for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it

is given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 247 247 183 260 0 1544 109 325
normalized size | 1 1. 0.74 1.05 0. 6.25 0.44 1.32
time (sec) N/A 0.151 0.075 0.044 0. 1.782 0.598 1.184
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 247 247 184 260 0 1544 110 325
normalized size | 1 1. 0.74 1.05 0. 6.25 045  1.32
time (sec) N/A 0.138 0.044 0.045 0. 1.647 0.764 1.153
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Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 86 86 95 122 0 1527 110 347
normalized size | 1 1. 11 1.42 0. 1776 1.28  4.03
time (sec) N/A 0.045 0.028 0.044 0. 1.497 0.631 1.136
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 86 86 95 122 0 1527 110 347
normalized size | 1 1. 1.1 1.42 0. 17.76  1.28  4.03
time (sec) N/A 0.04 0.022 0.043 0. 1.44 0.79 1.138
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 40 40 33 122 53 112 41 70
normalized size | 1 1. 0.82 3.05 1.32 2.8 1.02  1.75
time (sec) N/A 0.02 0.012 0.045 1498 1309 0106 1.145
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 51 51 44 82 53 105 49 54
normalized size | 1 1. 0.86 1.61 1.04 2.06 096  1.06
time (sec) N/A 0.021 0.013 0.043 1.493  1.439 0.099 1.137
Problem 7, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 16 32 13 34 77 32 39
normalized size | 1 1. 2. 0.81 212 4.81 2. 2.44
time (sec) N/A 0.003 0.014 0.043 1.493  1.405 0.092 1.156
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 13 16 47 15 16
normalized size | 1 1. 1. 0.81 1. 2.94 0.94 1.
time (sec) N/A 0.003 0.005 0.041 1.429  1.257 0.094 1.125
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 75 75 60 254 0 458 138 0
normalized size | 1 1. 0.8 3.39 0. 6.11 1.84 0.
time (sec) N/A 0.037 0.019 0.047 0. 1.506  0.525 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 106 106 91 254 0 462 131 0
normalized size | 1 1. 0.86 24 0. 4.36 1.24 0.
time (sec) N/A 0.047 0.022 0.048 0. 1.487  0.534 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 75 75 60 290 0 343 87 300
normalized size | 1 1. 0.8 3.87 0. 4.57 1.16 4.
time (sec) N/A 0.05 0.032 0.07 0. 1.363 0.176 1.168
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 90 90 75 290 0 346 80 300
normalized size | 1 1. 0.83 3.22 0. 3.84 089  3.33
time (sec) N/A 0.047 0.022 0.045 0. 1.293 0.331 1.158
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 13 13 25 18 23 68 22 26
normalized size | 1 1. 1.92 1.38 1.77 5.23 1.69 2.
time (sec) N/A 0.006 0.006 0.044 1.486 1.35 0133 1.128
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 16 45 100 0 0 70 0
normalized size | 1 1. 2.81 6.25 0. 0. 4.38 0.
time (sec) N/A 0.016 0.012 0.052 0. 0. 1.529 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 35 35 45 99 0 0 70 0
normalized size | 1 1. 1.29 2.83 0. 0. 2. 0.
time (sec) N/A 0.033 0.012 0.048 0. 0. 1.878 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 43 43 74 107 0 0 61 0
normalized size | 1 1. 1.72 2.49 0. 0. 1.42 0.
time (sec) N/A 0.025 0.023 0.054 0. 0. 1.505 0.
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Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 74 108 0 0 60 0
normalized size | 1 1. 0.83 1.21 0. 0. 0.67 0.
time (sec) N/A 0.046 0.021 0.046 0. 0. 1.867 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 47 120 0 0 66 0
normalized size | 1 1. 0.53 1.35 0. 0. 0.74 0.
time (sec) N/A 0.014 0.012 0.153 0. 0. 1.839 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 152 152 47 120 0 0 66 0
normalized size | 1 1. 0.31 0.79 0. 0. 0.43 0.
time (sec) N/A 0.031 0.01 0.046 0. 0. 1.495 0.
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 90 90 76 122 0 0 70 0
normalized size | 1 1. 0.84 1.36 0. 0. 0.78 0.
time (sec) N/A 0.015 0.026 0.131 0. 0. 1.906 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 156 156 76 122 0 0 71 0
normalized size | 1 1. 0.49 0.78 0. 0. 0.46 0.
time (sec) N/A 0.032 0.019 0.046 0. 0. 1.52 0.
Problem 22, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 10 10 10 15 0 0 0 0
normalized size | 1 1. 1. 1.5 0. 0. 0. 0.
time (sec) N/A 0.009 0.007 0.063 0. 0. 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 10 10 47 118 0 0 71 0
normalized size | 1 1. 4.7 11.8 0. 0. 7.1 0.
time (sec) N/A 0.016 0.013 0.052 0. 0. 1.549 0.
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 23 23 24 28 0 0 0 0
normalized size | 1 1. 1.04 1.22 0. 0. 0. 0.
time (sec) N/A 0.026 0.008 0.049 0. 0. 0. 0.
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 23 23 47 117 0 0 71 0
normalized size | 1 1. 2.04 5.09 0. 0. 3.09 0.
time (sec) N/A 0.033 0.012 0.048 0. 0. 1.934 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 82 82 181 71 0 375 122 5779
normalized size | 1 1. 2.21 0.87 0. 4.57 1.49  70.48
time (sec) N/A 0.1 0.109 0.201 0. 1.373 0422 1.621
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 82 82 181 71 0 375 122 5779
normalized size | 1 1. 2.21 0.87 0. 4.57 1.49  70.48
time (sec) N/A 0.11 0.111 0.204 0. 1.349 0422 1.61
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 189 75 0 375 110 5387
normalized size | 1 1. 2.42 0.96 0. 4.81 1.41  69.06
time (sec) N/A 0.098 0.109 0.179 0. 1.348 0.455 1.624
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 86 86 189 75 0 379 121 5387
normalized size | 1 1. 2.2 0.87 0. 4.41 141 62.64
time (sec) N/A 0.104 0.107 0.175 0. 1.39 0.424 1.598
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 182 88 0 378 121 5779
normalized size | 1 1. 2.33 1.13 0. 4.85 1.55  74.09
time (sec) N/A 0.052 0.12 0.173 0. 1.328 0.575 1.64
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Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F A A C

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 182 69 0 379 110 5779
normalized size | 1 1. 2.33 0.88 0. 4.86 141 74.09
time (sec) N/A 0.048 0.129 0.173 0. 1.285  0.599 1.634
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F A A C

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 70 70 190 61 0 378 112 5387
normalized size | 1 1. 2.71 0.87 0. 5.4 1.6  76.96
time (sec) N/A 0.044 0.134 0.18 0. 1.409 0.606 1.609
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F A A C

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 70 70 190 61 0 378 112 5387
normalized size | 1 1. 2.71 0.87 0. 5.4 1.6  76.96
time (sec) N/A 0.047 0.133 0.171 0. 1.289 0.6  1.584
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A C

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 134 134 250 582 0 494 158 6884
normalized size | 1 1. 1.87 4.34 0. 3.69 118  51.37
time (sec) N/A 0.101 0.164 0.275 0. 1.406 0.796 2.444
Problem 35, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A C

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 130 130 248 582 0 490 160 6884
normalized size | 1 1. 1.91 4.48 0. 3.77 1.23  52.95
time (sec) N/A 0.166 0.122 0.223 0. 1.323  0.777 2.415
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A C

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 130 130 248 582 0 490 160 6884
normalized size | 1 1. 1.91 4.48 0. 3.77 1.23  52.95
time (sec) N/A 0.131 0.044 0.212 0. 1.3561 0.784 2.442
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 26 34 66 26 34

normalized size | 1 1. 1. 0.9 1.17 2.28 0.9 1.17
time (sec) N/A 0.026 0.018 0.049 0962 1282 0.506 1.227
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Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 60 60 138 52 0 389 117 69
normalized size | 1 1. 2.3 0.87 0. 6.48 1.95 115
time (sec) N/A 0.069 0.2 0.123 0. 1.307 038 1.263
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 62 62 126 277 0 286 95 3352
normalized size | 1 1. 2.03 4.47 0. 4.61 1.63  54.06
time (sec) N/A 0.058 0.059 0.137 0. 1.353  0.27 1.448
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 134 277 0 298 83 3069
normalized size | 1 1. 2.03 4.2 0. 4.52 1.26  46.5
time (sec) N/A 0.058 0.058 0.106 0. 1.269 0.286 1.272
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 45 45 83 136 0 117 42 53
normalized size | 1 1. 1.84 3.02 0. 2.6 093 1.18
time (sec) N/A 0.059 0.074 0.075 0. 1.316 0.115 1.176
Problem 42, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 15 15 17 12 15 66 22 15
normalized size | 1 1. 1.13 0.8 1. 4.4 1.47 1.
time (sec) N/A 0.009 0.008 0.05 1.457  1.275 0.104 1.136
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 12 15 42 14 15
normalized size | 1 1. 1. 0.86 1.07 3. 1. 1.07
time (sec) N/A 0.007 0.004 0.041 1.445 1358 0.09 1.135
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 97 34 45 112 44 45
normalized size | 1 1. 2.55 0.89 1.18 2.95 116  1.18
time (sec) N/A 0.035 0.185 0.043 1.44 1.307 0.115 1.136
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Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 99 40 0 107 42 0
normalized size | 1 1. 2.06 0.83 0. 2.23 0.88 0.
time (sec) N/A 0.04 0.104 0.06 0. 1.24 0111 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 97 40 0 112 44 0
normalized size | 1 1. 211 0.87 0. 243 0.96 0.
time (sec) N/A 0.043 0.225 0.061 0. 1.343  0.113 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 21 21 17 18 23 53 14 62
normalized size | 1 1. 0.81 0.86 11 2.52 0.67 295
time (sec) N/A 0.013 0.006 0.043 1.459 1306 0.096 1.12
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 101 40 0 109 42 0
normalized size | 1 1. 2.2 0.87 0. 2.37 0.91 0.
time (sec) N/A 0.041 0.278 0.062 0. 1.399 0.116 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 44 44 99 40 0 90 29 0
normalized size | 1 1. 2.25 0.91 0. 2.05 0.66 0.
time (sec) N/A 0.034 0.103 0.063 0. 1.326  0.107 0.
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 23 23 14 20 0 45 12 0
normalized size | 1 1. 0.61 0.87 0. 1.96 0.52 0.
time (sec) N/A 0.026 0.007 0.061 0. 1.339 0.1 0.
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 11 11 12 11 16 22 8 16
normalized size | 1 1. 1.09 1. 1.45 2. 0.73  1.45
time (sec) N/A 0.005 0.006 0.046 0956 1315 0.081 1.131
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Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 29 30 39 68 26 45
normalized size | 1 1. 0.74 0.77 1. 1.74 0.67 1.15
time (sec) N/A 0.018 0.006 0.047 0968 1318 0.098 1.152
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 44 44 42 82 0 111 46 104
normalized size | 1 1. 0.95 1.86 0. 2.52 1.06 236
time (sec) N/A 0.035 0.013 0.073 0. 1.38 0102 1.294
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 127 279 0 286 94 3352
normalized size | 1 1. 1.92 4.23 0. 4.33 1.42  50.79
time (sec) N/A 0.029 0.07 0.102 0. 1.305  0.267 1.296
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 84 136 0 99 39 53
normalized size | 1 1. 1.83 2.96 0. 2.15 085 115
time (sec) N/A 0.031 0.071 0.054 0. 1.387 0.114 1.168
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 9 9 12 10 12 47 14 12
normalized size | 1 1. 1.33 111 1.33 5.22 1.56  1.33
time (sec) N/A 0.009 0.008 0.048 1443 1.313 0.102 1.117
Problem 57 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 11 15 20 7 15
normalized size | 1 1. 1. 1. 1.36 1.82 0.64 1.36
time (sec) N/A 0.005 0.005 0.046 0975 1.238 0.085 1.142
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 26 34 66 26 34
normalized size | 1 1. 1. 0.9 1.17 2.28 0.9 1.17
time (sec) N/A 0.016 0.006 0.045 0964  1.291 01 1.126
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Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 42 39 0 111 46 0
normalized size | 1 1. 0.84 0.78 0. 2.22 0.92 0.
time (sec) N/A 0.023 0.013 0.05 0. 1.3561  0.101 0.
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 42 39 0 108 46 0
normalized size | 1 1. 0.84 0.78 0. 2.16 0.92 0.
time (sec) N/A 0.023 0.013 0.051 0. 1.266  0.101 0.
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 31 28 36 72 22 46
normalized size | 1 1. 1. 0.9 1.16 2.32 0.71 1.48
time (sec) N/A 0.015 0.005 0.046 0978 1.395 0.099 1.106
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 42 39 0 109 46 0
normalized size | 1 1. 0.84 0.78 0. 2.18 0.92 0.
time (sec) N/A 0.023 0.014 0.052 0. 1.422  0.102 0.
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 42 39 0 113 46 0
normalized size | 1 1. 0.84 0.78 0. 2.26 0.92 0.
time (sec) N/A 0.024 0.019 0.052 0. 1.38 0.1 0.
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 42 39 0 113 46 0
normalized size | 1 1. 0.84 0.78 0. 2.26 0.92 0.
time (sec) N/A 0.022 0.015 0.051 0. 1.358 0.103 0.
Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 14 14 32 12 34 76 32 39
normalized size | 1 1. 2.29 0.86 243 543 229 279
time (sec) N/A 0.006 0.007 0.04 1.493  1.282 0.092 1.136
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Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 31 30 39 72 29 45
normalized size | 1 1. 0.79 0.77 1. 1.85 0.74 115
time (sec) N/A 0.017 0.006 0.052 0961 1372 0102 1.136
Problem 67, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 42 82 0 116 46 104
normalized size | 1 1. 0.88 1.71 0. 2.42 096 217
time (sec) N/A 0.039 0.019 0.055 0. 1.274 0.104 1.183
Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 62 62 124 277 0 273 88 0
normalized size | 1 1. 2. 4.47 0. 4.4 1.42 0.
time (sec) N/A 0.056 0.056 0.138 0. 1.328  0.258 0.
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 83 136 0 109 41 35
normalized size | 1 1. 1.69 2.78 0. 2.22 084 071
time (sec) N/A 0.088 0.137 0.079 0. 1.311  0.108 1.137
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 43 43 81 110 0 109 41 35
normalized size | 1 1. 1.88 2.56 0. 2.53 095 081
time (sec) N/A 0.05 0.067 0.065 0. 1.348 0.108 1.115
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 83 104 0 109 41 35
normalized size | 1 1. 1.69 212 0. 2.22 084 071
time (sec) N/A 0.062 0.096 0.069 0. 1.327 0.109 1.136
Problem 72 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 3 3 15 2 3
normalized size | 1 1. 1. 1.5 1.5 7.5 1. 1.5
time (sec) N/A 0.002 0.003 0.044 1435 1335 0.083 1.105
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Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 99 34 45 109 41 35
normalized size | 1 1. 2.61 0.89 1.18 2.87 1.08  0.92
time (sec) N/A 0.027 0.195 0.045 1488 1.283 0.105 1.124
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 35 35 30 88 53 107 39 53
normalized size | 1 1. 0.86 2.51 1.51 3.06 111 151
time (sec) N/A 0.018 0.013 0.044 1453 1375 0101 1.137
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 23 23 12 20 0 34 7 41
normalized size | 1 1. 0.52 0.87 0. 1.48 0.3 1.78
time (sec) N/A 0.02 0.007 0.055 0. 1.355  0.102 1.133
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 11 11 10 16 14 19 7 15
normalized size | 1 1. 0.91 1.45 1.27 1.73 0.64  1.36
time (sec) N/A 0.003 0.004 0.043  1.008 1.275 0.079 1.142
Problem 77 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 65 65 29 22 28 62 19 58
normalized size | 1 1. 0.45 0.34 0.43 0.95 0.29  0.89
time (sec) N/A 0.032 0.006 0.044  0.954 1.28 0.097 1.138
Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 43 43 40 70 0 92 39 53
normalized size | 1 1. 0.93 1.63 0. 2.14 091 1.23
time (sec) N/A 0.033 0.012 0.067 0. 1.351 0.098 1.16
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 40 82 0 100 39 53
normalized size | 1 1. 0.87 1.78 0. 2.17 085 1.15
time (sec) N/A 0.036 0.012 0.073 0. 1.33 0102 1.155




38

Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F A A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 62 62 125 279 0 273 87 0
normalized size | 1 1. 2.02 4.5 0. 4.4 1.4 0.
time (sec) N/A 0.029 0.071 0.105 0. 1.356  0.252 0.
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 87 136 0 109 42 35
normalized size | 1 1. 1.74 2.72 0. 218 0.84 0.7
time (sec) N/A 0.04 0.13 0.058 0. 1411 0.112 1.139
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 44 44 82 111 0 109 42 35
normalized size | 1 1. 1.86 2.52 0. 2.48 0.95 0.8
time (sec) N/A 0.029 0.065 0.053 0. 1.313  0.111 1.143
Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 10 104 0 42 10 35
normalized size | 1 1. 0.26 2.67 0. 1.08 0.26 0.9
time (sec) N/A 0.033 0.007 0.054 0. 1.24  0.098 1.154
Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 9 9 9 10 12 18 5 9
normalized size | 1 1. 1. 111 1.33 2. 0.56 1.
time (sec) N/A 0.004 0.004 0.045 0.98 1.334 0.079 1.113
Problem 85 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 22 28 61 19 47
normalized size | 1 1. 1. 0.88 1.12 2.44 0.76  1.88
time (sec) N/A 0.013 0.006 0.043  0.986 1.35 0.097 1.128
Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 40 62 46 92 39 46
normalized size | 1 1. 0.87 1.35 1. 2. 0.85 1.
time (sec) N/A 0.019 0.011 0.042  1.454 1.37  0.097 11
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Problem 87, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 40 35 0 100 39 53
normalized size | 1 1. 0.87 0.76 0. 2.17 085 1.15
time (sec) N/A 0.021 0.013 0.049 0. 1.326  0.101 1.126
Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 2 2 19 3 18 45 12 20
normalized size | 1 1. 9.5 1.5 9. 22.5 6. 10.
time (sec) N/A 0.002 0.002 0.039 0969 1.325 0.087 1.144
Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 40 34 74 104 39 53
normalized size | 1 1. 1.05 0.89 1.95 2.74 1.03  1.39
time (sec) N/A 0.029 0.014 0.043  1.444 1.36 0103 1.159
Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 40 70 0 104 39 53
normalized size | 1 1. 0.85 1.49 0. 2.21 083 1.13
time (sec) N/A 0.036 0.017 0.053 0. 1.343 0.104 1.159
Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 40 82 0 104 39 53
normalized size | 1 1. 0.87 1.78 0. 2.26 085 115
time (sec) N/A 0.035 0.014 0.055 0. 1.392  0.101 1.146
Problem 92 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 43 43 99 34 45 113 46 45
normalized size | 1 1. 2.3 0.79 1.05 2.63 1.07  1.05
time (sec) N/A 0.035 0.1 0.045 1458 1417 012 1125
Problem 93 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 43 43 99 34 45 113 46 45
normalized size | 1 1. 2.3 0.79 1.05 2.63 1.07  1.05
time (sec) N/A 0.032 0.033 0.043  1.452 1459 0124 1.166
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Problem 94 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 21 21 27 28 31 92 22 34
normalized size | 1 1. 1.29 1.33 1.48 4.38 1.06  1.62
time (sec) N/A 0.005 0.01 0.05 0.988  1.292 0.096 1.162
Problem 95 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 28 28 53 26 51 146 53 59
normalized size | 1 1. 1.89 0.93 1.82 5.21 1.89 211
time (sec) N/A 0.013 0.02 0.045 1448 1381 049 11
Problem 96 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 36 36 72 56 69 163 474 81
normalized size | 1 1. 2. 1.56 1.92 453 1317 2.25
time (sec) N/A 0.04 0.04 0.049 1481 1467 1.05 1.106
Problem 97 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 73 104 0 421 46 55
normalized size | 1 1. 0.99 1.41 0. 5.69 062 0.74
time (sec) N/A 0.045 0.1 0.064 0. 1.548 0.166 1.12
Problem 98 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 83 83 97 114 93 223 740 93
normalized size | 1 1. 1.17 1.37 1.12 2.69 8.92  1.12
time (sec) N/A 0.055 0.125 0.047 1476 1399 0.886 1.13
Problem 99 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 119 119 147 168 142 474 876 147
normalized size | 1 1. 1.24 1.41 1.19 3.98 736  1.24
time (sec) N/A 0.091 0.244 0.056  1.461 1388 1.412 1.138
Problem 100 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 234 234 111 710 0 7710 122 0
normalized size | 1 1. 0.47 3.03 0. 3295 0.52 0.
time (sec) N/A 0.23 0.116 0.08 0. 228  0.899 0.
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Problem 101 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 316 316 165 756 0 11750 167 0
normalized size | 1 1. 0.52 2.39 0. 3718  0.53 0.
time (sec) N/A 0.289 0.209 0.403 0. 2.601 1.389 0.
Problem 102 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F C F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 160 160 53 199 0 387 0 0
normalized size | 1 1. 0.33 1.24 0. 242 0. 0.
time (sec) N/A 0.146 0.045 0.104 0. 1.465 0. 0.
Problem 103 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F C F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 172 172 53 199 0 387 0 0
normalized size | 1 1. 0.31 1.16 0. 2.25 0. 0.
time (sec) N/A 0.137 0.035 0.151 0. 1.673 0. 0.
Problem 104 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B B C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 160 160 137 285 0 1226 332 2847
normalized size | 1 1. 0.86 1.78 0. 7.66 2.08 17.79
time (sec) N/A 0.119 0.091 0.106 0. 2.085 1.81 1.258
Problem 105 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B B C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 160 160 136 283 0 1224 330 2847
normalized size | 1 1. 0.85 1.77 0. 7.65 206 17.79
time (sec) N/A 0.103 0.057 0.103 0. 2.061 1.761 1.258
Problem 106 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 114 114 115 92 0 1616 27 0
normalized size | 1 1. 1.01 0.81 0. 1418  0.24 0.
time (sec) N/A 0.076 0.176 0.067 0. 1.817  0.37 0.
Problem 107 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B F(-2) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 115 96 0 682 0 0
normalized size | 1 1. 0.94 0.79 0. 5.59 0. 0.
time (sec) N/A 0.08 0.157 0.073 0. 1.671 0. 0.
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Problem 108 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A C A C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 124 124 115 89 170 768 143 124
normalized size | 1 1. 0.93 0.72 1.37 6.19 1.15 1.
time (sec) N/A 0.077 0.135 0.055 1511 1.847 0.398 1.158
Problem 109 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 136 136 130 190 0 9567 172 0
normalized size | 1 1. 0.96 1.4 0. 70.35  1.26 0.
time (sec) N/A 0.104 0.148 0.061 0. 6.157 1.203 0.
Problem 110 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B F(-2) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 160 160 138 194 0 2531 0 0
normalized size | 1 1. 0.86 1.21 0. 15.82 0. 0.
time (sec) N/A 0.116 0.137 0.097 0. 2.411 0. 0.
Problem 111 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B F(-2) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 414 414 247 404 0 3148 0 0
normalized size | 1 1. 0.6 0.98 0. 7.6 0. 0.
time (sec) N/A 0.453 0.197 0.194 0. 3.61 0. 0.
Problem 112 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B F(-2) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 234 234 163 318 0 3245 0 0
normalized size | 1 1. 0.7 1.36 0. 13.87 0. 0.
time (sec) N/A 0.172 0.185 0.092 0. 7.487 0. 0.
Problem 113 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 96 96 103 200 0 0 0 0
normalized size | 1 1. 1.07 2.08 0. 0. 0. 0.
time (sec) N/A 0.123 0.136 0.31 0. 0. 0. 0.
Problem 114 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 25 25 19 113 0 0 0 0
normalized size | 1 1. 0.76 4.52 0. 0. 0. 0.
time (sec) N/A 0.032 0.053 0.054 0. 0. 0. 0.
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Problem 115 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 96 96 103 204 0 0 0 0
normalized size | 1 1. 1.07 2.12 0. 0. 0. 0.
time (sec) N/A 0.178 0.165 0.296 0. 0. 0. 0.
Problem 116 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 92 92 107 204 0 0 0 0
normalized size | 1 1. 1.16 2.22 0. 0. 0. 0.
time (sec) N/A 0.12 0.132 0.403 0. 0. 0. 0.
Problem 117 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 27 27 35 95 0 0 0 0
normalized size | 1 1. 1.3 3.52 0. 0. 0. 0.
time (sec) N/A 0.039 0.064 0.05 0. 0. 0. 0.
Problem 118 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 92 92 107 204 0 0 0 0
normalized size | 1 1. 1.16 2.22 0. 0. 0. 0.
time (sec) N/A 0.165 0.166 0.291 0. 0. 0. 0.
Problem 119 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 296 296 187 515 0 0 0 0
normalized size | 1 1. 0.63 1.74 0. 0. 0. 0.
time (sec) N/A 0.119 0.309 0.075 0. 0. 0. 0.
Problem 120 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 106 106 106 97 127 234 110 127
normalized size | 1 1. 1. 0.92 1.2 2.21 1.04 1.2
time (sec) N/A 0.083 0.021 0.042 0996  1.347 0.078 1.117
Problem 121 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 79 79 79 72 96 171 78 96
normalized size | 1 1. 1. 0.91 1.22 2.16 099  1.22
time (sec) N/A 0.056 0.016 0.042 0977 1417 0.073 1141
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Problem 122 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 56 49 65 120 56 68
normalized size | 1 1. 1. 0.88 1.16 2.14 1. 1.21
time (sec) N/A 0.032 0.011 0.042 0976 1.367 0.066 1.125
Problem 123 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 32 32 32 27 35 66 29 38
normalized size | 1 1. 1. 0.84 1.09 2.06 0.91 1.19
time (sec) N/A 0.014 0.002 0.041 0.958  1.554 0.057 1.125
Problem 124 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 55 55 55 57 0 293 104 59
normalized size | 1 1. 1. 1.04 0. 5.33 1.89 1.07
time (sec) N/A 0.035 0.036 0.048 0. 1.939 0427 1124
Problem 125 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 78 82 0 455 138 84
normalized size | 1 1. 1.05 1.11 0. 6.15 1.86 1.14
time (sec) N/A 0.052 0.051 0.052 0. 1.876  0.64 1.136
Problem 126 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 93 93 92 99 0 635 219 104
normalized size | 1 1. 0.99 1.06 0. 6.83 235 112
time (sec) N/A 0.067 0.063 0.053 0. 1.992 0.856 1.122
Problem 127 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 123 123 113 122 0 875 204 135
normalized size | 1 1. 0.92 0.99 0. 711 1.66 1.1
time (sec) N/A 0.114 0.082 0.053 0. 1.992 1.09 1.131
Problem 128 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 133 133 133 130 174 304 144 173
normalized size | 1 1. 1. 0.98 1.31 2.29 1.08 1.3
time (sec) N/A 0.107 0.022 0.042 1.008  1.642 0.084 1.12
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Problem 129 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 97 97 97 90 120 215 104 123
normalized size | 1 1. 1. 0.93 1.24 2.22 1.07  1.27
time (sec) N/A 0.068 0.018 0.041 1.027  1.485 0.079 1.165
Problem 130 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 60 60 60 51 68 123 60 72
normalized size | 1 1. 1. 0.85 1.13 2.05 1. 1.2
time (sec) N/A 0.03 0.002 0.041 0932 1.647 0.067 1.176
Problem 131 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 22 28 47 22 28
normalized size | 1 1. 1. 0.88 1.12 1.88 0.88 1.12
time (sec) N/A 0.008 0.001 0.043 1. 1.679 0.06 1.131
Problem 132 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 108 108 97 136 0 585 235 142
normalized size | 1 1. 0.9 1.26 0. 5.42 218 131
time (sec) N/A 0.077 0.08 0.047 0. 1.862 0.594 1.105
Problem 133 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 131 131 134 170 0 807 314 173
normalized size | 1 1. 1.02 1.3 0. 6.16 2.4 1.32
time (sec) N/A 0.188 0.109 0.053 0. 1.865 1.021 1.156
Problem 134 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 155 155 154 211 0 1071 257 196
normalized size | 1 1. 0.99 1.36 0. 6.91 1.66 1.26
time (sec) N/A 0.252 0.111 0.053 0. 1.936 1.857 1.195
Problem 135 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 184 184 174 262 0 1366 292 225
normalized size | 1 1. 0.95 1.42 0. 7.42 1.59  1.22
time (sec) N/A 0.297 0.143 0.054 0. 2.004 3.058 1.158




46

Problem 136 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 223 223 200 231 0 1697 335 267
normalized size | 1 1. 0.9 1.04 0. 7.61 1.5 1.2
time (sec) N/A 0.339 0.191 0.056 0. 1.939 5932 1.126
Problem 137 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 437 437 444 741 0 6198 500 672
normalized size | 1 1. 1.02 1.7 0. 1418 114 1.54
time (sec) N/A 0.453 0.341 0.048 0. 28.782 4.097 1.168
Problem 138 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 370 370 360 572 0 4462 350 547
normalized size | 1 1. 0.97 1.55 0. 12.06  0.95 1.48
time (sec) N/A 0.501 0.281 0.049 0. 833 2368 1171
Problem 139 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 297 297 269 412 0 3004 238 454
normalized size | 1 1. 0.91 1.39 0. 10.11 0.8 1.53
time (sec) N/A 0.293 0.262 0.046 0. 3.22 1.501 1.148
Problem 140 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 247 247 183 260 0 1544 109 331
normalized size | 1 1. 0.74 1.05 0. 6.25 0.44 1.34
time (sec) N/A 0.152 0.058 0.046 0. 1.971 0.641 1.151
Problem 141 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 185 185 134 128 0 306 20 242
normalized size | 1 1. 0.72 0.69 0. 1.65 011 131
time (sec) N/A 0.111 0.019 0.043 0. 1.999 0.157 1.128
Problem 142 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 336 336 234 363 0 7792 0 458
normalized size | 1 1. 0.7 1.08 0. 23.19 0. 1.36
time (sec) N/A 0.27 0.155 0.054 0. 6.77 0. 1.131
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Problem 143 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 453 453 362 650 0 16741 0 698
normalized size | 1 1. 0.8 1.43 0. 36.96 0. 1.54
time (sec) N/A 0.384 0.494 0.056 0. 121.687 0. 1.259
Problem 144 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 363 363 371 624 0 4196 352 574
normalized size | 1 1. 1.02 1.72 0. 11.56 097  1.58
time (sec) N/A 0.41 0.269 0.058 0. 2412 3.678 1.183
Problem 145 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 349 349 295 464 0 3308 275 497
normalized size | 1 1. 0.85 1.33 0. 9.48 0.79 1.42
time (sec) N/A 0.313 0.172 0.052 0. 2928 2122 1137
Problem 146 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 275 275 267 303 0 1825 136 369
normalized size | 1 1. 0.97 1.1 0. 6.64 049 1.34
time (sec) N/A 0.203 0.288 0.05 0. 1.787 1165 1.126
Problem 147 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 202 202 183 143 0 414 39 262
normalized size | 1 1. 0.91 0.71 0. 2.05 0.19 1.3
time (sec) N/A 0.133 0.112 0.049 0. 1.697 0.503 1.11
Problem 148 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 689 689 429 873 0 20650 0 814
normalized size | 1 1. 0.62 1.27 0. 29.97 0. 1.18
time (sec) N/A 0.623 0.314 0.061 0. 114.867 0. 1.173
Problem 149 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) F(-1) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 864 864 540 1169 0 0 0 1146
normalized size | 1 1. 0.62 1.35 0. 0. 0. 1.33
time (sec) N/A 0.906 0.624 0.066 0. 0. 0. 1.154




48

Problem 150 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 388 386 203 506 0 0 214 0
normalized size | 1 0.99 0.52 1.3 0. 0. 0.55 0.
time (sec) N/A 0.415 0.216 0.192 0. 0. 4.703 0.
Problem 151 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 326 326 140 388 0 0 173 0
normalized size | 1 1. 0.43 1.19 0. 0. 0.53 0.
time (sec) N/A 0.287 0.144 0.052 0. 0. 3.583 0.
Problem 152 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 264 264 120 266 0 0 124 0
normalized size | 1 1. 0.45 1.01 0. 0. 0.47 0.
time (sec) N/A 0.129 0.095 0.051 0. 0. 2.729 0.
Problem 153 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 226 226 77 169 0 0 78 0
normalized size | 1 1. 0.34 0.75 0. 0. 0.35 0.
time (sec) N/A 0.069 0.03 0.046 0. 0. 1.651 0.
Problem 154 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 334 334 95 107 0 0 0 0
normalized size | 1 1. 0.28 0.32 0. 0. 0. 0.
time (sec) N/A 0.266 0.154 0.191 0. 0. 0. 0.
Problem 155 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 581 581 522 556 0 0 0 0
normalized size | 1 1. 0.9 0.96 0. 0. 0. 0.
time (sec) N/A 0.762 0.779 0.197 0. 0. 0. 0.
Problem 156 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 729 729 332 1018 0 0 0 0
normalized size | 1 1. 0.46 1.4 0. 0. 0. 0.
time (sec) N/A 1.25 1.121 0.195 0. 0. 0. 0.
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Problem 157 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 213 213 141 360 0 0 180 0
normalized size | 1 1. 0.66 1.69 0. 0. 0.85 0.
time (sec) N/A 0.282 0.167 0.291 0. 0. 3.681 0.
Problem 158 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 162 162 121 246 0 0 129 0
normalized size | 1 1. 0.75 1.52 0. 0. 0.8 0.
time (sec) N/A 0.145 0.105 0.055 0. 0. 2.819 0.
Problem 159 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 124 124 77 154 0 0 82 0
normalized size | 1 1. 0.62 1.24 0. 0. 0.66 0.
time (sec) N/A 0.089 0.031 0.05 0. 0. 1.708 0.
Problem 160 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 72 72 91 97 0 0 0 0
normalized size | 1 1. 1.26 1.35 0. 0. 0. 0.
time (sec) N/A 0.041 0.152 0.193 0. 0. 0. 0.
Problem 161 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 299 299 508 523 0 0 0 0
normalized size | 1 1. 1.7 1.75 0. 0. 0. 0.
time (sec) N/A 0.356 0.974 0.368 0. 0. 0. 0.
Problem 162 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 425 425 321 961 0 0 0 0
normalized size | 1 1. 0.76 2.26 0. 0. 0. 0.
time (sec) N/A 0.751 1.274 0.286 0. 0. 0. 0.
Problem 163 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 563 563 458 1420 0 0 0 0
normalized size | 1 1. 0.81 2.52 0. 0. 0. 0.
time (sec) N/A 1.206 1.997 0.195 0. 0. 0. 0.
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Problem 164 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 126 126 78 160 0 0 73 0
normalized size | 1 1. 0.62 1.27 0. 0. 0.58 0.
time (sec) N/A 0.083 0.035 0.181 0. 0. 1.662 0.
Problem 165 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 73 73 92 99 0 0 0 0
normalized size | 1 1. 1.26 1.36 0. 0. 0. 0.
time (sec) N/A 0.042 0.15 0.18 0. 0. 0. 0.
Problem 166 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 54 54 86 158 0 0 70 0
normalized size | 1 1. 1.59 2.93 0. 0. 1.3 0.
time (sec) N/A 0.049 0.037 0.072 0. 0. 1.796 0.
Problem 167 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 52 52 85 165 0 0 76 0
normalized size | 1 1. 1.63 3.17 0. 0. 1.46 0.
time (sec) N/A 0.046 0.031 0.071 0. 0. 1.753 0.
Problem 168 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 236 236 80 175 0 0 83 0
normalized size | 1 1. 0.34 0.74 0. 0. 0.35 0.
time (sec) N/A 0.069 0.037 0.175 0. 0. 1.636 0.
Problem 169 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 347 347 98 110 0 0 0 0
normalized size | 1 1. 0.28 0.32 0. 0. 0. 0.
time (sec) N/A 0.295 0.147 0.178 0. 0. 0. 0.
Problem 170 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 40 40 43 79 0 0 0 0
normalized size | 1 1. 1.08 1.98 0. 0. 0. 0.
time (sec) N/A 0.063 0.123 0.191 0. 0. 0. 0.
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Problem 171 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 310 310 50 86 0 0 0 0
normalized size | 1 1. 0.16 0.28 0. 0. 0. 0.
time (sec) N/A 0.273 0.103 0.382 0. 0. 0. 0.
Problem 172 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 40 40 59 78 0 0 0 0
normalized size | 1 1. 1.48 1.95 0. 0. 0. 0.
time (sec) N/A 0.018 0.125 0.095 0. 0. 0. 0.
Problem 173 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 300 300 65 86 0 0 0 0
normalized size | 1 1. 0.22 0.29 0. 0. 0. 0.
time (sec) N/A 0.223 0.112 0.023 0. 0. 0. 0.
Problem 174 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F F F F F F F
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 112 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.009 0.06 0.144 0. 0. 0. 0.
Problem 175 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.008 0.076 0.102 0. 0. 0. 0.
Problem 176 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 204 196 136 0 0 0 0 0
normalized size | 1 0.96 0.67 0. 0. 0. 0. 0.
time (sec) N/A 0.23 0.067 0.051 0. 0. 0. 0.
Problem 177 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 150 142 106 0 0 0 119 0
normalized size | 1 0.95 0.71 0. 0. 0. 0.79 0.
time (sec) N/A 0.132 0.041 0.04 0. 0. 118.77 0.
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Problem 178 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 96 96 75 0 0 0 75 0
normalized size | 1 1. 0.78 0. 0. 0. 0.78 0.
time (sec) N/A 0.051 0.023 0.028 0. 0. 56.897 0.
Problem 179 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 44 44 44 0 0 0 34 0
normalized size | 1 1. 1. 0. 0. . 0.77 0.
time (sec) N/A 0.01 0.003 0.021 0. 0. 12.409 0.
Problem 180 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 123 123 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0 0 0. 0.
time (sec) N/A 0.127 0.128 0.042 0 0 0. 0.
Problem 181 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 189 189 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0 0 0 0
time (sec) N/A 0.194 0.241 0.053 0 0 0 0
Problem 182 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 108 103 86 75 0 0 129 0
normalized size | 1 0.95 0.8 0.69 0. 0. 1.19 0.
time (sec) N/A 0.115 0.017 0.105 0. 0. 176.712 0.
Problem 183 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 86 79 65 56 0 0 94 0
normalized size | 1 0.92 0.76 0.65 0 0 1.09 0.
time (sec) N/A 0.068 0.011 0.045 0 0 99.188 0.
Problem 184 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 42 42 42 37 0 0 61 0
normalized size | 1 1. 1. 0.88 0. 0. 1.45 0.
time (sec) N/A 0.021 0.007 0.027 0. 0. 45966 0.
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Problem 185 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 17 0 0 29 0
normalized size | 1 1. 1. 0.94 0. 0. 1.61 0.
time (sec) N/A 0.004 0.002 0.021 0. 0. 9.933 0.
Problem 186 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 50 50 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.054 0.08 0.043 0. 0. 0. 0.
Problem 187 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 77 77 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.082 0.104 0.056 0. 0. 0. 0.
Problem 188 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 101 101 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.114 0.148 0.072 0. 0. 0. 0.
Problem 189 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 51 51 51 42 0 255 75 194
normalized size | 1 1. 1. 0.82 0. 5. 1.47 3.8
time (sec) N/A 0.041 0.023 0.006 0. 1.848 0475 1.183
Problem 190 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 38 31 0 201 58 166
normalized size | 1 1. 1. 0.82 0. 5.29 1.63  4.37
time (sec) N/A 0.034 0.017 0.002 0. 1.85 0.405 1.176
Problem 191 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 22 0 149 34 159
normalized size | 1 1. 1. 0.76 0. 5.14 117 548
time (sec) N/A 0.023 0.009 0.004 0. 1.879 0.359 1.155
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Problem 192 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 24 24 24 16 0 151 46 157
normalized size | 1 1. 1. 0.67 0. 6.29 1.92  6.54
time (sec) N/A 0.012 0.004 0.003 0. 1.904 0.187 1.166
Problem 193 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 72 72 65 55 0 421 226 0
normalized size | 1 1. 0.9 0.76 0. 5.85 3.14 0.
time (sec) N/A 0.057 0.034 0.016 0. 1.854  0.654 0.
Problem 194 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B B F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 76 73 0 608 255 0
normalized size | 1 1. 0.85 0.82 0. 6.83 2.87 0.
time (sec) N/A 0.083 0.058 0.01 0. 1.828  0.907 0.
Problem 195 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 62 62 61 1442 0 491 0 32
normalized size | 1 1. 0.98 23.26 0. 7.92 0. 0.52
time (sec) N/A 0.044 0.028 0.054 0. 2.056 0. 1.175
Problem 196 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 38 986 0 340 0 177
normalized size | 1 1. 1. 25.95 0. 8.95 0. 4.66
time (sec) N/A 0.026 0.157 0.027 0. 2.156 0. 1.454
Problem 197 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 61 61 108 441 0 490 0 1
normalized size | 1 1. 1.77 7.23 0. 8.03 0. 0.02
time (sec) N/A 0.039 0.127 0.023 0. 2.017 0. 1.228
Problem 198 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 80 80 345 911 0 632 0 0
normalized size | 1 1. 4.31 11.39 0. 7.9 0. 0.
time (sec) N/A 0.069 1.682 0.022 0. 2.102 0. 0.
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Problem 199 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 153 153 98 132 0 549 0 0
normalized size | 1 1. 0.64 0.86 0. 3.59 0. 0.
time (sec) N/A 0.055 0.165 0.089 0. 2.086 0. 0.
Problem 200 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 110 110 86 107 0 489 0 0
normalized size | 1 1. 0.78 0.97 0. 4.45 0. 0.
time (sec) N/A 0.035 0.074 0.02 0. 2.102 0. 0.
Problem 201 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 65 65 50 69 0 270 0 0
normalized size | 1 1. 0.77 1.06 0. 4.15 0. 0.
time (sec) N/A 0.022 0.043 0.02 0. 1.989 0. 0.
Problem 202 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 78 249 0 359 0 0
normalized size | 1 1. 1. 3.19 0. 4.6 0. 0.
time (sec) N/A 0.036 0.054 0.043 0. 2.165 0. 0.
Problem 203 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 125 125 111 488 0 655 0 0
normalized size | 1 1. 0.89 3.9 0. 5.24 0. 0.
time (sec) N/A 0.051 0.084 0.063 0. 2.238 0. 0.
Problem 204 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 168 168 123 711 0 801 0 0
normalized size | 1 1. 0.73 4.23 0. 4.77 0. 0.
time (sec) N/A 0.086 0.108 0.054 0. 1.873 0. 0.
Problem 205 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 152 152 123 105 0 551 0 0
normalized size | 1 1. 0.81 0.69 0. 3.62 0. 0.
time (sec) N/A 0.055 0.201 0.017 0. 1.995 0. 0.
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Problem 206 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 109 109 110 85 0 490 0 0
normalized size | 1 1. 1.01 0.78 0. 4.5 0. 0.
time (sec) N/A 0.035 0.115 0.016 0. 1.974 0. 0.
Problem 207 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 64 64 67 54 0 269 0 0
normalized size | 1 1. 1.05 0.84 0. 4.2 0. 0.
time (sec) N/A 0.025 0.041 0.014 0. 1.941 0. 0.
Problem 208 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 77 77 77 267 0 359 0 0
normalized size | 1 1. 1. 3.47 0. 4.66 0. 0.
time (sec) N/A 0.036 0.051 0.057 0. 2. 0. 0.
Problem 209 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 124 124 110 510 0 660 0 0
normalized size | 1 1. 0.89 4.11 0. 5.32 0. 0.
time (sec) N/A 0.054 0.083 0.041 0. 2.353 0. 0.
Problem 210 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 167 167 122 739 0 803 0 0
normalized size | 1 1. 0.73 4.43 0. 4.81 0. 0.
time (sec) N/A 0.087 0.107 0.05 0. 2.392 0. 0.
Problem 211 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 30 30 38 25 0 165 0 0
normalized size | 1 1. 1.27 0.83 0. 5.5 0. 0.
time (sec) N/A 0.01 0.023 0.01 0. 2.219 0. 0.
Problem 212 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 24 40 34 33 0 165 0 0
normalized size | 1 1.67 1.42 1.38 0. 6.88 0. 0.
time (sec) N/A 0.011 0.02 0.01 0. 2.084 0. 0.
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Problem 213 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 73 72 71 59 0 331 0 0
normalized size | 1 0.99 0.97 0.81 0. 4.53 0. 0.
time (sec) N/A 0.118 0.057 0.004 0. 1.922 0. 0.
Problem 214 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B B F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 121 121 121 226 0 903 343 0
normalized size | 1 1. 1. 1.87 0. 7.46 2.83 0.
time (sec) N/A 0.16 0.077 0.01 0. 1.941  0.955 0.
Problem 215 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 86 86 84 142 0 632 275 0
normalized size | 1 1. 0.98 1.65 0. 7.35 3.2 0.
time (sec) N/A 0.107 0.046 0.004 0. 1.954  0.74 0.
Problem 216 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 64 64 63 79 0 424 212 0
normalized size | 1 1. 0.98 1.23 0. 6.62 3.31 0.
time (sec) N/A 0.078 0.055 0.003 0. 2.008 0.568 0.
Problem 217 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 48 33 0 279 124 0
normalized size | 1 1. 0.98 0.67 0. 5.69 2.53 0.
time (sec) N/A 0.029 0.013 0.003 0. 1.603  0.218 0.
Problem 218 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 136 136 133 155 0 1829 2664 0
normalized size | 1 1. 0.98 1.14 0. 13.45 19.59 0.
time (sec) N/A 0.178 0.208 0.02 0. 2.546 22464 0.
Problem 219 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 187 187 177 319 0 3611 0 0
normalized size | 1 1. 0.95 1.71 0. 19.31 0. 0.
time (sec) N/A 0.278 0.425 0.013 0. 7.545 0. 0.
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Problem 220 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 139 139 134 7043 0 2303 0 0
normalized size | 1 1. 0.96 50.67 0. 16.57 0. 0.
time (sec) N/A 0.276 0.264 0.05 0. 4.713 0. 0.
Problem 221 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 108 108 103 4308 0 1985 0 0
normalized size | 1 1. 0.95 39.89 0. 18.38 0. 0.
time (sec) N/A 0.126 0.088 0.02 0. 2.559 0. 0.
Problem 222 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 76 76 76 2252 0 907 0 0
normalized size | 1 1. 1. 29.63 0. 11.93 0. 0.
time (sec) N/A 0.07 0.068 0.02 0. 2.316 0. 0.
Problem 223 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 106 106 418 771 0 1440 0 0
normalized size | 1 1. 3.94 7.27 0. 13.58 0. 0.
time (sec) N/A 0.117 0.8 0.018 0. 2.782 0. 0.
Problem 224 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 149 149 1058 1637 0 2169 0 0
normalized size | 1 1. 7.1 10.99 0. 14.56 0. 0.
time (sec) N/A 0.269 3.492 0.02 0. 5.156 0. 0.
Problem 225 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 183 183 169 263 0 0 0 0
normalized size | 1 1. 0.92 1.44 0. 0. 0. 0.
time (sec) N/A 0.088 0.313 0.174 0. 0. 0. 0.
Problem 226 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 164 164 162 248 0 0 0 0
normalized size | 1 1. 0.99 1.51 0. 0. 0. 0.
time (sec) N/A 0.061 0.154 0.006 0. 0. 0. 0.
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Problem 227 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 145 145 168 233 0 0 0 0
normalized size | 1 1. 1.16 1.61 0. 0. 0. 0.
time (sec) N/A 0.043 0.183 0.006 0. 0. 0. 0.
Problem 228 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 137 137 118 293 0 0 0 0
normalized size | 1 1. 0.86 2.14 0. 0. 0. 0.
time (sec) N/A 0.086 0.095 0.052 0. 0. 0. 0.
Problem 229 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 164 224 0 0 0 0
normalized size | 1 1. 3.35 4.57 0. 0. 0. 0.
time (sec) N/A 0.011 0.353 0.017 0. 0. 0. 0.
Problem 230 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 93 93 176 333 0 0 0 0
normalized size | 1 1. 1.89 3.58 0. 0. 0. 0.
time (sec) N/A 0.508 0.302 0.022 0. 0. 0. 0.
Problem 231 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 166 166 240 438 0 0 0 0
normalized size | 1 1. 1.45 2.64 0. 0. 0. 0.
time (sec) N/A 0.615 0.419 0.024 0. 0. 0. 0.
Problem 232 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 159 159 157 233 0 0 0 0
normalized size | 1 1. 0.99 1.47 0. 0. 0. 0.
time (sec) N/A 0.071 0.173 0.027 0. 0. 0. 0.
Problem 233 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 137 137 143 218 0 0 0 0
normalized size | 1 1. 1.04 1.59 0. 0. 0. 0.
time (sec) N/A 0.045 0.137 0.007 0. 0. 0. 0.




60

Problem 234 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 115 115 94 205 0 0 0 0
normalized size | 1 1. 0.82 1.78 0. 0. 0. 0.
time (sec) N/A 0.022 0.07 0.005 0. 0. 0. 0.
Problem 235 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 73 104 0 0 0 0
normalized size | 1 1. 1.06 1.51 0. 0. 0. 0.
time (sec) N/A 0.059 0.069 0.016 0. 0. 0. 0.
Problem 236 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 118 118 226 397 0 0 0 0
normalized size | 1 1. 1.92 3.36 0. 0. 0. 0.
time (sec) N/A 0.135 0.407 0.019 0. 0. 0. 0.
Problem 237 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 142 142 235 418 0 0 0 0
normalized size | 1 1. 1.65 2.94 0. 0. 0. 0.
time (sec) N/A 0.277 0.332 0.021 0. 0. 0. 0.
Problem 238 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 144 144 0 268 0 0 0 0
normalized size | 1 1. 0. 1.86 0. 0. 0. 0.
time (sec) N/A 0.045 0. 0.033 0. 0. 0. 0.
Problem 239 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 98 98 0 268 0 0 0 0
normalized size | 1 1. 0. 2.73 0. 0. 0. 0.
time (sec) N/A 0.025 0. 0.007 0. 0. 0. 0.
Problem 240 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 96 96 0 247 0 0 0 0
normalized size | 1 1. 0. 2.57 0. 0. 0. 0.
time (sec) N/A 0.021 0. 0.007 0. 0. 0. 0.
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Problem 241 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 166 166 204 398 0 0 0 0
normalized size | 1 1. 1.23 24 0. 0. 0. 0.
time (sec) N/A 0.104 0.213 0.017 0. 0. 0. 0.
Problem 242 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 111 111 168 419 0 0 0 0
normalized size | 1 1. 1.51 3.77 0. 0. 0. 0.
time (sec) N/A 0.278 0.379 0.025 0. 0. 0. 0.
Problem 243 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 190 190 192 439 0 0 0 0
normalized size | 1 1. 1.01 2.31 0. 0. 0. 0.
time (sec) N/A 0.571 0.336 0.024 0. 0. 0. 0.
Problem 244 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 135 135 135 136 182 355 156 192
normalized size | 1 1. 1. 1.01 1.35 2.63 116  1.42
time (sec) N/A 0.126 0.038 0. 0973 1.349 0.093 1.203
Problem 245 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 103 103 104 103 138 263 112 146
normalized size | 1 1. 1.01 1. 1.34 2.55 1.09 1.42
time (sec) N/A 0.095 0.029 0. 0982 1.388 0.084 1.136
Problem 246 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 73 73 73 70 93 185 78 103
normalized size | 1 1. 1. 0.96 1.27 2.53 1.07 141
time (sec) N/A 0.06 0.02 0. 0969 1368 0.078 1.157
Problem 247 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 42 42 42 37 49 104 39 58
normalized size | 1 1. 1. 0.88 1.17 2.48 093 1.38
time (sec) N/A 0.027 0.008 0. 0.95 1.382 0.063 1.138
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Problem 248 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 65 84 0 347 117 76
normalized size | 1 1. 0.98 1.27 0. 5.26 1.77 115
time (sec) N/A 0.045 0.051 0.003 0. 1.637 0.64 1.262
Problem 249 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 83 83 88 118 0 541 153 101
normalized size | 1 1. 1.06 1.42 0. 6.52 1.84 1.22
time (sec) N/A 0.093 0.056 0.008 0. 1.628 1.063 1.155
Problem 250 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 115 115 110 131 0 813 196 136
normalized size | 1 1. 0.96 1.14 0. 7.07 1.7 1.18
time (sec) N/A 0.107 0.097 0.008 0. 1.573 1.808 1.137
Problem 251 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 150 150 142 158 0 1091 241 181
normalized size | 1 1. 0.95 1.05 0. 7.27 1.61 1.21
time (sec) N/A 0.205 0.132 0.01 0. 1.674 3.32 1.172
Problem 252 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 223 223 223 219 294 620 272 344
normalized size | 1 1. 1. 0.98 1.32 2.78 1.22 1.54
time (sec) N/A 0.199 0.09 0.002 0954 1372 0107 1.14
Problem 253 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 155 155 156 155 198 436 192 244
normalized size | 1 1. 1.01 1. 1.28 2.81 1.24 1.57
time (sec) N/A 0.141 0.054 0.001 0975 1433 0.095 1.135
Problem 254 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 96 96 96 91 122 252 107 143
normalized size | 1 1. 1. 0.95 1.27 2.62 111 1.49
time (sec) N/A 0.068 0.024 0. 0966  1.336 0.081 1.187
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Problem 255 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 49 42 61 104 48 58
normalized size | 1 1. 1. 0.86 1.24 212 0.98 1.18
time (sec) N/A 0.025 0.006 0. 0964  1.347 0.068 1.107
Problem 256 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 143 143 144 267 0 892 366 250
normalized size | 1 1. 1.01 1.87 0. 6.24 256  1.75
time (sec) N/A 0.14 0.065 0.005 0. 1.619 1.268 1.144
Problem 257 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 166 166 183 320 0 1272 479 279
normalized size | 1 1. 1.1 1.93 0. 7.66 2.89 1.68
time (sec) N/A 0.298 0.103 0.013 0. 1.715 3274 1.123
Problem 258 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 201 201 217 402 0 1694 396 329
normalized size | 1 1. 1.08 2. 0. 8.43 1.97 1.64
time (sec) N/A 0.419 0.115 0.012 0. 1.724 17105 1.132
Problem 259 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 250 250 267 506 0 2130 457 400
normalized size | 1 1. 1.07 2.02 0. 8.52 1.83 1.6
time (sec) N/A 0.543 0.15 0.011 0. 1.69 110179 1.114
Problem 260 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 317 317 345 412 0 2766 0 491
normalized size | 1 1. 1.09 1.3 0. 8.73 0. 1.55
time (sec) N/A 0.65 0.229 0.012 0. 1.777 0. 1.169
Problem 261 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 83 83 88 118 0 541 153 101
normalized size | 1 1. 1.06 1.42 0. 6.52 1.84  1.22
time (sec) N/A 0.093 0.047 0. 0. 1.653 1.036 1.155
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Problem 262 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 83 83 88 118 0 541 153 101
normalized size | 1 1. 1.06 1.42 0. 6.52 1.84  1.22
time (sec) N/A 0.084 0.017 0.007 0. 1.585 1.07 1.193
Problem 263 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 459 459 570 1888 0 0 0 0
normalized size | 1 1. 1.24 411 0. 0. 0. 0.
time (sec) N/A 1.537 0.711 0.062 0. 0. 0. 0.
Problem 264 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 316 316 402 1211 0 19539 0 0
normalized size | 1 1. 1.27 3.83 0. 61.83 0. 0.
time (sec) N/A 0.786 0.575 0.036 0. 152.596 0. 0.
Problem 265 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B B F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 238 238 269 695 0 9230 920 0
normalized size | 1 1. 1.13 2.92 0. 38.78  3.87 0.
time (sec) N/A 0.635 0.332 0.027 0. 13.603 45.21 0.
Problem 266 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 174 174 172 328 0 3055 314 6479
normalized size | 1 1. 0.99 1.89 0. 17.56 1.8  37.24
time (sec) N/A 0.202 0.145 0.019 0. 2.288 4925 2.491
Problem 267 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B A C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 150 150 129 116 0 1323 87 1365
normalized size | 1 1. 0.86 0.77 0. 8.82 0.58 9.1
time (sec) N/A 0.098 0.086 0.013 0. 2.065 0.906 1.418
Problem 268 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 254 254 274 480 0 0 0 0
normalized size | 1 1. 1.08 1.89 0. 0. 0. 0.
time (sec) N/A 0.586 0.287 0.023 0. 0. 0. 0.
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Problem 269 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 429 429 354 1141 0 0 0 0
normalized size | 1 1. 0.83 2.66 0. 0. 0. 0.
time (sec) N/A 1.415 0.825 0.03 0. 0. 0. 0.
Problem 270 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 563 563 540 1846 0 0 0 0
normalized size | 1 1. 0.96 3.28 0. 0. 0. 0.
time (sec) N/A 3.519 1.712 0.047 0. 0. 0. 0.
Problem 271 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) B F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 386 386 415 1223 0 14976 0 0
normalized size | 1 1. 1.08 3.17 0. 38.8 0. 0.
time (sec) N/A 2.079 1.187 0.039 0. 40.587 0. 0.
Problem 272 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B B F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 293 293 310 1761 0 9543 1180 0
normalized size | 1 1. 1.06 6.01 0. 32.57  4.03 0.
time (sec) N/A 0.789 0.806 0.08 0. 6.946  60.3 0.
Problem 273 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 252 252 243 733 0 4918 394 0
normalized size | 1 1. 0.96 291 0. 19.52  1.56 0.
time (sec) N/A 0.517 0.443 0.054 0. 2163 4414 0.
Problem 274 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 660 660 708 3841 0 0 0 0
normalized size | 1 1. 1.07 5.82 0. 0. 0. 0.
time (sec) N/A 2.873 3.043 0.074 0. 0. 0. 0.
Problem 275 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 1077 1077 1020 5709 0 0 0 0
normalized size | 1 1. 0.95 5.3 0. 0. 0. 0.
time (sec) N/A 12.639 6.289 0.082 0. 0. 0. 0.
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Problem 276 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 215 215 190 283 0 882 505 243
normalized size | 1 1. 0.88 1.32 0. 41 235 113
time (sec) N/A 0.161 0.402 0.008 0. 5982 55.099 1.214
Problem 277 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 175 175 157 229 0 701 413 196
normalized size | 1 1. 0.9 1.31 0. 4.01 2.36 1.12
time (sec) N/A 0.122 0.33 0.008 0. 4.948 28138 1.135
Problem 278 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 132 132 121 175 0 533 272 143
normalized size | 1 1. 0.92 1.33 0. 4.04 2.06 1.08
time (sec) N/A 0.109 0.238 0.01 0. 4963 11.074 1.133
Problem 279 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 97 97 82 122 0 408 230 107
normalized size | 1 1. 0.85 1.26 0. 4.21 2.37 1.1

time (sec) N/A 0.061 0.063 0.007 0. 4.697 6.374 1.176
Problem 280 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 98 112 0 552 134 108
normalized size | 1 1. 1.1 1.26 0. 6.2 1.51 1.21
time (sec) N/A 0.073 0.107 0.007 0. 4298 7.825 1.211
Problem 281 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 101 101 112 124 0 612 450 119
normalized size | 1 1. 1.11 1.23 0. 6.06 4.46 1.18
time (sec) N/A 0.071 0.194 0.009 0. 4.888 18.452 1.124
Problem 282 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A B A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 86 86 67 66 234 198 639 101
normalized size | 1 1. 0.78 0.77 2.72 2.3 743 117
time (sec) N/A 0.107 0.051 0.006  0.952 472 56.603 1.162
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Problem 283 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 126 126 101 100 306 294 1989 153
normalized size | 1 1. 0.8 0.79 243 2.33 1579 121
time (sec) N/A 0.146 0.095 0.006 0996 5136 145.542 1.176
Problem 284 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 165 164 132 136 379 386 0 200
normalized size | 1 0.99 0.8 0.82 2.3 2.34 0. 1.21
time (sec) N/A 0.21 0.119 0.005 0.99 6.216 0. 1.143
Problem 285 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 210 210 167 172 452 502 0 255
normalized size | 1 1. 0.8 0.82 2.15 2.39 0. 1.21
time (sec) N/A 0.222 0.145 0.006 0989  7.455 0. 1.198
Problem 286 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 193 193 119 172 0 0 0 0
normalized size | 1 1. 0.62 0.89 0. 0. 0. 0.
time (sec) N/A 0.099 0.101 0.027 0. 0. 0. 0.
Problem 287 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 168 168 114 155 0 0 0 0
normalized size | 1 1. 0.68 0.92 0. 0 0. 0
time (sec) N/A 0.068 0.079 0.007 0. 0 0. 0
Problem 288 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 149 149 109 137 0 0 0 0
normalized size | 1 1. 0.73 0.92 0. 0 0. 0
time (sec) N/A 0.048 0.062 0.007 0. 0 0. 0
Problem 289 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 141 141 102 121 0 0 0 0
normalized size | 1 1. 0.72 0.86 0. 0. 0. 0.
time (sec) N/A 0.042 0.034 0.004 0. 0. 0. 0.
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Problem 290 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 178 232 90 138 0 0 0 0
normalized size | 1 1.3 0.51 0.78 0. 0. 0. 0.
time (sec) N/A 0.124 0.141 0.026 0. 0. 0. 0.
Problem 291 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 209 209 208 162 0 0 0 0
normalized size | 1 1. 1. 0.78 0. 0. 0. 0.
time (sec) N/A 0.123 0.268 0.02 0. 0. 0. 0.
Problem 292 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 237 237 174 186 0 0 0 0
normalized size | 1 1. 0.73 0.78 0. 0. 0. 0.
time (sec) N/A 0.595 0.342 0.018 0. 0. 0. 0.
Problem 293 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 219 219 0 206 0 0 0 0
normalized size | 1 1. 0. 0.94 0. 0. 0. 0.
time (sec) N/A 0.124 0. 0.017 0. 0. 0. 0.
Problem 294 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 198 198 0 189 0 0 0 0
normalized size | 1 1. 0. 0.95 0. 0. 0. 0.
time (sec) N/A 0.086 0. 0.008 0. 0. 0. 0.
Problem 295 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 179 179 0 172 0 0 0 0
normalized size | 1 1. 0. 0.96 0. 0. 0. 0.
time (sec) N/A 0.064 0. 0.005 0. 0. 0. 0.
Problem 296 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 172 172 114 155 0 0 0 0
normalized size | 1 1. 0.66 0.9 0. 0. 0. 0.
time (sec) N/A 0.058 0.042 0.003 0. 0. 0. 0.




69

Problem 297 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 207 207 148 170 0 0 0 0
normalized size | 1 1. 0.71 0.82 0. 0. 0. 0.
time (sec) N/A 0.199 0.176 0.014 0. 0. 0. 0.
Problem 298 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 222 333 213 177 0 0 0 0
normalized size | 1 1.5 0.96 0.8 0. 0. 0. 0.
time (sec) N/A 0.444 0.291 0.019 0. 0. 0. 0.
Problem 299 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 231 288 174 186 0 0 0 0
normalized size | 1 1.25 0.75 0.81 0. 0. 0. 0.
time (sec) N/A 0.668 0.375 0.02 0. 0. 0. 0.
Problem 300 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 157 157 106 138 0 0 0 0
normalized size | 1 1. 0.68 0.88 0. 0. 0. 0.
time (sec) N/A 0.084 0.102 0.016 0. 0. 0. 0.
Problem 301 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 142 142 104 121 0 0 0 0
normalized size | 1 1. 0.73 0.85 0. 0. 0. 0.
time (sec) N/A 0.054 0.088 0.007 0. 0. 0. 0.
Problem 302 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 121 121 69 106 0 0 0 0
normalized size | 1 1. 0.57 0.88 0. 0. 0. 0.
time (sec) N/A 0.032 0.061 0.004 0. 0. 0. 0.
Problem 303 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 50 46 0 0 0 0
normalized size | 1 1. 1.04 0.96 0. 0. 0. 0.
time (sec) N/A 0.006 0.015 0.003 0. 0. 0. 0.
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Problem 304 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 106 106 55 47 0 0 0 0
normalized size | 1 1. 0.52 0.44 0. 0. 0. 0.
time (sec) N/A 0.072 0.094 0.012 0. 0. 0. 0.
Problem 305 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 209 209 208 162 0 0 0 0
normalized size | 1 1. 1. 0.78 0. 0. 0. 0.
time (sec) N/A 0.188 0.258 0.016 0. 0. 0. 0.
Problem 306 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 237 237 186 186 0 0 0 0
normalized size | 1 1. 0.78 0.78 0. 0. 0. 0.
time (sec) N/A 0.25 0.334 0.017 0. 0. 0. 0.
Problem 307 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 189 189 0 274 0 0 0 0
normalized size | 1 1. 0. 1.45 0 0 0. 0.
time (sec) N/A 0.113 0. 0.031 0 0 0. 0.
Problem 308 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 170 170 0 234 0 0 0 0
normalized size | 1 1. 0. 1.38 0 0 0. 0.
time (sec) N/A 0.083 0. 0.007 0 0 0. 0.
Problem 309 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 149 149 0 196 0 0 0 0
normalized size | 1 1. 0. 1.32 0 0 0. 0.
time (sec) N/A 0.052 0. 0.006 0 0 0. 0.
Problem 310 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 149 149 0 173 0 0 0 0
normalized size | 1 1. 0. 1.16 0. 0. 0. 0.
time (sec) N/A 0.051 0. 0.007 0. 0. 0. 0.
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Problem 311 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 145 145 0 150 0 0 0 0
normalized size | 1 1. 0. 1.03 0. 0. 0. 0.
time (sec) N/A 0.041 0. 0.004 0. 0. 0. 0.
Problem 312 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 149 149 99 129 0 0 0 0
normalized size | 1 1. 0.66 0.87 0. 0. 0. 0.
time (sec) N/A 0.042 0.04 0.003 0. 0. 0. 0.
Problem 313 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 173 207 138 161 0 0 0 0
normalized size | 1 1.2 0.8 0.93 0. 0. 0. 0.
time (sec) N/A 0.141 0.17 0.015 0. 0. 0. 0.
Problem 314 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 235 235 208 185 0 0 0 0
normalized size | 1 1. 0.89 0.79 0. 0. 0. 0.
time (sec) N/A 0.429 0.274 0.019 0. 0. 0. 0.
Problem 315 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 263 263 159 209 0 0 0 0
normalized size | 1 1. 0.6 0.79 0. 0. 0. 0.
time (sec) N/A 0.76 0.489 0.023 0. 0. 0. 0.
Problem 316 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 116 116 112 193 0 0 0 0
normalized size | 1 1. 0.97 1.66 0. 0. 0. 0.
time (sec) N/A 0.112 0.126 0.032 0. 0. 0. 0.
Problem 317 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 95 95 107 176 0 0 0 0
normalized size | 1 1. 1.13 1.85 0. 0. 0. 0.
time (sec) N/A 0.087 0.102 0.008 0. 0. 0. 0.
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Problem 318 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 102 159 0 0 0 0
normalized size | 1 1. 1.38 2.15 0. 0. 0. 0.
time (sec) N/A 0.061 0.089 0.009 0. 0. 0. 0.
Problem 319 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 94 141 0 0 0 0
normalized size | 1 1. 2.04 3.07 0. 0. 0. 0.
time (sec) N/A 0.046 0.081 0.006 0. 0. 0. 0.
Problem 320 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 44 44 90 125 0 0 0 0
normalized size | 1 1. 2.05 2.84 0. 0. 0. 0.
time (sec) N/A 0.04 0.045 0.003 0. 0. 0. 0.
Problem 321 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 51 141 0 0 0 0
normalized size | 1 1. 1.11 3.07 0. 0. 0. 0.
time (sec) N/A 0.079 0.13 0.013 0. 0. 0. 0.
Problem 322 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 196 165 0 0 0 0
normalized size | 1 1. 2.65 2.23 0. 0. 0. 0.
time (sec) N/A 0.08 0.277 0.02 0. 0. 0. 0.
Problem 323 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 244 189 0 0 0 0
normalized size | 1 1. 2.39 1.85 0. 0. 0. 0.
time (sec) N/A 0.414 0.354 0.021 0. 0. 0. 0.
Problem 324 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F A F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 142 142 0 227 0 0 0 0
normalized size | 1 1. 0. 1.6 0. 0. 0. 0.
time (sec) N/A 0.132 0. 0.023 0. 0. 0. 0.
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Problem 325 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F A F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 121 121 0 210 0 0 0 0
normalized size | 1 1. 0. 1.74 0. 0. 0. 0.
time (sec) N/A 0.101 0. 0.007 0. 0. 0. 0.
Problem 326 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 100 100 0 193 0 0 0 0
normalized size | 1 1. 0. 1.93 0. 0 0 0.
time (sec) N/A 0.074 0. 0.008 0. 0 0 0.
Problem 327 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 81 81 0 176 0 0 0 0
normalized size | 1 1. 0. 2.17 0. 0 0 0.
time (sec) N/A 0.055 0. 0.006 0. 0 0 0.
Problem 328 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 102 159 0 0 0 0
normalized size | 1 1. 1.38 2.15 0. 0 0 0.
time (sec) N/A 0.052 0.053 0.003 0. 0 0 0.
Problem 329 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 72 72 130 173 0 0 0 0
normalized size | 1 1. 1.81 2.4 0. 0. 0. 0.
time (sec) N/A 0.136 0.196 0.015 0. 0. 0. 0.
Problem 330 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 93 93 201 180 0 0 0 0
normalized size | 1 1. 2.16 1.94 0. 0. 0. 0.
time (sec) N/A 0.32 0.314 0.021 0. 0. 0. 0.
Problem 331 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 244 189 0 0 0 0
normalized size | 1 1. 2.39 1.85 0. 0. 0. 0.
time (sec) N/A 0.497 0.423 0.018 0. 0. 0. 0.




74

Problem 332 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 65 65 97 142 0 0 0 0
normalized size | 1 1. 1.49 2.18 0. 0. 0. 0.
time (sec) N/A 0.076 0.113 0.018 0. 0. 0. 0.
Problem 333 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 92 125 0 0 0 0
normalized size | 1 1. 2. 2.72 0. 0. 0. 0.
time (sec) N/A 0.051 0.097 0.007 0. 0. 0. 0.
Problem 334 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 34 110 0 0 0 0
normalized size | 1 1. 1.36 4.4 0. 0. 0. 0.
time (sec) N/A 0.038 0.059 0.005 0. 0. 0. 0.
Problem 335 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 10 10 19 47 0 0 0 0
normalized size | 1 1. 1.9 4.7 0. 0. 0. 0.
time (sec) N/A 0.011 0.015 0.004 0. 0. 0. 0.
Problem 336 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 17 17 24 48 0 0 0 0
normalized size | 1 1. 1.41 2.82 0. 0. 0. 0.
time (sec) N/A 0.033 0.097 0.01 0. 0. 0. 0.
Problem 337 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 196 165 0 0 0 0
normalized size | 1 1. 2.65 2.23 0. 0. 0. 0.
time (sec) N/A 0.134 0.279 0.016 0. 0. 0. 0.
Problem 338 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 108 189 0 0 0 0
normalized size | 1 1. 1.06 1.85 0. 0. 0. 0.
time (sec) N/A 0.192 0.405 0.019 0. 0. 0. 0.
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Problem 339 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 93 93 0 280 0 0 0 0
normalized size | 1 1. 0. 3.01 0. 0. 0. 0.
time (sec) N/A 0.101 0. 0.033 0. 0. 0. 0.
Problem 340 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 74 74 0 240 0 0 0 0
normalized size | 1 1. 0. 3.24 0. 0. 0. 0.
time (sec) N/A 0.076 0. 0.008 0. 0. 0. 0.
Problem 341 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 55 55 0 202 0 0 0 0
normalized size | 1 1. 0. 3.67 0. 0. 0. 0.
time (sec) N/A 0.051 0. 0.008 0. 0. 0. 0.
Problem 342 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 55 55 0 179 0 0 0 0
normalized size | 1 1. 0. 3.25 0. 0. 0. 0.
time (sec) N/A 0.051 0. 0.007 0. 0. 0. 0.
Problem 343 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 55 55 0 156 0 0 0 0
normalized size | 1 1. 0. 2.84 0. 0. 0. 0.
time (sec) N/A 0.045 0. 0.006 0. 0. 0. 0.
Problem 344 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 55 55 0 133 0 0 0 0
normalized size | 1 1. 0. 2.42 0. 0. 0. 0.
time (sec) N/A 0.041 0. 0.004 0. 0. 0. 0.
Problem 345 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 72 72 101 164 0 0 0 0
normalized size | 1 1. 1.4 2.28 0. 0. 0. 0.
time (sec) N/A 0.09 0.212 0.014 0. 0. 0. 0.
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Problem 346 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 100 100 196 188 0 0 0 0
normalized size | 1 1. 1.96 1.88 0. 0. 0. 0.
time (sec) N/A 0.297 0.325 0.02 0. 0. 0. 0.
Problem 347 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 128 128 244 212 0 0 0 0
normalized size | 1 1. 1.91 1.66 0. 0. 0. 0.
time (sec) N/A 0.57 0.402 0.023 0. 0. 0. 0.
Problem 348 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 242 242 354 292 0 0 0 0
normalized size | 1 1. 1.46 1.21 0. 0. 0. 0.
time (sec) N/A 0.15 0.588 0.148 0. 0. 0. 0.
Problem 349 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 221 221 349 275 0 0 0 0
normalized size | 1 1. 1.58 1.24 0 0 0. 0.
time (sec) N/A 0.112 0.515 0.011 0 0 0. 0.
Problem 350 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 198 198 343 258 0 0 0 0
normalized size | 1 1. 1.73 1.3 0 0 0. 0.
time (sec) N/A 0.077 0.473 0.009 0 0 0. 0.
Problem 351 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 177 177 338 240 0 0 0 0
normalized size | 1 1. 1.91 1.36 0 0 0. 0.
time (sec) N/A 0.054 0.437 0.007 0 0 0. 0.
Problem 352 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 169 169 331 224 0 0 0 0
normalized size | 1 1. 1.96 1.33 0. 0. 0. 0.
time (sec) N/A 0.051 0.354 0.003 0. 0. 0. 0.
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Problem 353 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 322 322 283 386 0 0 0 0
normalized size | 1 1. 0.88 1.2 0. 0. 0. 0.
time (sec) N/A 0.152 0.251 0.051 0. 0. 0. 0.
Problem 354 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 284 284 481 410 0 0 0 0
normalized size | 1 1. 1.69 1.44 0. 0. 0. 0.
time (sec) N/A 0.151 0.771 0.023 0. 0. 0. 0.
Problem 355 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 312 312 308 434 0 0 0 0
normalized size | 1 1. 0.99 1.39 0. 0. 0. 0.
time (sec) N/A 0.711 0.671 0.024 0. 0. 0. 0.
Problem 356 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 268 268 0 326 0 0 0 0
normalized size | 1 1. 0. 1.22 0. 0. 0. 0.
time (sec) N/A 0.174 0. 0.039 0. 0. 0. 0.
Problem 357 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 247 247 0 309 0 0 0 0
normalized size | 1 1. 0. 1.25 0. 0. 0. 0.
time (sec) N/A 0.13 0. 0.007 0. 0. 0. 0.
Problem 358 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 226 226 0 292 0 0 0 0
normalized size | 1 1. 0. 1.29 0. 0. 0. 0.
time (sec) N/A 0.098 0. 0.007 0. 0. 0. 0.
Problem 359 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 207 207 0 275 0 0 0 0
normalized size | 1 1. 0. 1.33 0. 0. 0. 0.
time (sec) N/A 0.071 0. 0.007 0. 0. 0. 0.
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Problem 360 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 198 198 343 258 0 0 0 0
normalized size | 1 1. 1.73 1.3 0. 0. 0. 0.
time (sec) N/A 0.069 0.418 0.003 0. 0. 0. 0.
Problem 361 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 284 284 477 418 0 0 0 0
normalized size | 1 1. 1.68 1.47 0. 0. 0. 0.
time (sec) N/A 0.236 0.718 0.019 0. 0. 0. 0.
Problem 362 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 305 372 309 425 0 0 0 0
normalized size | 1 1.22 1.01 1.39 0. 0. 0. 0.
time (sec) N/A 0.534 0.585 0.023 0. 0. 0. 0.
Problem 363 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 440 440 309 434 0 0 0 0
normalized size | 1 1. 0.7 0.99 0. 0. 0. 0.
time (sec) N/A 0.8 0.702 0.023 0. 0. 0. 0.
Problem 364 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 187 187 337 241 0 0 0 0
normalized size | 1 1. 1.8 1.29 0. 0. 0. 0.
time (sec) N/A 0.093 0.484 0.029 0. 0. 0. 0.
Problem 365 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 170 170 331 224 0 0 0 0
normalized size | 1 1. 1.95 1.32 0. 0. 0. 0.
time (sec) N/A 0.059 0.438 0.007 0. 0. 0. 0.
Problem 366 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 151 151 214 209 0 0 0 0
normalized size | 1 1. 1.42 1.38 0. 0. 0. 0.
time (sec) N/A 0.036 0.177 0.007 0. 0. 0. 0.
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Problem 367 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 64 64 142 85 0 0 0 0
normalized size | 1 1. 2.22 1.33 0. 0. 0. 0.
time (sec) N/A 0.007 0.055 0.003 0. 0. 0. 0.
Problem 368 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 168 168 159 107 0 0 0 0
normalized size | 1 1. 0.95 0.64 0. 0. 0. 0.
time (sec) N/A 0.082 0.135 0.016 0. 0. 0. 0.
Problem 369 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 286 286 481 410 0 0 0 0
normalized size | 1 1. 1.68 1.43 0. 0. 0. 0.
time (sec) N/A 0.225 0.783 0.02 0. 0. 0. 0.
Problem 370 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 314 314 308 434 0 0 0 0
normalized size | 1 1. 0.98 1.38 0. 0. 0. 0.
time (sec) N/A 0.29 0.894 0.025 0. 0. 0. 0.
Problem 371 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 219 219 339 379 0 0 0 0
normalized size | 1 1. 1.55 1.73 0. 0. 0. 0.
time (sec) N/A 0.121 0.521 0.048 0. 0. 0. 0.
Problem 372 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 200 200 0 339 0 0 0 0
normalized size | 1 1. 0. 1.7 0. 0. 0. 0.
time (sec) N/A 0.089 0. 0.007 0. 0. 0. 0.
Problem 373 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 181 181 0 301 0 0 0 0
normalized size | 1 1. 0. 1.66 0. 0. 0. 0.
time (sec) N/A 0.059 0. 0.006 0. 0. 0. 0.
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Problem 374 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 181 181 0 278 0 0 0 0
normalized size | 1 1. 0. 1.54 0. 0. 0. 0.
time (sec) N/A 0.059 0. 0.006 0. 0. 0. 0.
Problem 375 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 181 181 0 255 0 0 0 0
normalized size | 1 1. 0. 141 0. 0. 0. 0.
time (sec) N/A 0.052 0. 0.004 0. 0. 0. 0.
Problem 376 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 181 181 328 232 0 0 0 0
normalized size | 1 1. 1.81 1.28 0. 0. 0. 0.
time (sec) N/A 0.05 0.357 0.004 0. 0. 0. 0.
Problem 377 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 284 284 483 409 0 0 0 0
normalized size | 1 1. 1.7 1.44 0 0 0. 0.
time (sec) N/A 0.163 0.54 0.018 0 0 0. 0.
Problem 378 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 312 312 311 433 0 0 0 0
normalized size | 1 1. 1. 1.39 0 0 0. 0.
time (sec) N/A 0.505 0.593 0.025 0 0 0. 0.
Problem 379 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 340 340 320 457 0 0 0 0
normalized size | 1 1. 0.94 1.34 0 0 0. 0.
time (sec) N/A 0.872 0.739 0.025 0 0 0. 0.
Problem 380 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 467 467 584 1186 0 0 0 0
normalized size | 1 1. 1.25 2.54 0. 0. 0. 0.
time (sec) N/A 0.425 2.904 0.066 0. 0. 0. 0.
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Problem 381 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 356 356 488 756 0 0 0 0
normalized size | 1 1. 1.37 2.12 0. 0. 0. 0.
time (sec) N/A 0.191 1.634 0.009 0. 0. 0. 0.
Problem 382 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 283 283 302 362 0 0 0 0
normalized size | 1 1. 1.07 1.28 0. 0. 0. 0.
time (sec) N/A 0.083 0.261 0.003 0. 0. 0. 0.
Problem 383 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 401 401 214 200 0 0 0 0
normalized size | 1 1. 0.53 0.5 0. 0. 0. 0.
time (sec) N/A 0.346 0.228 0.03 0. 0. 0. 0.
Problem 384 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 718 718 1069 1279 0 0 0 0
normalized size | 1 1. 1.49 1.78 0. 0. 0. 0.
time (sec) N/A 1.081 1.888 0.027 0. 0. 0. 0.
Problem 385 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 553 553 596 1195 0 0 0 0
normalized size | 1 1. 1.08 2.16 0. 0. 0. 0.
time (sec) N/A 1.28 2.474 0.058 0. 0. 0. 0.
Problem 386 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 454 454 503 761 0 0 0 0
normalized size | 1 1. 1.11 1.68 0. 0. 0. 0.
time (sec) N/A 0.794 1.396 0.01 0. 0. 0. 0.
Problem 387 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 385 385 293 364 0 0 0 0
normalized size | 1 1. 0.76 0.95 0. 0. 0. 0.
time (sec) N/A 0.337 0.261 0.006 0. 0. 0. 0.
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Problem 388 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 197 197 205 201 0 0 0 0
normalized size | 1 1. 1.04 1.02 0. 0. 0. 0.
time (sec) N/A 0.157 0.23 0.029 0. 0. 0. 0.
Problem 389 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 718 718 464 1293 0 0 0 0
normalized size | 1 1. 0.65 1.8 0. 0. 0. 0.
time (sec) N/A 1.015 5.593 0.025 0. 0. 0. 0.
Problem 390 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 479 479 304 355 0 0 0 0
normalized size | 1 1. 0.63 0.74 0. 0. 0. 0.
time (sec) N/A 0.475 0.301 0.028 0. 0. 0. 0.
Problem 391 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 204 204 216 198 0 0 0 0
normalized size | 1 1. 1.06 0.97 0. 0. 0. 0.
time (sec) N/A 0.192 0.223 0.024 0. 0. 0. 0.
Problem 392 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 293 293 295 357 0 0 0 0
normalized size | 1 1. 1.01 1.22 0. 0. 0. 0.
time (sec) N/A 0.09 0.311 0.03 0. 0. 0. 0.
Problem 393 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 412 412 207 199 0 0 0 0
normalized size | 1 1. 0.5 0.48 0. 0. 0. 0.
time (sec) N/A 0.363 0.23 0.023 0. 0. 0. 0.
Problem 394 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 229 229 154 380 0 0 0 0
normalized size | 1 1. 0.67 1.66 0. 0. 0. 0.
time (sec) N/A 0.154 0.229 0.01 0. 0. 0. 0.
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Problem 395 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 168 168 127 235 0 0 0 0
normalized size | 1 1. 0.76 1.4 0. 0. 0. 0.
time (sec) N/A 0.074 0.154 0.009 0. 0. 0. 0.
Problem 396 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 73 108 0 0 0 0
normalized size | 1 1. 0.6 0.89 0. 0. 0. 0.
time (sec) N/A 0.034 0.075 0.006 0. 0. 0. 0.
Problem 397 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 124 124 59 55 0 0 0 0
normalized size | 1 1. 0.48 0.44 0. 0. 0. 0.
time (sec) N/A 0.091 0.11 0.016 0. 0. 0. 0.
Problem 398 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 316 399 175 443 0 0 0 0
normalized size | 1 1.26 0.55 1.4 0. 0. 0. 0.
time (sec) N/A 0.327 0.583 0.026 0. 0. 0. 0.
Problem 399 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 26 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.011 0.099 0.074 0. 0. 0. 0.
Problem 400 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 498 498 373 0 0 0 0 0
normalized size | 1 1. 0.75 0. 0. 0. 0. 0.
time (sec) N/A 0.814 0.518 0.051 0. 0. 0. 0.
Problem 401 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 358 345 303 0 0 0 0 0
normalized size | 1 0.96 0.85 0. 0. 0. 0. 0.
time (sec) N/A 0.356 0.354 0.041 0. 0. 0. 0.
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Problem 402 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 274 274 232 0 0 0 0 0
normalized size | 1 1. 0.85 0. 0. 0. 0. 0.
time (sec) N/A 0.222 0.244 0.025 0. 0. 0. 0.
Problem 403 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 133 133 161 0 0 0 0 0
normalized size | 1 1. 1.21 0. 0. 0. 0. 0.
time (sec) N/A 0.058 0.181 0.013 0. 0. 0. 0.
Problem 404 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 26 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.011 0.131 0.037 0. 0. 0. 0.
Problem 405 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 26 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.011 0.267 0.053 0. 0. 0. 0.
Problem 406 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 446 446 258 251 0 0 0 0
normalized size | 1 1. 0.58 0.56 0. 0. 0. 0.
time (sec) N/A 0.497 0.695 0.052 0. 0. 0. 0.
Problem 407 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 218 218 719 247 0 0 0 0
normalized size | 1 1. 3.3 1.13 0. 0. 0. 0.
time (sec) N/A 0.295 1.227 0.029 0. 0. 0. 0.
Problem 408 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 65 65 685 327 0 953 0 0
normalized size | 1 1. 10.54 5.03 0. 14.66 0. 0.
time (sec) N/A 0.145 1.627 0.153 0. 3.567 0. 0.
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Problem 409 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 63 63 876 311 0 301 0 0
normalized size | 1 1. 13.9 4.94 0. 4.78 0. 0.
time (sec) N/A 0.141 5.614 0.138 0. 2.665 0. 0.
Problem 410 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 72 72 623 336 0 950 0 0
normalized size | 1 1. 8.65 4.67 0. 13.19 0. 0.
time (sec) N/A 0.133 1.632 0.143 0. 2.705 0. 0.
Problem 411 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 70 70 881 337 0 302 0 0
normalized size | 1 1. 12.59 4.81 0. 4.31 0. 0.
time (sec) N/A 0.129 5.818 0.134 0. 2.683 0. 0.
Problem 412 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 560 560 3652 437 0 0 0 0
normalized size | 1 1. 6.52 0.78 0. 0. 0. 0.
time (sec) N/A 0.617 7.824 0.023 0. 0. 0. 0.
Problem 413 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 527 527 3658 439 0 0 0 0
normalized size | 1 1. 6.94 0.83 0. 0. 0. 0.
time (sec) N/A 0.717 7.863 0.021 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of

number of rules .

the integrand. Finally the ratio is given. The larger this ratio is, the harder the

integrand size

integral was to solve. In this test, problem number [147] had the largest ratio of [ 0.7778 ]




Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand N
# grade steps unique antideri"/ative leaf size intogrand leaf size
used rules leaf size

1 A 9 6 1. 17 0.353
2 A 9 6 1. 18 0.333
3 A 3 3 1. 18 0.167
4 A 3 3 1. 19 0.158
5 A 5 3 1. 17 0.176
6 A 3 2 1. 17 0.118
7 A 2 2 1. 17 0.118
3 A 2 2 1. 17 0.118
9 A 5 3 1. 27 0.111
10 A 3 2 1. 28 0.071
11 A 5 3 1. 21 0.143
12 A 3 2 1. 22 0.091
13 A 3 3 1. 15 0.2
14 A 2 2 1. 22 0.091
15 A 5 5 1. 23 0.217
16 A 3 3 1. 21 0.143
17 A 6 6 1. 22 0.273
18 A 1 1 1. 22 0.045
19 A 3 3 1. 21 0.143
20 A 1 1 1. 23 0.043
21 A 3 3 1. 22 0.136
22 A 1 1 1. 28 0.036
23 A 2 2 1. 24 0.083
24 A 4 4 1. 28 0.143
25 A 5 5 1. 25 0.2
26 A 5 3 1. 26 0.115
27 A 5 3 1. 26 0.115
28 A 5 3 1. 27 0.111
29 A 5 3 1. 27 0.111
30, A 3 2 1. 27 0.074
31 A 3 2 1. 27 0.074
32 A 3 2 1. 28 0.071
33 A 3 2 1. 28 0.071
34 A 3 2 1. 30 0.067
35 A 5 3 1. 29 0.103
36 A 6 4 1. 29 0.138
37 A 3 2 1. 32 0.062
38 A 5 3 1. 31 0.097
39 A 5 3 1. 22 0.136
40 A 5 3 1. 23 0.13
41 A 3 2 1. 22 0.091
42 A 3 2 1. 22 0.091
43 A 3 3 1. 22 0.136
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number of num?Der of no_rmaflize.d integrand number of rules
o grade | steps umique | anudemvative |y | egrand s
used rules leaf size

44 A 5 3 1. 22 0.136
45 A 5 3 1. 22 0.136
46 A 5 3 1. 20 0.15
47 A 5 3 1. 17 0.176
48 A 5 3 1. 22 0.136
49 A 5 3 1. 22 0.136
50 A 5 3 1. 22 0.136
51 A 2 2 1. 22 0.091
52 A 7 3 1. 22 0.136
53 A 5 3 1. 22 0.136
54 A 3 2 1. 22 0.091
55 A 3 2 1. 22 0.091
56 A 3 2 1. 22 0.091
57 A 2 2 1. 22 0.091
58 A 3 2 1. 22 0.091
59 A 3 2 1. 22 0.091
60 A 3 2 1. 20 0.1
61 A 3 2 1. 17 0.118
62 A 3 2 1. 22 0.091
63 A 3 2 1. 22 0.091
64 A 3 2 1. 22 0.091
65 A 3 3 1. 22 0.136
66 A 7 3 1. 22 0.136
67 A 5 3 1. 22 0.136
68 A 5 3 1. 18 0.167
69 A 3 2 1. 18 0.111
70, A 3 2 1. 18 0.111
71 A 3 2 1. 18 0.111
72 A 2 2 1. 18 0.111
73 A 5 3 1. 16 0.188
74 A 5 3 1. 13 0.231
75 A 5 3 1. 18 0.167
76 A 2 2 1. 18 0.111
77 A 7 3 1. 18 0.167
78 A 5 3 1. 18 0.167
79 A 5 3 1. 18 0.167
30 A 3 2 1. 20 0.1
81 A 3 2 1. 20 0.1
32 A 3 2 1. 20 0.1
33 A 3 2 1. 20 0.1
84/ A 2 2 1. 20 0.1
85 A 3 2 1. 18 0.111
86 A 3 2 1. 15 0.133
37 A 3 2 1. 20 0.1

Continued on next page
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number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

88 A 3 3 1. 20 0.15
89 A 5 3 1. 20 0.15
90 A 5 3 1. 20 0.15
91 A 5 3 1. 20 0.15
92 A 5 3 1. 23 0.13
93 A 5 3 1. 22 0.136
94 A 3 3 1. 20 0.15
95 A 3 2 1. 22 0.091
96 A 3 2 1. 22 0.091
97 A 3 2 1. 18 0.111
98 A 9 5 1. 18 0.278
99 A 10 6 1. 18 0.333
100 A 9 5 1. 18 0.278
101 A 10 6 1. 18 0.333
102 A 9 5 1. 29 0.172
103 A 9 5 1. 26 0.192
104 A 9 5 1. 24 0.208
105 A 9 5 1. 22 0.227
106 A 9 5 1. 25 0.2
107 A 9 5 1. 31 0.161
108 A 9 5 1. 32 0.156
109 A 9 5 1. 23 0.217
110 A 9 5 1. 25 0.2
111 A 9 5 1. 29 0.172
112 A 9 5 1. 32 0.156
113 A 4 4 1. 22 0.182
114 A 5 5 1. 24 0.208
115 A 4 4 1. 24 0.167
116 A 4 4 1. 24 0.167
117 A 4 4 1. 24 0.167
118 A 4 4 1. 24 0.167
119 A 3 3 1. 39 0.077
120 A 2 1 1. 17 0.059
121 A 2 1 1. 17 0.059
122 A 2 1 1. 17 0.059
123 A 2 1 1. 15 0.067
124 A 3 2 1. 17 0.118
125 A 3 3 1. 17 0.176
126 A 3 3 1. 17 0.176
127 A 4 4 1. 17 0.235
128 A 2 1 1. 19 0.053
129 A 2 1 1. 19 0.053
130 A 2 1 1. 17 0.059
131 A 2 1 1. 9 0.111

Continued on next page
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number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

132 A 3 2 1. 19 0.105
133 A 4 3 1. 19 0.158
134 A 5 4 1. 19 0.21
135 A 5 5 1. 19 0.263
136 A 5 5 1. 19 0.263
137 A 11 7 1. 19 0.368
138 A 11 7 1. 19 0.368
139 A 11 7 1. 19 0.368
140 A 9 6 1. 17 0.353
141 A 9 6 1. 9 0.667
142 A 12 8 1. 19 0.421
143 A 14 9 1. 19 0.474
144 A 11 8 1. 19 0.421
145 A 11 8 1. 19 0.421
146 A 10 7 1. 17 0.412
147 A 10 7 1. 9 0.778
148 A 22 9 1. 19 0.474
149 A 24 10 1. 19 0.526
150 A 6 5 0.99 21 0.238
151 A 5 5 1. 21 0.238
152 A 4 4 1. 21 0.19
153 A 3 3 1. 19 0.158
154 A 3 3 1. 21 0.143
155 A 6 6 1. 21 0.286
156 A 7 7 1. 21 0.333
157 A 8 8 1. 22 0.364
158 A 7 7 1. 22 0.318
159 A 6 6 1. 20 0.3
160 A 2 2 1. 22 0.091
161 A 10 10 1. 22 0.454
162 A 11 11 1. 22 0.5
163 A 12 11 1. 22 0.5
164 A 6 6 1. 21 0.286
165 A 2 2 1. 23 0.087
166 A 3 3 1. 29 0.103
167 A 3 3 1. 29 0.103
168 A 3 3 1. 22 0.136
169 A 3 3 1. 24 0.125
170 A 2 2 1. 21 0.095
171 A 3 3 1. 21 0.143
172 A 1 1 1. 22 0.045
173 A 3 3 1. 21 0.143
174 F 0 0 N/A 0 N/A
175 A 0 0 0. 0 0.
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number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size
176 A 9 6 0.96 19 0.316
177 A 7 6 0.95 19 0.316
178 A 6 5 1. 17 0.294
179 A 2 2 1. 9 0.222
180 A 6 5 1. 19 0.263
181 A 8 5 1. 19 0.263
182 A 6 4 0.95 19 0.21
183 A 5 4 0.92 19 0.21
184 A 4 3 1. 17 0.176
185 A 1 1 1. 9 0.111
186 A 4 3 1. 19 0.158
187 A 5 3 1. 19 0.158
188 A 6 3 1. 19 0.158
189 A 4 3 1. 24 0.125
190 A 4 3 1. 24 0.125
191 A 3 3 1. 24 0.125
192 A 2 2 1. 22 0.091
193 A 5 5 1. 24 0.208
194 A 6 6 1. 24 0.25
195 A 6 6 1. 26 0.231
196 A 3 3 1. 26 0.115
197 A 4 4 1. 26 0.154
198 A 6 6 1. 26 0.231
199 A 5 5 1. 28 0.179
200 A 4 4 1. 28 0.143
201 A 3 3 1. 28 0.107
202 A 3 3 1. 28 0.107
203 A 4 4 1. 28 0.143
204 A 6 6 1. 28 0.214
205 A 5 5 1. 29 0.172
206 A 4 4 1. 29 0.138
207 A 3 3 1. 29 0.103
208 A 3 3 1. 29 0.103
209 A 4 4 1. 29 0.138
210 A 6 6 1. 29 0.207
211 A 2 2 1. 19 0.105
212 A 3 3 1.6 19 0.158
213 A 7 5 0.99 31 0.161
214 A 4 3 1. 39 0.077
215 A 4 3 1. 39 0.077
216 A 3 3 1. 39 0.077
217 A 2 2 1. 37 0.054
218 A 5 5 1. 39 0.128
219 A 6 6 1. 39 0.154
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number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
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220 A 7 7 1. 41 0.171
221 A 6 6 1. 41 0.146
222 A 3 3 1. 41 0.073
223 A 4 4 1. 41 0.098
224 A 6 6 1. 41 0.146
225 A 6 6 1. 20 0.3
226 A 5 5 1. 20 0.25
227 A 4 4 1. 18 0.222
228 A 8 7 1. 20 0.35
229 A 1 1 1. 20 0.05
230 A 23 13 1. 20 0.65
231 A 26 14 1. 20 0.7
232 A 5 5 1. 20 0.25
233 A 4 4 1. 20 0.2
234 A 3 3 1. 18 0.167
235 A 4 4 1. 20 0.2
236 A 8 8 1. 20 0.4
237 A 9 9 1. 20 0.45
238 A 4 4 1. 20 0.2
239 A 2 2 1. 20 0.1
240 A 2 2 1. 18 0.111
241 A 9 8 1. 20 0.4
242 A 16 11 1. 20 0.55
243 A 23 14 1. 20 0.7
244 A 2 1 1. 22 0.045
245 A 2 1 1. 22 0.045
246 A 2 1 1. 22 0.045
247 A 2 1 1. 20 0.05
248 A 3 2 1. 22 0.091
249 A 3 3 1. 22 0.136
250 A 3 3 1. 22 0.136
251 A 4 4 1. 22 0.182
252 A 2 1 1. 24 0.042
253 A 2 1 1. 24 0.042
254 A 2 1 1. 22 0.045
255 A 2 1 1. 14 0.071
256 A 3 2 1. 24 0.083
257 A 4 3 1. 24 0.125
258 A 5 4 1. 24 0.167
259 A 5 4 1. 24 0.167
260 A 5 4 1. 24 0.167
261 A 3 3 1. 22 0.136
262 A 3 3 1. 23 0.13
263 A 5 3 1. 24 0.125
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number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size
264 A 5 3 1. 24 0.125
265 A 5 3 1. 24 0.125
266 A 3 2 1. 22 0.091
267 A 3 2 1. 14 0.143
268 A 6 3 1. 24 0.125
269 A 8 4 1. 24 0.167
270 A 4 3 1. 24 0.125
271 A 4 3 1. 24 0.125
272 A 4 3 1. 22 0.136
273 A 4 3 1. 14 0.214
274 A 10 4 1. 24 0.167
275 A 12 5 1. 24 0.208
276 A 7 5 1. 24 0.208
277 A 6 5 1. 24 0.208
278 A 5 5 1. 24 0.208
279 A 4 4 1. 24 0.167
280 A 4 4 1. 24 0.167
281 A 4 4 1. 24 0.167
282 A 4 4 1. 24 0.167
283 A 5 5 1. 24 0.208
284 A 6 5 0.99 24 0.208
285 A 7 5 1. 24 0.208
286 A 6 6 1. 24 0.25
287 A 5 5 1. 24 0.208
288 A 4 4 1. 22 0.182
289 A 4 4 1. 14 0.286
290 A 8 7 1.3 24 0.292
291 A 8 7 1. 24 0.292
292 A 25 10 1. 24 0.417
293 A 7 6 1. 24 0.25
294 A 6 5 1. 24 0.208
295 A 5 4 1. 22 0.182
296 A 5 5 1. 14 0.357
297 A 13 8 1. 24 0.333
298 A 21 10 1.5 24 0.417
299 A 27 10 1.25 24 0.417
300 A 5 5 1. 24 0.208
301 A 4 4 1. 24 0.167
302 A 3 3 1. 22 0.136
303 A 1 1 1. 14 0.071
304 A 4 4 1. 24 0.167
305 A 9 8 1. 24 0.333
306 A 10 9 1. 24 0.375
307 A 6 5 1. 24 0.208
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# grade steps unique antldem‘zatlve leaf size togrand leaf size
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308 A 5 5 1. 24 0.208
309 A 4 4 1. 24 0.167
310 A 4 4 1. 24 0.167
311 A 4 4 1. 22 0.182
312 A 4 4 1. 14 0.286
313 A 9 8 1.2 24 0.333
314 A 19 10 1. 24 0.417
315 A 29 11 1. 24 0.458
316 A 8 7 1. 24 0.292
317 A 7 7 1. 24 0.292
318 A 6 6 1. 24 0.25
319 A 5 5 1. 22 0.227
320 A 5 5 1. 14 0.357
321 A 7 7 1. 24 0.292
322 A 7 7 1. 24 0.292
323 A 21 10 1. 24 0.417
324 A 9 7 1. 24 0.292
325 A 8 7 1. 24 0.292
326 A 7 6 1. 24 0.25
327 A 6 5 1. 22 0.227
328 A 6 6 1. 14 0.429
329 A 13 8 1. 24 0.333
330 A 21 13 1. 24 0.542
331 A 27 13 1. 24 0.542
332 A 6 6 1. 24 0.25
333 A 5 5 1. 24 0.208
334 A 4 4 1. 22 0.182
335 A 2 2 1. 14 0.143
336 A 2 2 1. 24 0.083
337 A 8 8 1. 24 0.333
338 A 9 9 1. 24 0.375
339 A 7 6 1. 24 0.25
340 A 6 6 1. 24 0.25
341 A 5 5 1. 24 0.208
342 A 5 5 1. 24 0.208
343 A 5 5 1. 22 0.227
344 A 5 5 1. 14 0.357
345 A 8 8 1. 24 0.333
346 A 17 10 1. 24 0.417
347 A 26 11 1. 24 0.458
348 A 7 6 1. 24 0.25
349 A 6 6 1. 24 0.25
350 A 5 5 1. 24 0.208
351 A 4 4 1. 22 0.182
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used rules leaf size
352 A 4 4 1. 14 0.286
353 A 7 6 1. 24 0.25
354 A 7 6 1. 24 0.25
355 A 18 9 1. 24 0.375
356 A 8 6 1. 24 0.25
357 A 7 6 1. 24 0.25
358 A 6 5 1. 24 0.208
359 A 5 4 1. 22 0.182
360 A 5 5 1. 14 0.357
361 A 12 7 1. 24 0.292
362 A 19 11 1.22 24 0.458
363 A 22 10 1. 24 0.417
364 A 5 5 1. 24 0.208
365 A 4 4 1. 24 0.167
366 A 3 3 1. 22 0.136
367 A 1 1 1. 14 0.071
368 A 3 3 1. 24 0.125
369 A 6 6 1. 24 0.25
370 A 7 7 1. 24 0.292
371 A 6 5 1. 24 0.208
372 A 5 5 1. 24 0.208
373 A 4 4 1. 24 0.167
374 A 4 4 1. 24 0.167
375 A 4 4 1. 22 0.182
376 A 4 4 1. 14 0.286
377 A 8 7 1. 24 0.292
378 A 15 10 1. 24 0.417
379 A 22 11 1. 24 0.458
380 A 5 5 1. 26 0.192
381 A 4 4 1. 26 0.154
382 A 3 3 1. 24 0.125
383 A 3 3 1. 26 0.115
384 A 6 6 1. 26 0.231
385 A 6 6 1. 27 0.222
386 A 5 5 1. 27 0.185
387 A 4 4 1. 25 0.16
388 A 2 2 1. 27 0.074
389 A 8 8 1. 27 0.296
390 A 5 5 1. 26 0.192
391 A 2 2 1. 28 0.071
392 A 3 3 1. 27 0.111
393 A 3 3 1. 29 0.103
394 A 5 5 1. 24 0.208
395 A 4 4 1. 24 0.167
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396 A 3 3 1. 22 0.136
397 A 4 4 1. 24 0.167
398 A 9 8 1.26 24 0.333
399 A 0 0 0. 0 0.
400 A 8 7 1. 24 0.292
401 A 7 6 0.96 24 0.25
402 A 6 5 1. 22 0.227
403 A 2 2 1. 14 0.143
404 A 0 0 0. 0 0.
405) A 0 0 0. 0 0.
406 A 8 8 1. 24 0.333
407 A 10 10 1. 26 0.385
408 A 2 2 1. 40 0.05
409 A 2 2 1. 40 0.05
410 A 2 2 1. 46 0.043
411 A 2 2 1. 46 0.043
412 A 8 8 1. 29 0.276
413 A 10 10 1. 31 0.323
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Chapter 3

Listing of integrals

31 [S gy

a+bx4
Optimal. Leaf size=247

(Ve - d) o (- + v + VBx2)  (Vhe - yad)log (V2§ b + ya+ Via?) (Vi + Vo) tan™

— + —
4n2a3/4p3/4 4\[243/4p3/4 2+/2a3/4b3

[Out] -((Sqrt[bl*c + Sqrtlal*d)*ArcTan[1l - (Sqrt[2]*b~(1/4)*x)/a~(1/4)])/(2*Sqrt(
2]*a”~(3/4)*b~(3/4)) + ((Sqrt[bl*c + Sqrt[al*d)*ArcTan[1 + (Sqrt[2]*b~(1/4)*
x)/a~(1/4)1)/(2xSqrt [2]1*a~ (3/4)*b~(3/4)) - ((Sqrt[blxc - Sqrtl[al*d)*Logl[Sqr

tla]l - Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt[b]*x~2])/(4*Sqrt[2]*a~(3/4)*b~(3/4)

) + ((Sqrt[bl*c - Sqrtl[al*d)*Logl[Sqrtl[al + Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt
[b]*x~2]) / (4*Sqrt [2]*a~ (3/4) *b~(3/4))

Rubi [A] time = 0.150941, antiderivative size = 247, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 6, integrand size = 17, e =

0.353, Rules used = {1168, 1162, 617, 204, 1165, 628}

integrand size

(Vbe - vad) log (~V23avbx + va+ Vbx?)  (Vbe - vad) log (V2aVbx + va + Vbr?) (Vad + Ve) tan™ '

- —+ —_
4n2a3/4p3/4 420343/ 2+/2a3/4b3

Antiderivative was successfully verified.

[In] Int[(c + d*x"2)/(a + b*xx"4),x]

[Out] -((Sqrt[bl*c + Sqrt[al*d)*ArcTan[1 - (Sqrt[2]*b~(1/4)*x)/a~(1/4)]1)/(2*Sqrt[
2]*a”~(3/4)*b~(3/4)) + ((Sqrt[bl*c + Sqrt[al*d)*ArcTan[1l + (Sqrt[2]*b~(1/4)*
x)/a~(1/4)1)/(2xSqrt [2]*a~ (3/4)*b~(3/4)) - ((Sqrt[bl*c - Sqrt[al*d)*Log[Sqr

tla]l - Sqrtl[2]*a~(1/4)*b~(1/4)*x + Sqrt[b]l*x~2])/(4*Sqrt[2]*a~(3/4)*b~(3/4)

) + ((Sqrt[bl*c - Sqrt([a]l*d)*Logl[Sqrtl[al + Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt
[bl*x~2])/(4xSqrt [2]*a~(3/4)*b~(3/4))

Rule 1168

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
axc, 2]}, Dist[(d*q + axe)/(2%a*c), Int[(q + c*xx"2)/(a + c*x”4), x], x] + D
ist[(d*q - a*e)/(2*xa*xc), Int[(q - c*x"2)/(a + c*x~4), x], x]] /; FreeQ[{a,
c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && NeQ[cxd~2 - axe”2, 0] && NegQ[-(ax*
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c)]

Rule 1162

Int[((d_) + (e_
(2xd) /e, 21}, Distl[e/(2*c),
/(2xc), Int[1/Simp[d/e - g*x + x72,
& EqQ[c*d™2 - axe”2, 0] && PosQ[dx*el

D*(x_)72)/((a)) + (c_

x], x], x]]

Rule 617

Int[((a) + (b_)*x(x ) + (c_.)*(x_)"2)"(-1),
1]

0]

1, x] /; RationalQ[q] && (EqQ[q~2, | |

Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc,

Rule 204

Int[((a_) + (b_.)*x(x_)"2)"(-1),
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]),

x_Symbol]

D*x(x_)74),
Int[1/Simp[d/e + g*x + x72,

x_Symbol]
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x],
IRationalQ[b~2 - 4xaxc])] /; Free

98

x_Symbol]
x],
/; FreeQl{a, c,

:> With[{q = Rt[
x], x] + Distl[e
d, e}, x] &

:> With[{q = 1 - 4x%S

x, 1 + (2*cxx)/b

:> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
x] /; FreeQ[{a, b},

x] && PosQ[a/b]l && (LtQL

a, 0] |l LtQ[b, 0])
Rule 1165
Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 21}, Distle/(2xc*q), Int[(q - 2#*x)/Simp[d/e + g*x - x~2, x], x],
x] + Distl[e/(2%c*q), Int[(q + 2*x)/Simp[d/e - g*x - x72, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd™2 - axe”2, 0] && NegQ[dxe]
Rule 628
Int[((d) + (e_)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]
Rubi steps
Vavb-bx? \/_\/_+bx
fC+dx dx = ( )f a+bxt ( )f a+bxt
a+ bx* 2b 2b
\/_ \/_ \/E%+2x
Vbe _r Vbe _ _ I _
(\/E +d)fﬁ_@+x2dx (\/E +d)fﬁ+@+x2dx (\/Ec \/Ed)f_ﬁ_@_xzdx (\/Ec
_ Vo + Vo 4 B Vo W B
B 4b 4b 42a3/4p3/4
(Ve - i) o (¥ = V24 B+ ¥B2) (Ve - )l (v + VB + V) (Ve
- AN2a34p3/ AN23ApA
- V2 Vbx - V2 Vbx
(\/l_oc+\/ﬁd)tan 1(1— 7 ) (\/l;c+\/ﬁd)tan 1(1+V) (\/l;c—\/ﬁd)log(\/_—\@%é
- 2N2a3Ap3 " 2\2a3/4b3/A - A2

Mathematica [A]

 (Vhe - yad) (1o (~—V24a¥bx + ya + Vox2)  log (VEYadbx + va + Vi) -2 (vad + Vbe) tan™ (1 :

time = 0.074574, size = 183, normalized size = 0.74

Va4
)

42a3/4p3/4
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Antiderivative was successfully verified.

[In] Integratel[(c + d*x~2)/(a + bxx"4),x]

[Out] (-2*(Sqrt[bl*c + Sqrtlal*d)*ArcTan[1l - (Sqrt[2]*b~(1/4)*x)/a~(1/4)] + 2x(Sq
rt[b]*c + Sqrtlal*d)*ArcTan[1 + (Sqrt[2]*b~(1/4)*x)/a"~(1/4)] - (Sqrt[bl*c -
Sqrt [a]l*d)*(Log[Sqrt[a] - Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt[b]l*x~2] - LoglS
grtlal + Sqrt[2]*a”~(1/4)*b~(1/4)*x + Sqrt[bl*x~2]))/(4*xSqrt[2]*a~(3/4)*b~(3
/4))

Maple [A] time = 0.044, size = 260, normalized size = 1.1

-1
V2 4fa , 4fa al\l , «fa a V2 4fa 1 V2 4 fa |
g Eln{[x +\/;x 2+\/;)(X —\/;x\/i+\/;) J+H Earctan X\/ET\/E‘Fl +E Earctan .
b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x"2+c)/(b*x"4+a),x)

[Out] 1/8*cx(1/bxa)”(1/4)/ax2”(1/2)*1n((x~2+(1/b*a)~(1/4)*x*2~(1/2)+(1/b*a)~(1/2)
)/ (x72-(1/b*a) " (1/4)*x*x2~ (1/2)+(1/b*a) ~(1/2)))+1/4*xcx(1/b*a) " (1/4) /ax2~(1/2
Yxarctan(27(1/2)/(1/b*a) " (1/4) *x+1)+1/4*c*(1/b*a) ~(1/4) /a*x2” (1/2) *arctan (2~
(1/2)/(1/b*xa) = (1/4) *x-1)+1/8*d/b/ (1/b*a) ~(1/4)*2~ (1/2) *1n((x~2-(1/b*a) ~(1/4
)xxx27(1/2)+(1/b*a) ~(1/2)) / (x"2+(1/b*a) " (1/4) *xx2~ (1/2)+(1/b*a) ~(1/2)))+1/4
*d/b/(1/b*a) "~ (1/4)*2~(1/2)*arctan(2”(1/2)/(1/b*a)~(1/4) *x+1)+1/4*xd/b/ (1/b*xa

)= (1/4)*27(1/2) *arctan(27(1/2) /(1/b*a) = (1/4) *x-1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c)/(bxx~4+a),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 1.78205, size = 1544, normalized size = 6.25

. ub\/ b2c4-2 abc2d? +a2d% +2cd B2c% — 2 abc242 244 ‘
_—_ —_ +
S il log | -(b2c* - ad*)x + [a3b2d\/ Jre e T v are - azbcdz) —-

4 ab a3b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c)/(b*xx"4+a),x, algorithm="fricas")

[Out] -1/4xsqrt(-(a*b*sqrt(-(b~2%c™4 - 2*xaxb*c”™2*d"2 + a~2*d"4)/(a"3*b~3)) + 2*c*
d)/(a*b))*log(-(b"2*%c™4 - a~2*%d"4)*x + (2~ 3*b"2*d*sqrt(-(b"2*c™4 - 2*axb*c”
2xd"2 + a”2%d"4)/(a"3*%b~3)) + a*b”2*c”3 - a"2*bxc*xd”2)*sqrt (-(axb*sqrt(-(b”
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2*%c”4 - 2%axb*xc”2xd"2 + a"2xd"4)/(a”3*b~3)) + 2*xcxd)/(axb))) + 1/4xsqrt(-(a
*b*sqrt (- (b~2xc™4 - 2%axb*c”™2%d"2 + a”2%d"4)/(a"3%b~3)) + 2xcxd)/(a*b))*log
(=(b7™2xc™4 - a”2xd"4)*x - (2" 3*%b~2*d*sqrt(-(b~2*c™4 - 2xa*bxc”2*d"2 + a~2*d
~4)/(a”3*%b"3)) + a*b"2%c”3 - a"2*bkxcxd”2)*sqrt (- (axb*xsqrt(-(b"2*xc”4 - 2*axb
*C"2%d”2 + a”2xd"4)/(a"3%b"3)) + 2xcxd)/(axb))) + 1/4*sqrt((axbxsqrt(-(b~2x%
c™4 - 2xaxb*c”2*d"2 + a”2*%d"4)/(a”3*b73)) - 2*c*d)/(axb))*log(-(b"2*c"4 - a
~2%d74) *xx + (a7 3*b72xd*sqrt (- (b72*%c”™4 - 2%axb*c”2xd"2 + a"2xd"4)/(a”3*b”~3))
- axb”2xc”3 + a”2xb*xc*xd"2)*sqrt ((axb*xsqrt(-(b"2%c™4 - 2*axb*xc™2xd"2 + a”2x%
d~4)/(a"3%b”"3)) - 2*cxd)/(axb))) - 1/4*xsqrt((axb*sqrt(-(b~2%c™4 - 2%axb*c~2
xd~2 + a”2xd"4)/(a"3*b~3)) - 2xcx*d)/(a*b))*log(-(b"2%c™4 - a"2+xd"4)*x - (a°
3xb~2kxd*sqrt (-(b"2*%c™4 - 2%axbxc”™2*xd"2 + a”"2%xd"4)/(a”3*%b~3)) - axb"2*c”3 +
a”~2xbxcxd"2) *sqrt ((axbxsqrt (- (b72*%c™4 - 2%a*xb*c™2xd"2 + a”2xd~4)/(a"3*b~3))
- 2%cxd)/(axb)))

Sympy [A] time = 0.59846, size = 109, normalized size = 0.44

RootSum (256t4a3b3 + 6412a%b%cd + ad* + 2abc?d? + b2c?, (t — tlog (x + T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x**2+c)/(b*x**4+a),x)

6413a3b2d + 12tabcd? — Atab?c3 )))

[Out] RootSum(256* t**4xaxx3xb**3 + 64* t**2kaxx2xb*x*k2*xckxd + ax*2*xd**x4 + 2kaxb*cx

*x2%d**2 + bk*2kck*x4, Lambda(_t, _txlog(x + (64x_t**x3*a*x*3xb*x*x2xd + 12%_t*ax
*2xbkckd*x*x2 — 4*_t*a*b**2*c**3)/(a**2*d**4 — b**x2xcx*x4))))

Giac [A] time = 1.18441, size = 325, normalized size = 1.32

1

\5((&11@)1 b%c + (ab3)% d) arctan

1

ORI TN

1
2(5)*
+

4ab3 4ab3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c)/(b*x"4+a),x, algorithm="giac")

[Out] 1/4*sqrt(2)*((axb~3)~(1/4)*b"2*c + (axb~3)~(3/4)*d)*arctan(1/2*sqrt (2)*(2*x

+ sqrt(2)*(a/b)~(1/4))/(a/b)~(1/4))/(a*xb~3) + 1/4*sqrt(2)*((a*b~3)~(1/4)*Db
“2%c + (axb”3)7(3/4)*d)*arctan(1/2*sqrt(2)*(2*x - sqrt(2)*(a/b)~(1/4))/(a/b
)7 (1/4))/(axb™3) + 1/8*sqrt(2)*((axb~3)~(1/4)*b"2%c - (a*b~3)~(3/4)*d)*log(
X72 + sqrt(2)*x*x(a/b)~(1/4) + sqrt(a/b))/(a*b”3) - 1/8*sqrt(2)*((a*b~3)~(1/
4)*b~2*%c - (a*b~3)7(3/4)*d)*log(x"2 - sqrt(2)*xx(a/b)~(1/4) + sqrt(a/b))/(a
*b~3)
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3.2 [y

a+bx*
Optimal. Leaf size=247

(vad + Vic) log (~VEYaEx + a+ VBr2)  (yad + Vic)log (VE4aix + ya + vEx2) (Voo = ad) tan™

— + —
420343/ 4n2a3/4p3/4 22a3/4h°

[Out] -((Sqrt[bl*c - Sqrtl[al*d)*ArcTan[1 - (Sqrt[2]*b~(1/4)*x)/a~(1/4)]1)/(2*Sqrt[
2]*a”~(3/4)*b~(3/4)) + ((Sqrt[bl*c - Sqrt[al*d)*ArcTan[1l + (Sqrt[2]*b~(1/4)*
x)/a~(1/4)]1)/(2+Sqrt [2]*a~(3/4)*b~(3/4)) - ((Sqrt[bl*c + Sqrt[al*d)*Logl[Sqr

tla] - Sqrtl[2]*a~(1/4)*b~(1/4)*x + Sqrt[bl*x"2])/(4*Sqrt[2]*a~(3/4)*b~(3/4)

) + ((Sqgrt[bl*c + Sqrt[a]l*d)*Logl[Sqrtl[al + Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt
[bl*x~2])/(4*Sqrt [2]*a~(3/4)*b~(3/4))

Rubi [A] time = 0.137699, antiderivative size = 247, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 6, integrand size = 18, e -

0.333, Rules used = {1168, 1162, 617, 204, 1165, 628}

integrand size

(vad + Vic) log (—VZYaEx + va + Vbr2)  (yad + Ve log (Va{aix + ya + vEx2) (Voo = ad) tan™

— + —
42434 p3/4 4203453/ 2+/2a3/4p°

Antiderivative was successfully verified.

[In] Int[(c - d*x"2)/(a + b*xx"4),x]

[Out] -((Sqrt[bl*c - Sqrt[al*d)*ArcTan[1 - (Sqrt[2]*b~(1/4)*x)/a~(1/4)]1)/(2*Sqrt[
2]*a”~(3/4)*b~(3/4)) + ((Sqrt[bl*c - Sqrtl[al*d)*ArcTan[1l + (Sqrt[2]*b~(1/4)*
x)/a~(1/4)]1)/(2+Sqrt [2]*a~(3/4)*b~(3/4)) - ((Sqrt[bl*c + Sqrt[al*d)*Logl[Sqr

tla] - Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt[bl*x"2])/(4*Sqrt[2]*a~(3/4)*b~(3/4)

) + ((Sqrt[bl*c + Sqrt([a]l*d)*Logl[Sqrtl[al + Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt
[bl*x~2])/ (4xSqrt[2]*a”~(3/4)*b~(3/4))

Rule 1168

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
axc, 2]}, Dist[(d*q + axe)/(2%a*c), Int[(q + c*xx"2)/(a + c*x”4), x], x] + D
ist[(d*q - axe)/(2*a*xc), Int[(q - c*xx"2)/(a + c*xx~4), x], x]] /; FreeQ[{a,
c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && NeQ[cxd~2 - axe”2, 0] && NegQ[-(ax
c)]

Rule 1162

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(2%d) /e, 2]}, Distle/(2*%c), Int[1/Simp[d/e + g*x + x72, x], x], x] + Dist[e
/(2xc), Int[1/Simp[d/e - q*x + x72, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d”™2 - a*e”2, 0] && PosQ[dx*el

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2xc*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]
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Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 1165

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2%cxq), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Distl[e/(2%c*q), Int[(q + 2*x)/Simp[d/e - g*x - x°2, x], x], x]] /; Fre
eQ[{a, c, d, e}, x] && EqQ[c*d™2 - a*e™2, 0] && NegQ[dxe]

Rule 628

Int[((d) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
\/_\/E+bx Vavb-bx?
c —dx? i ( )f a+bx* ( )f a+bx*
J gt 2b ’ 2b
\/>
C C 4
(%_d)f—\/; \/;% dx (%—d)f—ﬁ \/;%x dx (\/_c+\/_d)f—‘[%f dx (\/Ec+
_ [ [ TR R
B 4b 4b 4\2a3/4p3/4
(Ve + ) og (Vi - VAV + VBi2) | (VEc+ V) log (Vi + V24 + vBr?) (Ve
- AN2a34p3 AN2a34 B3
- V2 bx - V2 3bx
(Vbe - yad) tan 1(1_ 3 ) (Vbe - ad) tan 1(1+ 3 ) (Ve + i) g (¥ - VB4
T 2\2a3/4p3/ + 2\2a3Ap3A B AN2a3Ap3

Mathematica [A] time = 0.0437469, size = 184, normalized size = 0.74

- (Vad + e) (1og (~V2abx + Vi + VB2) = log (V24aVbx + va + Vb)) + (2yad - 2vbe) tan™ (1 _ ﬁ%) .

Va
4n2a3/4p3/4

Antiderivative was successfully verified.

[In] Integratel[(c - d*x~2)/(a + bxx"4),x]

[Out] ((-2xSqrt[bl*c + 2*Sqrtla]*d)*ArcTan[1l - (Sqrt[2]*b~(1/4)*x)/a~(1/4)] + 2x(
Sqrt[bl*c - Sqrtlal*d)*ArcTan[1 + (Sqrt[2]*b~(1/4)*x)/a~(1/4)] - (Sqrt[b]*c

+ Sqrt[al*d)*(Log[Sqrt[al - Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt[bl*x~2] - Log
[Sqgrt[a] + Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt[b]l*x"2]))/(4xSqrt[2]*a~(3/4)*b"
(3/4))
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Maple [A] time = 0.045, size = 260, normalized size = 1.1

-1
V2 1 fa ,  4fa all, +4fa a C\/Ei/g 1 V2 4 fa |
5 bln[[x +\/;x 2+\/;)(x \/;x 2+\/;) ]+ i barctanx\ﬁé/?+l+4a barctan,
b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-d*x"2+c)/(b*x"4+a),x)

[Out] 1/8*cx(1/b*xa)”~(1/4)/a*x2”(1/2)*1n((x"2+(1/b*a)~(1/4)*x*2~(1/2)+(1/b*xa)~(1/2)
)/ (x72-(1/b*a) ~(1/4) *x*27 (1/2)+(1/b*a) ~(1/2)))+1/4*c*(1/b*a) ~(1/4) /ax2~(1/2
Yxarctan(2”(1/2)/(1/b*a) " (1/4) *x+1)+1/4*c*(1/b*a) ~(1/4) /ax2” (1/2) *arctan(2”
(1/2)/(1/b*a) = (1/4)*x-1)-1/8*d/b/ (1/b*a) ~(1/4)*2~ (1/2) *1n((x~2-(1/b*a) ~(1/4
Yxxx27(1/2)+(1/b*a) ~(1/2) )/ (x72+(1/b*a) ~(1/4) *x*2~ (1/2)+(1/b*a)~(1/2)))-1/4
*d/b/(1/b*a) " (1/4)*2~(1/2)*arctan(2”(1/2)/(1/b*a) " (1/4) *x+1)-1/4%d/b/ (1/b*a

)" (1/4)*27(1/2) *arctan(27(1/2) /(1/b*xa) " (1/4) *x-1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-d*x~2+c)/(b*x~4+a),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 1.64726, size = 1544, normalized size = 6.25

b2c4-2 abc2d? +a2d*
1 |ab\-————z—— +2cd B2c4 — 2 abc2d? + a2d4 ab
__J v %3 log | ~(b2ct - a2d*)x + u3b2d\/— CoolCl I L e - abed? || —
1 2 PENE

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-d*x~2+c)/(b*x~4+a),x, algorithm="fricas")

[Out] -1/4xsqrt((a*bxsqrt(-(b~2*c™4 - 2%a*xbxc™2*d"2 + a~2*d~4)/(a"3*b~3)) + 2*cxd
)/ (a*b))*log(=(b"2*%c™4 - a"2*%d"4)*x + (2~ 3*b"2*d*sqrt(-(b"2*c™4 - 2*a*xb*c™2
xd~"2 + a”2xd"4)/(a"3*b"3)) + axb”2*xc”3 - a~2*bxc*d"2)*sqrt ((a*bxsqrt(-(b~2x*
c™4 - 2%axb*c”2xd”2 + a"2xd"4)/(a"3%b"3)) + 2xc*d)/(a*xb))) + 1/4*sqrt((axbx
sqrt (-(b"2xc™4 - 2*axbxc”2*d"2 + a~2+%d”4)/(a"3%b~3)) + 2xcx*d)/(axb))*log(-(
b72%c™4 - a”2*%d"4)*x - (a73*b72xd*sqrt (-(b72%c74 - 2%axb*c”2%d"2 + a"2%d"4)
/(@”3%b73)) + axb”2%c”3 - a"2*bxc*xd"2)*sqrt((axb*sqrt(-(b~2*c"4 - 2xaxb*xc”2
*d"2 + a”2xd"4)/(a"3*b"3)) + 2xcx*d)/(a*b))) + 1/4xsqrt(-(a*xb*xsqrt(-(b~2*c”4
- 2%axbxc”2xd"2 + a”2xd"4)/(a"3*b~3)) - 2*cxd)/(axb))*log(-(b"2xc"4 - a~2x%
d~4)*x + (a”3*b~2+d*sqrt(-(b"2xc”4 - 2*axbxc”2*d"2 + a~2*%d"4)/(a"3%b~3)) -
axb~2%c”3 + a"2*bxc*xd”"2)*sqrt (-(axb*sqrt(-(b72%c”™4 - 2%axb*c”2%d"2 + a"2*d”
4)/(a"3*b"3)) - 2*xc*xd)/(a*b))) - 1/4xsqrt(-(a*xb*sqrt(-(b~2*c™4 - 2kaxbkc™2x*
d”2 + a”2*%d"4)/(a"3%b”"3)) - 2*cxd)/(axb))*log(-(b"2*c™4 - a~2xd"4)*x - (a3
*b~2xd*sqrt (- (b™2%c™4 - 2%axb*c”™2xd"2 + a"2xd"4)/(a"3*b"3)) - axb”2*%c”3 + a
~2%bxcxd”2) *sqrt (- (axb*sqrt (- (b™2%c™4 - 2*axb*c™2xd"2 + a~2xd"4)/(a~3*b~3))
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- 2xc*d)/(a*b)))

Sympy [A] time = 0.764273, size = 110, normalized size = 0.45

6413a3b%d — 12ta%bed? + Atab?c3 )))

—RootSum (256t4a3b3 — 64t2a%b%cd + a?d* + 2abc?d? + b3c?, (t — tlog (x + PR

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-dxx**2+c)/(b*x**4+a),x)

[Out] -RootSum(256% txx4d*a*xx3*xb*x3 — 64* tx*k2kax*x2xbx*x2xcxd + ax*2*xdx*4 + 2kaxb*c
*xk2xd**2 + b*x2kck*x4, Lambda(_t, _t*xlog(x + (64*_tx*3xa*xx3*xb*x*2xd - 12% t*a
*x2xbkCkd**2 + 4k tkaxbk*x2xck*3) /(a*x*2xd*x*k4d — b**2xc**4))))

Giac [A] time = 1.15306, size = 325, normalized size = 1.32

1

o o] £

\5((11173’)‘11 b’c - (ab3)‘§1 d) arctan ‘/5[29“—‘/51( 1
() () Ve (o)

4 ab3 4 ab3

S

—
ST
N——

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-d*x~2+c)/(b*x~4+a),x, algorithm="giac")

[Out] 1/4*sqrt(2)*((axb”™3)~(1/4)*b"2xc - (a*xb~3)7(3/4)*d)*arctan(1/2*xsqrt(2)*(2*x
+ sqrt(2)*(a/b)~(1/4))/(a/b)~(1/4))/(a*xb~3) + 1/4*sqrt(2)*((a*b~3)~(1/4)*Db

~2%c - (axb”3)7(3/4)*d)*arctan(1/2*sqrt(2)*(2*x - sqrt(2)*(a/b)~(1/4))/(a/b
)"(1/4))/(a*xb”3) + 1/8xsqrt(2)*((a*xb”~3)~(1/4)*b~2*c + (a*b~3)~(3/4)*d)*log(

X2 + sqrt(2)*x*x(a/b)~(1/4) + sqrt(a/b))/(axb™3) - 1/8*xsqrt(2)*((a*b~3)~(1/
4)*b~2%c + (a*b”3)~(3/4)*d)*log(x"2 - sqrt(2)*x*(a/b)~(1/4) + sqrt(a/b))/(a

*b~3)
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33  [S gy

a—bx?4

Optimal. Leaf size=86

(Vbe - Vad) tan™ (%) (Vad + Vbc) tanh ™ (%)

S A + S A

[Out] ((Sqrt[bl*c - Sqrtl[al*d)*ArcTan[(b~(1/4)*x)/a~(1/4)]1)/(2*a~(3/4)*b~(3/4)) +
((Sqrt[bl*c + Sqrt[al*d)*ArcTanh[(b~(1/4)*x)/a~(1/4)]1)/(2*xa~(3/4)*b~(3/4))

Rubi [A] time = 0.0446384, antiderivative size = 86, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 18, e -

0.167, Rules used = {1167, 205, 208}

4 4
(\/Ec - \/Ed) tan™! (%) (\/Ed + \/Ec) tanh ™ (%)
23/Ap3/A + 223/Ap3/A

integrand size

Antiderivative was successfully verified.

[In] Int[(c + d*x"2)/(a - b*x"4),x]

[Out] ((Sqrtlbl*c - Sqrtlal*d)*ArcTan[(b~(1/4)*x)/a~(1/4)]1)/(2xa~(3/4)*b~(3/4)) +
((Sqrt[bl*c + Sqrt[al*d)*ArcTanh[(b~(1/4)*x)/a~(1/4)]1)/(2*a~(3/4)*b~(3/4))

Rule 1167

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
-(axc), 2]}, Distl[e/2 + (cxd)/(2%q), Int[1/(-q + c*x~2), x], x] + Dist[e/2
- (c*xd)/(2%q), Int[1/(q + c*xx~2), x], x]] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd™2 - a*e”2, 0] && PosQ[-(a*c)]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

C + dx? Vbe Vbe
faizx4dx:%[—%+d)fmdx+%[%+d)fmdx
(Vbe — ad) tan™ (Lj_) (Vbe + yad) tanh™ (Lj_)

= 3Rl + 3Rl
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Mathematica [A] time = 0.0285, size = 95, normalized size = 1.1

2 (\/EC - \/Ed) tan™! (%) - (\/Ed + \/l;c) (log ({1/_ - \%x) - log (\4/5 + \%x))

423/Ap3/4
Antiderivative was successfully verified.

[In] Integrate[(c + d*x"2)/(a - b*x"4),x]

[Out] (2x(Sqrt[bl*c - Sqrtlal*d)*ArcTan[(b~(1/4)*x)/a~(1/4)] - (Sqrt[bl*c + Sqrtl[
al*d)*(Logl[a™(1/4) - b~ (1/4)*x] - Logla~(1/4) + b~ (1/4)*x]))/(4*a”(3/4)*b~(
3/4))

Maple [B] time = 0.044, size = 122, normalized size = 1.4

C4611 +</E i/E_l_i_ci/E " 1 d ) 1 14_d1 +</E 4la

—/=In]|x —||x—-+/= —./—arctan|x— |- — arctan|x— —In||x —||x—-+/=

4a\ b b b 2a\ b i/@ 2b f/@ afa 4D b b
b b

b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x"2+c)/(-b*x"4+a),x)

[Out] 1/4xc*x(1/b*a)”~(1/4)/ax1n((x+(1/b*a)”~(1/4))/(x-(1/b*a)”(1/4)))+1/2*c*(1/b*a)
~(1/4)/a*xarctan(x/(1/b*a)~(1/4))-1/2xd/b/(1/b*a) " (1/4)*arctan(x/(1/b*a)~(1/
4))+1/4*d/b/(1/b*a)~(1/4)*1n((x+(1/bxa)~(1/4)) / (x-(1/b*a)~(1/4)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c)/(-b*x"4+a),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.49715, size = 1527, normalized size = 17.76

1 ab b2c4+2 abc2d? +a2d* +2cd D2 0 ab2 2 274
N Qg + +
ab? log —(bzc4 —~ a2d4)x + [a3b2d\/ creae e Y azbcdz)

4 ab a3b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c)/(-b*x~4+a),x, algorithm="fricas")

[Out] 1/4*sqrt((a*xb*sqrt((b~2*c™4 + 2xa*xb*c™2xd"2 + a~2xd"4)/(a”~3*b~3)) + 2*cxd)/
(axb))*1log(-(b"2xc™4 - a~™2xd"4)*x + (a~3*%b~2*d*sqrt((b"2%c™4 + 2*axbxc~2*xd”
2 + a”2xd"4)/(a"3xb~3)) - axb"2%c”3 - a"2*b*c*d"2)*sqrt((axb*sqrt((b~2*c"4

b2ct4+2a
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+ 2%axbxc”2xd"2 + a”"2xd"4)/(a"3*b~3)) + 2*cxd)/(axb))) - 1/4xsqrt((a*xb*sqrt
((b™2%c™4 + 2xa*b*c™2xd"2 + a~2xd"4)/(a"3xb~3)) + 2xc*d)/(a*b))*log(-(b~2*c
T4 - a”2*%d74)xx - (a”3%b72xd*sqrt ((b~2*%c”4 + 2xa*xbxc”2*d"2 + a”2*xd"4)/(a"3x
b~3)) - axb”2*c”3 - a"2*bxc*xd”2)*sqrt ((axb*xsqrt ((b~2*%c™4 + 2xa*xbxc”2*xd"2 +
a~2xd"4)/(a”3*%b"3)) + 2*cxd)/(axb))) - 1/4*xsqrt(-(axb*sqrt((b~2*c”™4 + 2xaxb
*c"2%d”2 + a”2%d"4)/(a"3%b"3)) - 2xc*d)/(axb))*log(-(b~2%c”™4 - a”2+d"4)*x +

(a”3*b"2*d*sqrt ((b7"2*c”™4 + 2*a*xbxc™2+%d"2 + a~2xd"4)/(a"3*b~3)) + axb~2%c”3
+ a”2*bxc*d"2) *sqrt (- (axb*sqrt ((b~2*c™4 + 2xa*bxc™2*d"2 + a~2*%d~4)/(a"3*b~
3)) - 2xc*xd)/(a*b))) + 1/4*sqrt(-(a*bxsqrt((b"2*c™4 + 2*axb*xc™2xd"2 + a~2xd
~4)/(a”3%b~3)) - 2*cxd)/(axb))*log(-(b"2*%c™4 - a~2*%d"4)*x - (a~3*b~2xd*sqrt
((b72%c™4 + 2*xaxbxc™2*%d™2 + a”2%d"4)/(a”3%b73)) + a*xb™2xc”3 + a"2xb*cxd"2)*
sqrt (- (axbxsqrt ((b™2*c™4 + 2kaxb*c™2*d™2 + a~2*d~4)/(a”~3*b~3)) - 2*c*d)/(a*
b)))

Sympy [A] time = 0.631181, size = 110, normalized size = 1.28

—6413a3b2d + 12tabcd? + 4tab*c® )))

—RootSum (256t4a3b3 — 6412a%b%cd — a2d* + 2abcd? — VA4, (t — tlog (x + TR

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx**2+c)/(-b*x**4+a),x)

[Out] -RootSum(256% tx*4d*xa*x*3*xb**3 — 64*_tx*k2kax*2xbx*k2kcxd — a**2*xd**x4 + 2kaxbxc
*xk2xd**2 — b*x2kcx*k4, Lambda(_t, _t*log(x + (-64*_t**3kax*kx3xb*x*2*xd + 12%_tx
ax*2kbkxcxd**2 + 4*_t*a*b**2*c**3)/(a**2*d**4 — b**x2xcx*x4))))

Giac [B] time = 1.13599, size = 347, normalized size = 4.03

1

\/E((—ab:%)Z b%c + (—ab3)% d) arctan

1

e ondpn] 22501

1
2"
+ + -

4ab3 4ab3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c)/(-b*x"4+a),x, algorithm="giac")

[Out] 1/4*sqrt(2)*((-a*b~3)~(1/4)*b~2xc + (-a*b~3)~(3/4)*d)*arctan(1/2xsqrt(2)*(2
xx + sqrt(2)*(-a/b)~(1/4))/(-a/b)~(1/4))/(axb~3) + 1/4*sqrt(2)*((-a*b~3)~(1
/4)*b~2xc + (-axb~3)7(3/4)*d)*arctan(1/2*xsqrt(2)*(2*x - sqrt(2)*(-a/b)~(1/4
))/(-a/b)~(1/4))/(a*b~3) + 1/8*sqrt(2)*((-a*b™3)~(1/4)*b"2%c - (-a*b~3)~(3/
4)*d)*log(x~2 + sqrt(2)*x*x(-a/b)~(1/4) + sqrt(-a/b))/(a*xb~3) - 1/8*sqrt(2)*
((—a*b~3)~(1/4)*b~2xc - (-a*b~3)~(3/4)*d)*log(x"2 - sqrt(2)*x*(-a/b)~(1/4)

+ sqrt(-a/b))/(a*xb~3)
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34 [y

a—bx?4

Optimal. Leaf size=86

4 4
(vad + Vic) tan™ (L;) (Vbe - ad) tanh™ (L;)
73Rl + 73Rl

[Out] ((Sqrt[bl*c + Sqrtl[al*d)*ArcTan[(b~(1/4)*x)/a~(1/4)]1)/(2*a~(3/4)*b~(3/4)) +
((Sqrt[bl*c - Sqrt[al*d)*ArcTanh[(b~(1/4)*x)/a~(1/4)]1)/(2*xa~(3/4)*b~(3/4))

Rubi [A] time = 0.0401515, antiderivative size = 86, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 19, e T -

0.158, Rules used = {1167, 205, 208}

4 4
(\/Ed + \/Ec) tan™! (%) (\/Ec - \/Ed) tanh ™ (%)
223/Ap3/A + 223/Ap3/A

integrand size

Antiderivative was successfully verified.

[In] Int[(c - d*x~2)/(a - b*x"4),x]

[Out] ((Sqrtlblxc + Sqrtlal*d)*ArcTan[(b~(1/4)*x)/a~(1/4)]1)/(2xa~(3/4)*b~(3/4)) +
((Sqrt[bl*c - Sqrt[al*d)*ArcTanh[(b~(1/4)*x)/a~(1/4)]1)/(2*a~(3/4)*b~(3/4))

Rule 1167

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
-(axc), 2]}, Distl[e/2 + (cxd)/(2%q), Int[1/(-q + c*x~2), x], x] + Dist[e/2
- (c*xd)/(2%q), Int[1/(q + c*x~2), x], x]] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd™2 - a*e”2, 0] && PosQ[-(a*c)]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

c — dx? \be Vhe
[/ S Ry o
(Vs vt (42) (e - v tani” (42

= ARl + ARl
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Mathematica [A] time = 0.0224051, size = 95, normalized size = 1.1

2 (yad + Vbe) tan™ (L;) (Vo - fad) (tog (2 - ¥5x) ~ log (a + Vb))

423/Ap3/4
Antiderivative was successfully verified.

[In] Integrate[(c - d*x~2)/(a - b*x"4),x]

[Out] (2x(Sqrt[bl*c + Sqrtlal*d)*ArcTan[(b~(1/4)*x)/a~(1/4)] - (Sqrt[bl*c - Sqrtl[
al*d)*(Logl[a™(1/4) - b~ (1/4)*x] - Logla~(1/4) + b~ (1/4)*x]))/(4*a”(3/4)*b"(
3/4))

Maple [B] time = 0.043, size = 122, normalized size = 1.4

C4611 +</E i/E_l"'ci/E " 1 +d ; 1 1 dl +4a 4fc
12 bn X 2 X ; P barcan xi/? 2barcan xi/g NG 4bn X 2 X I:
b b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-d*x"2+c)/(-b*x"4+a),x)

[Out] 1/4xc*x(1/b*a)”~(1/4)/ax1ln((x+(1/b*a)”(1/4))/(x-(1/b*a)”(1/4)))+1/2*c*(1/b*a)
~(1/4)/a*xarctan(x/(1/b*a)~(1/4))+1/2xd/b/(1/b*a)~(1/4)*arctan(x/(1/b*a)~(1/
4))-1/4*d/b/(1/b*xa)~(1/4)*1n((x+(1/b*a)~(1/4))/ (x-(1/b*a)~(1/4)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-d*x~2+c)/(-b*x"4+a),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.44033, size = 1527, normalized size = 17.76

1 ab b2c4+2 abc2d?+a2d4 +2cd D2t + 2 abc2d? 278 ab\/rl
[boci+2abc%d"vatd” " " _
- a? log —(b2c4 — a2d4)x + [a3b2d\/ ¢ e o Y azbcdz) -——

4 ab a3b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-d*x~2+c)/(-b*x"4+a),x, algorithm="fricas")

[Out] 1/4*sqrt(-(axbxsqrt((b~2xc”4 + 2*kaxbxc™2*d"2 + a~2*%d"~4)/(a"3%b~3)) + 2*c*d)
/(axb))*1log(-(b"2*xc™4 - a”2xd"4)*x + (a~3*b~2*d*sqrt((b"2%c™4 + 2¥axb*xc”2*d
T2 + a”™2*%d74)/(a”3*%b"3)) - a*b”"2*c”3 - a”2*bxcxd”2)*sqrt (- (axb*sqrt ((b"2*c”
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4 + 2xaxbxc”2*%d"2 + a”2%d"4)/(a"3%b73)) + 2%cxd)/(axb))) - 1/4*sqrt(-(axbxs
qrt ((b72%c™4 + 2%axbxc™2*%d”2 + a”2*d"4)/(a"3*b73)) + 2*c*d)/(a*xb))*log(-(b~
2%c74 - a”2*xd"4)*x - (a”3*b"2xd*sqrt ((b~2*%c™4 + 2xa*xbxc”2xd"2 + a”2*xd"4)/(a
“3%b73)) - a*b”"2xc”3 - a"2xb*cxd”2)*sqrt (- (axbxsqrt ((b"2xc”4 + 2*axb*c”2xd”
2 + a”2xd"4)/(a"3*b~3)) + 2xcxd)/(a*b))) - 1/4xsqrt((axbxsqrt((b"2xc™4 + 2%
axbxc™2xd"2 + a"2xd"4)/(a"3*b73)) - 2*cxd)/(axb))*log(-(b"2%c™4 - a~2%d"4)*
x + (a73*b"2*d*sqrt ((b7"2*%c™4 + 2%a*bxc™2+%d"2 + a~2xd"4)/(a"3xb~3)) + axb~2x
c™3 + a2xb*cxd"2) *sqrt ((axb*sqrt ((b™2*c”™4 + 2%axb*xc™2*%d"2 + a~2xd"4)/(a”3*
b~3)) - 2*xcxd)/(axb))) + 1/4xsqrt((a*bxsqrt((b™2%c™4 + 2%axb*xc”™2xd"2 + a~2x%
d~4)/(a”3%b~3)) - 2*c*d)/(axb))*log(-(b~2*%c™4 - a~2*%d"4)*x - (a~3*b~2xd*sqr
t((b™2%c™4 + 2%a*xbxc™2xd"2 + a”"2%d"4)/(a"3*%b~3)) + axb”2*c”3 + a~2*bxc*d”"2)
*xsqrt ((axbxsqrt ((b™2*c™4 + 2kaxbxc™2*d™2 + a~2*d~4)/(a”~3*b~3)) - 2*cx*d)/(a*
b)))

Sympy [A] time = 0.789761, size = 110, normalized size = 1.28

—6413a%b?d — 12ta*bed? — Atab*c®
RootSum (256t4a3b3 + 64t2a%b*cd — a®d* + 2abc?d? — b2c?, (t — tlog (x + 1 5 il e )))
a?d* — b2ct
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-d*xx**2+c)/(-b*x**4+a),x)

[Out] RootSum(256%* tx*4dxax*3kbx*3 + 64* thx2kxa*xx2xb*x2kc*xd — ax*2kd**4 + 2xaxb*cx*
*x2%d**2 — bkx*2kxc**x4, Lambda(_t, _txlog(x + (-64%_tx*3xa*xx3*xbx*2xd - 12%_t*a
**x2%kbkcxd**2 - 4*_t*a*b**2*c**3)/(a**2*d**4 - bx*x2xc*x*x4))))

Giac [B] time = 1.13848, size = 347, normalized size = 4.03

1

e e 255

ﬁ((—alﬁ)% b%c — (—abf’)‘§l d) arctan | ———

2(-4)¢

+ + —

4ab3 4ab3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-d*x~2+c)/(-b*x"4+a),x, algorithm="giac")

[Out] 1/4*sqrt(2)*((-a*b~3)~(1/4)*b"2xc - (-a*b~3)~(3/4)*d)*arctan(1/2xsqrt(2)*(2
xx + sqrt(2)*(-a/b)~(1/4))/(-a/b)~(1/4))/(axb~3) + 1/4*sqrt(2)*((-a*b~3)~(1
/4)*b~2xc - (-axb~3)7(3/4)*d)*arctan(1/2*sqrt(2)*(2*x - sqrt(2)*(-a/b)~(1/4
))/(-a/b)~(1/4))/(a*b~3) + 1/8*sqrt(2)*((-a*b™3)~(1/4)*b"2%c + (-a*b~3)~(3/
4)*d)*log(x~2 + sqrt(2)*x*x(-a/b)~(1/4) + sqrt(-a/b))/(a*xb~3) - 1/8*sqrt(2)*
((-a*b~3)~(1/4)*b~2xc + (-a*b~3)~(3/4)*d)*log(x"2 - sqrt(2)*x*(-a/b)~(1/4)

+ sqrt(-a/b))/(a*xb~3)
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35 [y

4+9x4
Optimal. Leaf size=40

tan~! (\/gx + 1) tan™! (1 - \/gx)
23 2\3

[Out] -ArcTan[1l - Sqrt[3]*x]/(2*Sqrt[3]) + ArcTan[1 + Sqrt[3]*x]/(2*Sqrt[3])

Rubi [A] time = 0.0198282, antiderivative size = 40, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 17, e .

0.176, Rules used = {1162, 617, 204}

tan~! (\/gx + 1) tan~! (1 - \/gx)

243 243

integrand size

Antiderivative was successfully verified.

[In] Int[(2 + 3*x72)/(4 + 9%x"4) ,x]

[Out] -ArcTan[1 - Sqrt[3]*x]/(2%Sqrt[3]) + ArcTan[1l + Sqrt[3]=*x]/(2%Sqrt([3])

Rule 1162

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(2*%d)/e, 21}, Distle/(2%c), Int[1/Simp[d/e + g*x + x72, x], x], x] + Dist[e
/(2%c), Int[1/Simpl[d/e - g*x + x72, x], x], x]1] /; FreeQl[{a, c, 4, e}, x] &
& EqQ[c*d™2 - axe”2, 0] && PosQ[dx*el

Rule 617

Int[((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps
2 2
tr= [ vy [
4+9x4 6 %_2_x+x2 6 g+2_x+x2
3 3 3 43
Subst (f ﬁ dx,x,1 - \/gx) Subst (f —1ix2 dx,x,1+ \/éx)
- 243 243
tan™! (1 — \/§x) tan™! (1 + \/gx)

= - +

243 243



112

Mathematica [A] time = 0.011595, size = 33, normalized size = 0.82

tan~! (\/gx + 1) —tan! (1 — \/gx)
2V3

Antiderivative was successfully verified.

[In] Integratel[(2 + 3*x72)/(4 + 9*x74),x]

[Out] (-ArcTan[1 - Sqrt([3]*x] + ArcTan[1l + Sqrt[3]*x])/(2xSqrt([3])

Maple [B] time = 0.045, size = 122, normalized size = 3.1

]+ \/_6—\/§1n[(x2 + M + %][xz —~ M + %]_1] + \/_6—\/5a]rctan(\/gm/E +1]
48 3 2

V6V2

12

Véxv2 )
ALS

arctan ( 3 3 3 B

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3*x"2+2)/(9*x"4+4),x)

[Out] 1/12%67(1/2)*2~(1/2)*arctan(1/2*6~(1/2)*x*2~(1/2)-1)+1/48%6"(1/2)*2"(1/2) *1
n((x"2+1/3%6~(1/2)*x*2~(1/2)+2/3) / (x~2-1/3%6"(1/2) *x*2~(1/2)+2/3) ) +1/12%6"(
1/2)%27(1/2) *xarctan(1/2%67 (1/2) *x*2~ (1/2)+1)+1/48%6"(1/2) %2~ (1/2) *1In((x"2-1
/3%67(1/2) *xxx2~(1/2)+2/3) / (x~2+1/3%6~(1/2) *x*2~(1/2)+2/3))

Maxima [A] time = 1.49751, size = 53, normalized size = 1.32
1 1 1 1
—V3arctan | = \/5(39( + \/5) + - V3arctan | = \/5(39( - \/5)
6 3 6 3
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((3*xx72+2)/(9*x"4+4),x, algorithm="maxima"

[Out] 1/6*sqrt(3)*arctan(1/3*sqrt(3)*(3*x + sqrt(3))) + 1/6*sqrt(3)*arctan(1/3*sq
rt (3)*(3*x - sqrt(3)))

Fricas [A] time = 1.30891, size = 112, normalized size = 2.8

6

1 1 1 1

— V3arctan (Z \/5(3 X+ 2x)) + 3 V3arctan (E \/gx)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((3*x72+2)/(9*x"4+4) ,x, algorithm="fricas")

[Out] 1/6*sqrt(3)*arctan(1/4*sqrt(3)*(3*x~3 + 2%*x)) + 1/6%sqrt(3)*arctan(l/2*sqrt
(3)*x)
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Sympy [A] time = 0.106144, size = 41, normalized size = 1.02

\/5(2 atan (g) + 2atan (3‘?‘3 + %))
12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x**2+2)/(9*x**4+4) %)

[Out] sqrt(3)*(2xatan(sqrt(3)*x/2) + 2*atan(3*sqrt(3)*x**x3/4 + sqrt(3)*x/2))/12

Giac [A] time = 1.14543, size = 70, normalized size = 1.75

s

! 3amtan[;@(gf[2x+ﬁ(g)i]]+g@arctan[g@(g)4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*xx72+2)/(9*x~4+4) ,x, algorithm="giac")

[Out] 1/6*sqrt(3)*arctan(9/8*sqrt(2)*(4/9)~(3/4)*(2*x + sqrt(2)*(4/9)7(1/4))) + 1
/6*sqrt (3)*arctan(9/8*sqrt (2)*(4/9) ~(3/4) % (2*x - sqrt(2)*(4/9)~(1/4)))
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36 [XX iy

4+9x4
Optimal. Leaf size=51

log (3x2 +24/3x + 2) log (3x2 —24/3x + 2)

443 443

[Out] -Logl2 - 2%Sqrt[3]*x + 3*x72]/(4*Sqrt[3]) + Logl[2 + 2*Sqrt[3]*x + 3*x~2]/(4
*Sqrt [3])

Rubi [A] time = 0.0213201, antiderivative size = 51, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 2, integrand size = 17, number of rules

integrand size
0.118, Rules used = {1165, 628}

log (3x2 +23x + 2) log (3x2 —2/3x + 2)

443 443

Antiderivative was successfully verified.

[In] Int[(2 - 3*x72)/(4 + 9*x~4) ,x]

[Out] -Logl[2 - 2*Sqrt[3]*x + 3*x72]/(4*Sqrt[3]) + Logl[2 + 2xSqrt[3]*x + 3*x~2]/(4
*Sqrt [3])

Rule 1165

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2*c*q), Int[(q - 2*x)/Simp[d/e + g*x - x"2, x], %],
x] + Dist[e/(2%c*q), Int[(q + 2x*x)/Simp[d/e - g*x - x72, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d"2 - a*e™2, 0] && NegQ[dxe]

Rule 628

Int[((d_) + (e_.)x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

?+2X T—
f 2 32x dx f 2 32x d'x
2-3x2 55 2 S A
2-32 TRt T
4 +9x* 43 443

log (2 —243x + 3x2) log (2 +24/3x + 3x2)

3 * 3

Mathematica [A] time = 0.0127092, size = 44, normalized size = 0.86

log (3x2 +23x + 2) —log (—3x2 +24/3x - 2)

443

Antiderivative was successfully verified.
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[In] Integratel[(2 - 3*x72)/(4 + 9%x74),x]

[Out] (-Logl[-2 + 2*xSqrt[3]*x - 3*x72] + Log[2 + 2*Sqrt[3]*x + 3*x72])/(4*Sqrt[3])

Maple [B] time = 0.043, size = 82, normalized size = 1.6

\/_6—\/5 In ([xz + Voxy2 + %] [x2 - Voxy2 + g)_l] - \/—6—\/5 In ([xz - Voxy2 + %][xz + Voxy2 + g)_lJ
48 3 3

3 3 3 48 3 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-3*x"2+2)/(9%x"4+4) ,x)

[Out] 1/48%67(1/2)*27(1/2)*1n((x"2+1/3%67 (1/2) *x*27 (1/2)+2/3) / (x72-1/3%67 (1/2) *x*
27(1/2)+2/3))-1/48%67(1/2) %27 (1/2) *1n((x72-1/3%6" (1/2) *x*2~(1/2)+2/3) / (x~2+

1/3%67 (1/2) *x*2~(1/2)+2/3))

Maxima [A] time = 1.49291, size = 53, normalized size = 1.04

é\/glog(3x2+2\/§x+2)—%\/glog(3x2—2\/§x+2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x72+2)/(9*x"4+4),x, algorithm="maxima")

[Out] 1/12%sqrt(3)*log(3*x~2 + 2*sqrt(3)*x + 2) - 1/12%sqrt(3)*log(3*x~2 - 2x*sqrt
(B)*x + 2)

Fricas [A] time = 1.43909, size = 105, normalized size = 2.06

1 9x4+24x2+4\/§(3x3+2x)+4

— 31
1 V008 9t 1 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+2)/(9%x"4+4) ,x, algorithm="fricas")

[Out] 1/12%sqrt(3)*log((9*x~4 + 24%x72 + 4*xsqrt(3)*(3*x73 + 2*x) + 4)/(9*%x"4 + 4)
)

Sympy [A] time = 0.099225, size = 49, normalized size = 0.96

3 3
12 12

ﬁlog(xz—@ + E) \/glog(x2+ @ o+ ;)
- +

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((=3*x**2+2)/(9*x**4+4) x)
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[Out] -sqrt(3)*log(x**2 - 2xsqrt(3)*x/3 + 2/3)/12 + sqrt(3)*log(x**2 + 2*sqrt(3)*

x/3 + 2/3)/12

Giac [A] time = 1.13689, size = 54, normalized size = 1.06
3 12

1 1
1 4\4 2 1 4\4 2
E\/glog[x2+\/§(§) x+—]— 2\/§log[x2—\/§(—) x+=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x~2+2)/(9%x~4+4),x, algorithm="giac")

[Out] 1/12xsqrt(3)*log(x~2 + sqrt(2)*(4/9)~(1/4)*x + 2/3) - 1/12xsqrt(3)*log(x~2

- sqrt(2)*(4/9)"(1/4)*x + 2/3)
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3.7  [EX gy

4-9x4
Optimal. Leaf size=16

tanh ™ (\/gx)
Ve

[Out] ArcTanh[Sqrt[3/2]*x]/Sqrt[6]

Rubi [A] time = 0.0029153, antiderivative size = 16, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 17, e e =

0.118, Rules used = {26, 206}
(3
tanh (\/;x)

Ve

integrand size

Antiderivative was successfully verified.

[In] Int[(2 + 3%xx72)/(4 - 9%x74),x]
[Out] ArcTanh[Sqrt[3/2]*x]/Sqrt[6]

Rule 26

Int[(u_)*((a_) + (b_)*(x_)"(n_.)) " (m_.)*x((c_) + (d_)*(x_)"(G_))"(p_.), x
_Symbol] :> Dist[(-(b~2/d))"m, Int[u/(a - b*x"n)"m, x], x] /; FreeQ[{a, b,
c, d, m, n, pt, x] & EqQ[j, 2*n] && EqQ[p, -m] && EqQ[b~2xc + a~2*d, 0] &&
GtQ[a, 0] && LtQ[d, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps

2 + 3x2 1
i :‘f—————d
4 — 9yt * 2 — 3x2 X

_ tanh ™’ (\/gx)

V6

Mathematica [A] time = 0.0140431, size = 32, normalized size = 2.

log (3x + \/6) - log (\/6 - 3x)
26

Antiderivative was successfully verified.

[In] Integratel[(2 + 3*x72)/(4 - 9%x74),x]
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[Out] (-Logl[Sqrt[6] - 3*x] + Log[Sqrt[6] + 3*x])/(2*Sqrt[6])

Maple [A] time = 0.043, size = 13, normalized size = 0.8

Ve h[x\/g)

—Artanh| —
6 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3*x"2+2)/(-9%x~4+4),x)

[Out] 1/6*arctanh(1/2*x*x6~(1/2))*6"(1/2)

time = 1.49265, size = 34, normalized size = 2.12

g Vo 1)

Maxima [B]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3%x72+2)/(-9%x"4+4),x, algorithm="maxima")

[Out] -1/12%sqrt(6)*log((3*x - sqrt(6))/(3*x + sqrt(6)))

Fricas [B] time = 1.40545, size = 77, normalized size = 4.81

1 3x2+246x +2
_\/glog ad \/_x
12 3x2-2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x72+2)/(-9*x~4+4) ,x, algorithm="fricas")

[Out] 1/12*sqrt(6)*1log((3*x~2 + 2*sqrt(6)*x + 2)/(3*x"2 - 2))

Sympy [B] time = 0.091549, size = 32, normalized size = 2.

_\/glog(x— \/_g) \/610g(x+ g)

3
12 12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x**2+2)/(-9*x**4+4) ,x)

[Out] -sqrt(6)*log(x - sqrt(6)/3)/12 + sqrt(6)*log(x + sqrt(6)/3)/12
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Giac [B] time = 1.15612, size = 39, normalized size = 2.44

x_§%|)

1 1 1
E\/glog(x+§\/g|)—ﬁ\/glog(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x72+2)/(-9*x~4+4),x, algorithm="giac")

[Out] 1/12xsqrt(6)*log(abs(x + 1/3*sqrt(6))) - 1/12*sqrt(6)*log(abs(x - 1/3*sqrt(
6)))
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38 [y

4-9x4
Optimal. Leaf size=16

-1 3
tan ( 2x)

V6

[Out] ArcTan[Sqrt[3/2]*x]/Sqrt[6]

Rubi [A] time = 0.0025036, antiderivative size = 16, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 17, e

0.118, Rules used = {26, 203}
-1 3
tan (\/;x)

Vo

integrand size

Antiderivative was successfully verified.

[In] Int[(2 - 3*x"2)/(4 - 9*x"4),x]
[Out] ArcTan[Sqrt[3/2]*x]/Sqrt[6]

Rule 26

Int[(u_)*((a_) + (b_)*(x_)"(n_.))"(m_.)*x((c_) + (d_)*(x_)"(G_))"(p_.), x
_Symbol] :> Dist[(-(b"2/d))"m, Int[u/(a - b*x"n)"m, x], x] /; FreeQ[{a, b,
c, d, m, n, pt, x] & EqQ[j, 2*n] && EqQ[p, -m] && EqQ[b~2xc + a~2*d, 0] &&
GtQla, 0] && LtQ[d, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

2 _ 32 1
d :f d
1-0aA™ 7 ) i ™

. tan™! (\/gx)

e

Mathematica [A] time = 0.0050491, size = 16, normalized size = 1.

tan™! (\Ex)

Ve

Antiderivative was successfully verified.

[In] Integratel[(2 - 3*x72)/(4 - 9%x74),x]



[Out] ArcTan[Sqrt[3/2]*x]/Sqrt[6]
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Maple [A] time = 0.041, size = 13, normalized size = 0.8

)

6
— arctan
2

6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-3*x"2+2)/(-9%x~4+4),x)

[Out] 1/6%arctan(1/2*xx*6~(1/2))*6~(1/2)

time = 1.42857, size = 16, normalized size = 1.

1 1
8 6 arctan (E \/gx)

Maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+2)/(-9%x74+4),x, algorithm="maxima")

[Out] 1/6*sqrt(6)*arctan(l/2*sqrt(6)*x)

Fricas [A] time = 1.25673, size = 47, normalized size = 2.94

1 1
E 6 arctan (E \/gx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+2)/(-9*x"4+4),x, algorithm="fricas")

[Out] 1/6*sqrt(6)*arctan(1/2*sqrt(6)*x)

Sympy [A] time = 0.093686, size = 15, normalized size = 0.94

\/gatan (@)

6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((=3*x**2+2)/(-9xx**4+4) x)

[Out] sqrt(6)*atan(sqrt(6)*x/2)/6




122
Giac [A] time = 1.12524, size = 16, normalized size = 1.
1 1
3 6 arctan (E \/gx)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-3%x72+2)/(-9*%x"4+4),x, algorithm="giac")

[Out] 1/6*sqrt(6)*arctan(1/2*sqrt(6)*x)
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3.9 tf~\/_\ﬁ;+bx

a+bx*
Optimal. Leaf size=75

Ly (V2 V2
\%tanl( Z%b +1)_\4/E (1— \/E)

[Out] -((b~(1/4)*ArcTan[l - (Sqrt[2]*b~(1/4)*x)/a~(1/4)]1)/(Sqrt[2]*a~(1/4))) + (b
~(1/4)*#ArcTan[1 + (Sqrt[2]xb~(1/4)*x)/a~(1/4)]1)/(Sqrt[2]*a~(1/4))

Rubi [A] time = 0.0367142, antiderivative size = 75, normalized size of antiderivative =

. . number of rules
1., number of steps used = 5, number of rules used = 3, integrand size = 27, —————— =

integrand size
0.111, Rules used = {1162, 617, 204}
4 2 Vbx 4 (4 V2 Vbx
Vbtan™ ( 7 +1) . Vb tan (1 7 )
V2l V2

Antiderivative was successfully verified.

[In] Int[(Sqrtl[al*Sqrt[b]l + b*x~2)/(a + b*x~4),x]

[Out] -((b~(1/4)*ArcTan[1 - (Sqrt[2]*b~(1/4)*x)/a"~(1/4)1)/(Sqrt[2]*a~(1/4))) + (b
~(1/4)*ArcTan[1 + (Sqrt[2]xb~(1/4)*x)/a~(1/4)]1)/(Sqrt[2]*a~(1/4))

Rule 1162

Int[((d) + (e_.)*(x )"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(2xd) /e, 21}, Distle/(2*c), Int[1/Simp[d/e + g*x + x"2, x], x], x] + Dist[e
/(2xc), Int[1/Simp[d/e - g*x + x72, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d™2 - axe”2, 0] && PosQ[dx*el

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, O]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt(-a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/bl && (LtQl
a, 0] |l LtQ[b, 01)

Rubi steps
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2 1 1 1
f—\/ﬁ\/g+bx dx:—f dx+—f dx
a+ bx* 2J a \/E%x+ ) 2 \/E+\/§%/Ex+x2

[ v
4 4
\%Subst(fﬁdx,x,l—ﬁ%gx) %Subst(fﬁdx,x,l+ﬁ$x)
- V2 \bx V2 bx
) \%tanl(l— 2% ) %t (1+ T )

Mathematica [A] time = 0.0188539, size = 60, normalized size = 0.8

Vﬂmn(ffﬁm) 4@—@$ﬁ)

Vi

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[a]*Sqrt[b] + b*x~2)/(a + bxx"4),x]

[Out] (b~(1/4)*(-ArcTan[1 - (Sqrt[2]*b~(1/4)*x)/a~(1/4)] + ArcTan[1l + (Sqrt[2]*b~
(1/4)*x)/a~(1/4)1))/(Sqrt[2]*a~(1/4))

Maple [B] time = 0.047, size = 254, normalized size = 3.4

Dl ([ e 2\/;)( VAN )) L \f\[t[\f7+ ]% 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a~(1/2)*b~(1/2))/(b*x~4+a),x)

[Out] 1/8/a”(1/2)*b~(1/2)*(1/b*a)~(1/4)*27(1/2)*1n((x72+(1/b*a) ~(1/4) *x*2~ (1/2) +(
1/b%a) = (1/2))/ (x72-(1/b*a) ~(1/4) *x*2~ (1/2)+(1/b*a) " (1/2)))+1/4/a~ (1/2)*b~ (1
/2)*(1/b*xa)~(1/4)*2~(1/2)*arctan(27(1/2)/(1/b*a) ~(1/4)*x+1)+1/4/a~ (1/2) *b~(
1/2)*(1/bxa)~(1/4)*27(1/2) *arctan(27(1/2) / (1/b*a) ~(1/4)*x-1)+1/8/(1/b*a) ~ (1
/4)*%27(1/2) *In((x72-(1/bxa) = (1/4) *x*2~ (1/2)+(1/b*a) ~(1/2)) / (x"2+(1/b*a) ~(1/

4)xx*x27(1/2)+(1/b*a) ~(1/2)))+1/4/(1/b*xa) ~(1/4) %27 (1/2) *arctan(2~(1/2) / (1/b*

a) " (1/4)*x+1)+1/4/(1/bxa) " (1/4)*2~ (1/2)*arctan(27(1/2)/(1/bxa) " (1/4) *x-1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a~(1/2)*b~(1/2))/(b*x~4+a),x, algorithm="maxima"
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[Out] Exception raised: ValueError

Fricas [A] time = 1.50566, size = 458, normalized size = 6.11

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a~(1/2)*b~(1/2))/(b*x~4+a),x, algorithm="fricas")

[Out] [1/2*sqrt(1/2)*sqrt(-sqrt(b)/sqrt(a))*log((b*xx~4 - 4*sqrt(a)*sqrt(b)*x~2 +
4xsqrt (1/2)*(sqrt(a) *sqrt(b)*x~3 - a*x)*sqrt(-sqrt(b)/sqrt(a)) + a)/(b*xx"4

+ a)), sqrt(1/2)*sqrt(sqrt(b)/sqrt(a))*arctan(sqrt(1/2)*x*sqrt(sqrt(b)/sqrt
(a))) + sqrt(1/2)*sqrt(sqrt(b)/sqrt(a))*arctan(sqrt(1/2)*(sqrt(a)*sqrt(b)*x

"3 + axx)*sqrt(sqrt(b)/sqrt(a))/a)l

Sympy [A] time = 0.524981, size = 138, normalized size = 1.84

— +x — - T 4x

Vb Vb Vb Vb
1 * 1

\/E\/Ex —ﬂ \/E\/Ex _i{;
\/E ,_%k)g _ \/7\/5_\/5 2 \/E _%k)g \/7\/5 Va 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx*x2+a*x(1/2)*b**(1/2))/ (b*x**4+a) ,x)

[Out] -sqrt(2)*sqrt(-sqrt(b)/sqrt(a))*log(-sqrt(2)*sqrt(a)*x*sqrt(-sqrt(b)/sqrt(a
))/sqrt(b) - sqrt(a)/sqrt(b) + xx*2)/4 + sqrt(2)*sqrt(-sqrt(b)/sqrt(a))*log

(sqrt (2)*sqrt(a)*x*sqrt (-sqrt(b) /sqrt(a))/sqrt(b) - sqrt(a)/sqrt(b) + x**2)

/4

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a~(1/2)*b~(1/2))/(b*x~4+a),x, algorithm="giac")

[Out] Exception raised: TypeError
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310  [yobebe

a+bx4
Optimal. Leaf size=106

%log (\/E\‘l/ﬁ%x + \/E + \/Exz) %log (—\/E{l/ﬁ\%x + \/E + \/Exz)
2v2+a 2v2+a
[Out] -(b~(1/4)*Logl[Sqrtl[al - Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt[bl*x"2])/(2%Sqrt[2

1xa~(1/4)) + (b~ (1/4)*Logl[Sqrtla] + Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt[b]l*x~2
1)/ (2xSqrt[2]1*a~(1/4))

Rubi [A] time = 0.0472239, antiderivative size = 106, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 3, number of rules used = 2, integrand size = 28, "> "L

= 0.071, Rules used = {1165, 628}

%log (\/E\‘l/ﬁ%x + \/E + \/Exz) %log (—\/E{l/ﬁ\%x + \/E + \/Exz)
224 B 224a

integrand size

Antiderivative was successfully verified.

[In] Int[(Sqrtl[al*Sqrt[b] - b*x~"2)/(a + b*x~4),x]

[Out] -(b~(1/4)*Logl[Sqrtlal - Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt[bl*x~2])/(2*Sqrt[2
1xa~(1/4)) + (b~ (1/4)*Logl[Sqrtla]l + Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt[b]l*x~2
1)/ (2xSqrt[2]*a~(1/4))

Rule 1165

Int[((d) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(-2%d) /e, 2]}, Distle/(2*c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], %],
x] + Dist[e/(2%c*q), Int[(q + 2x*x)/Simp[d/e - g*x - x72, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d"2 - a*e™2, 0] && NegQ[dxe]

Rule 628

Int[((d) + (e_)*(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
ﬁ%+2x ﬁ%—Zx
4 5 4 W
o WLt Y e
f\/E\/I_a—bx dr e — K i T
a+ bx* 2\/5\4/5 2\/5\4/5
Vblog (\/_ - ﬁ%%x + \/Exz) N Vblog (\/E + ﬁ%%x + \/Exz)
2\2+4a 2V2+\a

Mathematica [A] time = 0.0223496, size = 91, normalized size = 0.86

\%(bg (\/5\4/5\4/1_936 ++a+ \/ExZ) ~log (ﬁ%%x —Ja- \/Exz))
2v2a
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Antiderivative was successfully verified.
[In] Integrate[(Sqrt[a]*Sqrtl[b] - b*x~2)/(a + b*xx"4),x]

[Out] (b~(1/4)*(-Log[-Sqrtl[al + Sqrt[2]*a~(1/4)*b~(1/4)*x - Sqrt[b]*x~2] + LoglSq
rt[a] + Sqrt[2]*a~(1/4)*b~(1/4)*x + Sqrt[b]*x72]))/(2+Sqrt[2]*a~(1/4))

Maple [B] time = 0.048, size = 254, normalized size = 2.4

g\/zi/%ln [[xz + i/%x 2+ \/%) (xz - i/%x 2+ g)_l) % + %\/Ei/garctan [x\/i%\/g + 1) % + %\/Z

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-b*x~2+a~(1/2)*b~(1/2))/(b*x"4+a),x)

[Out] 1/8/a”(1/2)*b~(1/2)*(1/bxa)~(1/4)*27(1/2)*1In((x"2+(1/bxa) ~(1/4)*x*2~(1/2)+(
1/b*a)”~(1/2))/(x72-(1/b*a) " (1/4) *x*27 (1/2)+(1/bxa) ~(1/2)))+1/4/a”~ (1/2)*b~ (1
/2)*%(1/b*xa)~(1/4)*2~(1/2)*arctan(27(1/2)/(1/b*a) " (1/4)*x+1)+1/4/a~ (1/2) *b~(
1/2)*(1/bxa)~(1/4)*2~(1/2) *arctan(27(1/2) /(1/b*a) " (1/4)*x-1)-1/8/(1/b*a)~ (1
/4)%27(1/2) *1n((x"2-(1/b*a) ~(1/4) *x*2~ (1/2)+(1/b*a) ~(1/2) )/ (x~2+(1/b*a) ~(1/
4)xx*27 (1/2)+(1/b*a) ~(1/2)))-1/4/(1/b*a) ~(1/4)*2~ (1/2) *arctan(2~(1/2) / (1/b*

a) " (1/4)*x+1)-1/4/(1/bxa)~(1/4)*2~ (1/2)*arctan(27(1/2)/(1/bxa) " (1/4) *x-1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+a~(1/2)*b~(1/2))/(b*x"4+a),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.48736, size = 462, normalized size = 4.36

%\/g\/%log bx4+4\/5\/5x2+4£(;/j\/5x3+ax)\/%+a ,_\E\/%amtan[\/gx\/%]ﬂg\[

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+a~(1/2)*b~(1/2))/(b*x~4+a),x, algorithm="fricas")

[Out] [1/2x*sqrt(1/2)*sqrt(sqrt(b)/sqrt(a))*log((b*x"4 + 4xsqrt(a)*sqrt(b)*x~2 + 4
xsqrt (1/2) *x(sqrt(a) *sqrt(b)*x~3 + a*x)*sqrt(sqrt(b)/sqrt(a)) + a)/(b*x"4 +

a)), -sqrt(1/2)*sqrt(-sqrt(b)/sqrt(a))*arctan(sqrt(1/2)*x*sqrt(-sqrt(b)/sqr
t(a))) + sqrt(1/2)*sqrt(-sqrt(b)/sqrt(a))*arctan(sqrt(1/2)*(sqrt(a)*sqrt(b)

*x"3 - a*x)*sqrt(-sqrt(b)/sqrt(a))/a)]
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Sympy [A] time = 0.534222, size = 131, normalized size = 1.24

Vi [ 7. [/t

| Vb U NVe L Ve Vb R RV N
\/E \/Elog 7 +\/E+x \/5 \/alog 7 +\/E+x
- 4 " 4

=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((~bkx*x*2+a*x*(1/2)*b*x*(1/2))/(b*x**4+a) ,x)

[Out] -sqrt(2)*sqrt(sqrt(b)/sqrt(a))*log(-sqrt(2)*sqrt(a)*x*sqrt(sqrt(b)/sqrt(a))
/sqrt(b) + sqrt(a)/sqrt(b) + x**2)/4 + sqrt(2)*sqrt(sqrt(b)/sqrt(a))*log(sq
rt(2)*sqrt (a) *x*sqrt (sqrt(b)/sqrt(a))/sqrt(b) + sqrt(a)/sqrt(b) + x**2)/4

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+a~(1/2)*b~(1/2))/(b*x~4+a),x, algorithm="giac")

[Out] Exception raised: TypeError
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311 [ gy

d2+e2x*

Optimal. Leaf size=75

tan™! (‘/5\/‘;3‘ + 1) tan™! (1 - ‘/i‘;x)

V2vidye V2Vidye

[Out] -(ArcTan[1 - (Sqrt[2]*Sqrtlel*x)/Sqrt[d]]/(Sqrt[2]*Sqrt[d]l*Sqrtle])) + ArcT
an[1 + (Sqrt[2]*Sqrtl[el*x)/Sqrt[d]]/(Sqrt[2]*Sqrt[d]*Sqrtle])

Rubi [A] time = 0.0498835, antiderivative size = 75, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 21, e .

integrand size
0.143, Rules used = {1162, 617, 204}
1 [ V2fex ) —1( B \/Ex/zx)
tan (—\/E +1 ) tan™" |1 i
V2Vide V2Vide

Antiderivative was successfully verified.

[In] Int[({d + exx"2)/(d"2 + e™2xx"4),x]

[Out] -(ArcTan[1 - (Sqrt[2]*Sqrtlel*x)/Sqrt[d]]/(Sqrt[2]*Sqrt[d]l*Sqrtle])) + ArcT
an[1 + (Sqrt[2]*Sqrt[el*x)/Sqrt[d]l]/(Sqrt[2]*Sqrt[d]*Sqrtle])

Rule 1162

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(2%d) /e, 2]}, Distle/(2*%c), Int[1/Simp[d/e + g*x + x72, x], x], x] + Dist[e
/(2xc), Int[1/Simp[d/e - gq*x + x72, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d™2 - a*xe”2, 0] && PosQ[dx*el

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2xc*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4x*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0]1)

Rubi steps



130

1 1
. Ve e
d+ex _ e Ve + e+ NG +x
d? + e2x4 X= 2¢ 2e
_ V2yex \/Ex/Ex)
_Subst( L x,1 \/E) Sbt(f1 2dxx1+—\/E
TN VaViNe
“1(q _ \/ix/EX) —1( \/5\/596)
_tan (1 i tan™ (1 + 7

Vavive | avave

Mathematica [A] time = 0.0321727, size = 60, normalized size = 0.8

tan™! (\/E\/\;x + 1) —tan™! (1 - \/E\/\;x)
V2viye

Antiderivative was successfully verified.

[In] Integratel[(d + exx"2)/(d"2 + e72xx74),x]

[Out] (-ArcTan[1 - (Sqrt[2]*Sqrtlel*x)/Sqrt[d]] + ArcTan[1 + (Sqrt[2]*Sqrtlel*x)/
Sqrt[d]])/(Sqrt [2]*Sqrt [d]*Sqrt[e])

Maple [B] time = 0.07, size = 290, normalized size = 3.9

-1
\/_4d2 +[d2 2\, e 2 \/_4512 \/_4012
FY] ln X2+ e—zx 2+ = bl e—zx 2+ =z 4d arctan X\/_\/j 4d arctan
62

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx~2+d)/(e”2*x~4+d"2) ,x)

[Out] 1/8/d*(d~2/e"2)"(1/4)*27(1/2)*1n((x"2+(d"2/e"2) ~(1/4) *x*2~(1/2)+(d"2/e"2) ~(
1/2))/(x"2-(d"2/e72) " (1/4) *xx2~(1/2)+(d"2/e72) ~(1/2)))+1/4/dx(d"2/e"2) " (1/4
)*¥27(1/2)*arctan(2°(1/2)/(d72/e72) " (1/4) *x+1)+1/4/d*(d"2/e"2) " (1/4)*2~(1/2)
xarctan(27(1/2)/(d"2/e"2) " (1/4)*x-1)+1/8/e/(d"2/e"2) " (1/4) %2~ (1/2) *1n((x"2-
(d72/e72) " (1/4) *x¥2~(1/2)+(d"2/e72) " (1/2))/ (x~2+(d"2/e72) " (1/4) *xx2~ (1/2) +(
d~2/e72)"(1/2)))+1/4/e/(d"2/e"2) "~ (1/4)*2"~ (1/2) *arctan(2”(1/2)/(d~2/e"2) "~ (1/
4)yxx+1)+1/4/e/(d"2/e”2)"(1/4)*2" (1/2)*arctan(2”(1/2)/(d"2/e"2) "~ (1/4)*x-1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)/(e"2*x"4+d"2),x, algorithm="maxima"

[Out] Exception raised: ValueError
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Fricas [A] time = 1.36301, size = 343, normalized size = 4.57

A 5 ) + V2Vde arctan (T)

4 de ! 2de

32x4— €x2— €x3— X —ae 2 ex3 X e
VEVSetog (S LN o arctan (Y Yalervin)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx~2+d)/(e~2*x"4+d"2),x, algorithm="fricas")

[Out] [-1/4*sqrt(2)*sqrt(-dxe)*log((e”2*x"4 - 4xd*exx~2 - 2*sqrt(2)*(exx”3 - d*x)
xsqrt(-d*xe) + d~2)/(e™2xx"4 + d72))/(d*e), 1/2x(sqrt(2)*sqrt(dxe)*arctan(1l/
2*xsqrt (2) *sqrt (d*e) *x/d) + sqrt(2)*sqrt(d*e)*arctan(1/2*sqrt(2)*(exx~3 + dx
x)*sqrt (d*e)/d~2))/(d*e)]

Sympy [A] time = 0.176202, size = 87, normalized size = 1.16

V2 —é log (—\/dewl—% - g + xz) V2 —% log (\/de,/—% - g + xz)
- +

4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx*x2+d)/ (e**2*xx**4+d**2) ,x)

[Out] -sqrt(2)*sqrt(-1/(d*e))*log(-sqrt(2)*d*x*sqrt(-1/(d*e)) - d/e + x**2)/4 + s
qrt(2) *sqrt(-1/(d*e) ) *log(sqrt (2) *d*x*sqrt(-1/(d*e)) - d/e + x*x2)/4

Giac [B] time =1.16751, size = 300, normalized size = 4.

3

17 11
(-0 \/z((dz)“de? + (d2)467)arctan -

e P ﬁ[ﬁ(dz)ie(_;)ﬂx]e; ‘/E[ﬁ(dz)‘l‘e(‘z,
\/E((dz)[lde? + (d2)437) arctan U

2 (dz)% 2 (dZ)%
+

442 442

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x”2+d)/(e”2*x"4+d"2),x, algorithm="giac")

[Out] 1/4*sqrt(2)*((d~2)~(1/4)*d*e”~(11/2) + (d72)~(3/4)*e”~(11/2))*arctan(l/2*sqrt
(2)*(sqrt(2)*(d~2) " (1/4)*e” (-1/2) + 2xx)*e”(1/2)/(d"2)"(1/4))*e”~(-6)/d"2 +
1/4xsqrt (2)*((d™2)~(1/4)*xd*e~(11/2) + (d72)~(3/4)*e”(11/2))*arctan(-1/2*sqr
t(2)*(sqrt (2)*(d"2) " (1/4)*e”(-1/2) - 2*x)*e~(1/2)/(d"2)"(1/4))*e”(-6)/d"2 +

1/8xsqrt (2)*((d72) " (1/4)*d*e~(11/2) - (d72)"(3/4)*e~(11/2))*e~(-6)*1log(sqr
t(2)*x(d"2) " (1/4) *xxe~(-1/2) + x72 + sqrt(d™2)*e~(-1))/d"2 - 1/8*sqrt(2)*((d
~2)7(1/4)*d*xe”(11/2) - (d~2)7(3/4)*e”(11/2))*e” (-6)*Llog(-sqrt(2)*(d~2)~(1/4
)xx*xe”(-1/2) + x72 + sqrt(d~2)*e”(-1))/d"2
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312 [ gy

d2+e2x*
Optimal. Leaf size=90

log (\/E\/E\/Zx +d+ exz) _log (—\/E\ﬁx/éx +d+ exz)
2v2Vd/e 2V2Vd/e

[Out] -Logld - Sqrt[2]*Sqrt[d]*Sqrtl[el*x + exx~2]/(2xSqrt[2]*Sqrt[d]*Sqrtle]) + L
ogld + Sqrt[2]*Sqrt[d]*Sqrtlel*x + exx~2]/(2*Sqrt[2]*Sqrt[d]*Sqrtle])

Rubi [A] time = 0.0466638, antiderivative size = 90, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 22, T o T -

integrand size
0.091, Rules used = {1165, 628}

log («/E\/E\/Ex +d+ exz) B log (—\/5\/3\/59( +d+ exz)
22Vd/e 2v2Vdfe

Antiderivative was successfully verified.

[In] Int[({d - exx"2)/(d"2 + e™2xx"4) ,x]

[Out] -Logld - Sqrt[2]*Sqrt[d]*Sqrtlel*x + exx~2]/(2%Sqrt[2]*Sqrt[d]*Sqrtle]) + L
ogld + Sqrt[2]*Sqrt[d]*Sqrtlel*x + exx~2]/(2*Sqrt [2]*Sqrt[d]*Sqrt[e])

Rule 1165

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2%cxq), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Distl[e/(2xc*q), Int[(q + 2*x)/Simpl[d/e - gq*x - x~2, x], x], x]1] /; Fre
eQ[{a, c, d, e}, x] && EqQ[c*d™2 - a*e™2, 0] && NegQ[dxe]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps
VN VN
NV oy -2x
f\@— x| Ve gy
_Z’_M_ 2 A Vi,
f - ex _ _ e Ve
2y’ 2\/—\/_\/' 2v2Vdv/e

_log( — V2VdyJex + exz) N log (d + V2VdJex + exz)
2v2d/e 2V2Vd e

Mathematica [A] time = 0.0223228, size = 75, normalized size = 0.83

log (\/E\/E\/Ex +d+ exz) —log (\/E\/E\/Ex —-d- exz)
2v2Vdfe




133

Antiderivative was successfully verified.

[In] Integratel[(d - exx"2)/(d"2 + e72xx74),x]

[Out] (-Logl[-d + Sqrt[2]*Sqrt[d]*Sqrtle]l*x - e*x"2] + Logld + Sqrt[2]*Sqrt[d]*Sqr
t[el*x + exx”2])/(2*Sqrt[2]*Sqrt [d] *Sqrt [e])

Maple [B] time = 0.045, size = 290, normalized size = 3.2

-1
V2 4[d2 s[d2 2 4[d2 42 V2 4[d2 1 V2 4[d2
g e—z In x2 + e—zx 2+ 6—2 xz - e—zx 2+ e—z + E e_2 arctan x\/E i +1|+ E e_2 arc

02

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-e*x"2+d)/(e"2xx"4+d"2),x)

[Out] 1/8/d*(d"2/e2)"(1/4)*2~(1/2)*1n((x"2+(d"2/e72) "~ (1/4) *x*x2~(1/2)+(d"2/e~2) " (
1/2))/(x"2-(d"2/e72) " (1/4)*xx2~ (1/2)+(d"2/e72)~(1/2)))+1/4/d*(d"2/e"2) " (1/4
)*¥27(1/2)*xarctan(27(1/2)/(d"2/e"2) " (1/4) *x+1)+1/4/d*(d"2/e~2) " (1/4) %2~ (1/2)
xarctan(2°(1/2)/(d"2/e"2) " (1/4)*x-1)-1/8/e/(d"2/e"2) ~(1/4)*2" (1/2)*1n((x~2-
(@~2/e72) " (1/4)*xx2~(1/2)+(d"2/e72) " (1/2)) / (x"2+(d"2/e72) " (1/4) *x*2~ (1/2) +(
d~2/e"2)"(1/2)))-1/4/e/(d"2/e"2)~(1/4)*2~(1/2)*arctan(2"(1/2)/(d"2/e"2)~(1/
4)xx+1)-1/4/e/(d"2/e72) " (1/4)*2~(1/2) *arctan (27 (1/2)/(d"2/e"2) " (1/4) *x-1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx~2+d)/(e”2%x"4+d"2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.29279, size = 346, normalized size = 3.84

2xt+adex?+ ex3+dx)Vde+d? dex ex3—dx)V—de
ﬁ@log( e 12 Valerh i) Vierd ) \/EV—de arctan(‘/z‘z/? )— \/E\/—dearctan(W)

e2x4+4d?

4 de ! 2de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx~2+d)/(e"2%x"4+d"2),x, algorithm="fricas")

[Out] [1/4xsqrt(2)*sqrt(dxe)*log((e”2%x74 + 4xdxexx”2 + 2xsqrt(2)*(e*x”3 + d*x)*s
grt(d*e) + d72)/(e"2%x"4 + d72))/(d*e), -1/2*%(sqrt(2)*sqrt(-d*e)*arctan(1/2

xsqrt (2) *sqrt (-d*xe) *x/d) - sqrt(2)*sqrt(-d*e)*arctan(1/2xsqrt(2)*(exx"3 - d
*x)*sqrt (-dxe) /d"2) )/ (d*e)]
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Sympy [A] time = 0.330698, size = 80, normalized size = 0.89

f\flog( ENEE +22) f\flog(m[+ +2)

4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-exx**2+d)/(e**2*xx*x*4+d**2) ,x)

[Out] -sqrt(2)*sqrt(1/(d*e))*log(-sqrt(2)*d*x*sqrt(1/(d*e)) + d/e + x**2)/4 + sqr
t(2)*sqrt (1/(d*e))*log(sqrt (2) *d*x*sqrt(1/(d*e)) + d/e + x**2)/4

Giac [B] time = 1.15793, size = 300, normalized size = 3.33

eyt Bz e 2la

I

\/E((dz)zde7 - (dz)ie%) arctan

el=6) \,/E((dz)idel?1 - (dz) e? )arctan -

1
2 (d2)4
+

442 442

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx~2+d)/(e”~2*x~4+d"2),x, algorithm="giac")

[Out] 1/4*sqrt(2)*((d~2)7(1/4)*d*e”(11/2) - (d72)~(3/4)*e~(11/2))*arctan(1l/2*sqrt
(2)*(sqrt(2)*x(d"2) " (1/4)*xe~(-1/2) + 2*xx)*e”(1/2)/(d"2)"(1/4))*e~(-6)/d"2 +
1/4*%sqrt (2)*((d72)~(1/4) *d*e~(11/2) - (d"2)~(3/4)*e~(11/2))*arctan(-1/2*sqr
t(2)*(sqrt(2)*x(d"2) " (1/4)*xe~(-1/2) - 2xx)*e~(1/2)/(d"2)"(1/4))*e~(-6)/d"2 +
1/8*sqrt (2)*((d72)~(1/4)*d*e”~(11/2) + (d72)~(3/4)*e”~(11/2))*e” (-6) *log(sqr
t(2)*%(d72) " (1/4) *xxe~(-1/2) + x72 + sqrt(d™2)*e~(-1))/d"2 - 1/8*sqrt(2)*((d
~2)7(1/4)*d*xe”(11/2) + (d"2)~(3/4)*e~(11/2))*e~(-6)*log(-sqrt(2)*(d~2)~(1/4
)*x*xe”(-1/2) + x72 + sqrt(d™2)*e~(-1))/d"2
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313 [IZ

~1+x4
Optimal. Leaf size=13

3 7 _
~5 tan™!(x) - 3 tanh 1(x)

[Out] (-3*ArcTan[x])/2 - (7*ArcTanh[x])/2

Rubi [A] time = 0.0062671, antiderivative size = 13, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 15, e .

integrand size
0.2, Rules used = {1167, 207, 203}

3 7 _
~5 tan™!(x) - 3 tanh 1(x)

Antiderivative was successfully verified.

[In] Int[(5 + 2*x~2)/(-1 + x~4),x]
[Out] (-3*ArcTan[x])/2 - (7*ArcTanh[x])/2

Rule 1167

Int[((d_) + (e_)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
-(axc), 21}, Dist[e/2 + (c*d)/(2%q), Int[1/(-q + c*x72), x], x] + Dist[e/2
- (c*d)/(2xq), Int[1/(q + c*xx~2), x], x]] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd™2 - a*e”2, 0] && PosQ[-(a*c)]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

5 + 2x? 3 1 7 1
d :——f—d +—f—d
1+ (2 1+ x? x) 2J) ST+ 2™

3, 7 1
= 2tam (%) 2tanh (%)

Mathematica [A] time = 0.00597, size = 25, normalized size = 1.92

7 7 3 1
i log(1 —x) — 1 log(x +1) - > tan™"(x)

Antiderivative was successfully verified.
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[In] Integrate[(5 + 2*x72)/(-1 + x74),x]

[Out] (-3*ArcTan([x])/2 + (7xLogl[l - x]1)/4 - (7xLogl[l + x])/4

Maple [A] time = 0.044, size = 18, normalized size = 1.4

7In(-1+x) 7In(1+x) 3 arctan(x)
4 4 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2*x"2+5)/(x"4-1),x%)

[Out] 7/4*1n(-1+x)-7/4%1n(1+x)-3/2*arctan(x)

Maxima [A] time = 1.48577, size = 23, normalized size = 1.77

3 7 7
~5 arctan (x) — 1 log(x +1) + 1 log (x —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2%x~2+5)/(x74-1),x, algorithm="maxima")

[Out] -3/2*arctan(x) - 7/4xlog(x + 1) + 7/4xlog(x - 1)

Fricas [A] time = 1.34957, size = 68, normalized size = 5.23

3 7 7
~5 arctan (x) — 1 log(x +1) + r log (x = 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+5)/(x"4-1),x, algorithm="fricas")

[Out] -3/2%arctan(x) - 7/4*log(x + 1) + 7/4*xlog(x - 1)

Sympy [A]  time = 0.132927, size = 22, normalized size = 1.69

7log(x—1) ~ 7log (x +1) ~ 3 atan (x)
4 4 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x**2+5)/(x**4-1),x)

[Out] 7xlog(x - 1)/4 - Txlog(x + 1)/4 - 3*atan(x)/2
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Giac [B] time = 1.12775, size = 26, normalized size = 2.

3 7 7
5 arctan (x) — 1 log (Jx +1]) + r log (Jx —1])

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+5)/(x"4-1),x, algorithm="giac")

[Out] -3/2*arctan(x) - 7/4*log(abs(x + 1)) + 7/4*log(abs(x - 1))
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1+bx?
3.14
| o=
Optimal. Leaf size=16
E (sin”" (vbx)| -1)
Vb

[Out] EllipticE[ArcSin[Sqrt[bl=*x], -1]/Sqrt[b]

Rubi [A] time = 0.0163202, antiderivative size = 16, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 22, ~—— > =

integrand size
0.091, Rules used = {1199, 424}

E (sin_1 (\/Ex)| - 1)
Vo

Antiderivative was successfully verified.

[In] Int[(1 + b*x~2)/Sqrt[l - b~2xx"4],x]
[Out] EllipticE[ArcSin[Sqrt[bl*x], -11/Sqrt[b]

Rule 1199

Int[((d_) + (e_.)*(x_)~"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> Dist[d/Sq
rt[al, Int[Sqrt[l + (exx~2)/dl/Sqrt[1 - (exx~2)/dl, x], x] /; FreeQ[{a,
d, e}, x] &% NegQlc/al && EqQ[c*d”™2 + axe”2, 0] && GtQ[a, 0]

C,

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrtlc]l*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rubi steps
f 1+ bx? f 1+ bx2
V1 - b2x4 V1 - bxz
E (sin”" (Vb X)| 1)
Vb

Mathematica [C] time = 0.0117658, size = 45, normalized size = 2.81

137 115
gbx 21:1(— - bZ 4)+x2F1(4 2 4 bX)

Antiderivative was successfully verified.

[In] Integrate[(1 + b*x"2)/Sqrt[l - b~ 2*x74],x]
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[Out] x*Hypergeometric2F1[1/4, 1/2, 5/4, b~2*x"4] + (b*x"3*Hypergeometric2F1[1/2,
3/4, 7/4, b~2%x"4])/3

Maple [B] time = 0.052, size = 100, normalized size = 6.3

Vb2 + 1V + 1 (EllipticF (x\/E, i) _ EllipticE (x b, z)) + V=t + 1Vbx? + 1EllipticF (xx[

1 1
Vo V=2t +1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+1)/(-b"2%x~4+1)"(1/2),x)

[Out] -1/07(1/2)*(-b*x~2+1)~(1/2) * (b*x~2+1)~(1/2) / (-b"2*%x~4+1) "~ (1/2) * (E1lipticF (x
*b~(1/2) ,I1)-E11lipticE(x*b~(1/2),1))+1/b7 (1/2) * (-b*x72+1) 7 (1/2) * (b*x~2+1) ~ (1
/2)/(-b~2%x74+1) " (1/2)*E1llipticF(x*b~(1/2),1)

Maxima [F] time = 0., size = 0, normalized size = 0.
f bx? +1 p
——dx
V-b2xt +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+1)/(-b~2%x~4+1)"(1/2),x, algorithm="maxima")

[Out] integrate((b*x~2 + 1)/sqrt(-b"2xx"4 + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

V-b2x4 +1 x)

integral [— 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+1)/(-b"2*x"4+1)~(1/2),x, algorithm="fricas")

[Out] integral(-sqrt(-b"2*x~4 + 1)/(b*xx~2 - 1), x)

Sympy [B] time = 1.52931, size = 70, normalized size = 4.38

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x**2+1)/(-b**2xx**x4+1)**(1/2) ,x)
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[Out] b*x**3*gamma(3/4)*hyper((1/2, 3/4), (7/4,), b*x2xx*x4xexp_polar (2xI*pi))/(4
xgamma (7/4)) + x*gamma(1/4)x*hyper((1/4, 1/2), (5/4,), b*x2*x**4*xexp_polar(2

*xI*pi))/(4xgamma(5/4))

Giac [F] time = 0., size = 0, normalized size = 0.

f bx? +1 p
————dx

V-b2xt +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+1)/(-b~2xx~4+1)~(1/2),x, algorithm="giac")

[Out] integrate((b*x~2 + 1)/sqrt(-b"2*x"4 + 1), x)
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1-bx?
315 [ —=dx

Optimal. Leaf size=35

2EllipticF (Sin_1 (\/Ex) , —1) (sm (\/_x)| )
Vb Vo

[Out] -(EllipticE[ArcSin[Sqrt[b]*x], -11/Sqrt[b]l) + (2%EllipticF[ArcSin[Sqrt[b]*x
1, -11)/Sqrt[b]

Rubi [A] time = 0.0327558, antiderivative size = 35, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 23, e

integrand size
0.217, Rules used = {1199, 423, 424, 248, 221}

oF (s (V65 1) E(sin” (VB 1)
Vo Vo

Antiderivative was successfully verified.

[In] Int[(1 - b*x~2)/Sqrt[l - b~2xx74],x]

[Out] -(EllipticE[ArcSin[Sqrt[bl*x], -1]/Sqrt[b]) + (2*%EllipticF[ArcSin[Sqrt [b]*x
1, -11)/8qrt [b]

Rule 1199

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> Dist[d/Sq
rt[al, Int[Sqrt[1 + (exx~2)/d]/Sqrt[1 - (exx~2)/d]l, x], x] /; FreeQ[{a, c,
d, e}, x] && NegQ[c/al && EqQ[cxd~2 + axe”2, 0] && GtQ[a, O]

Rule 423

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Dist[
b/d, Int[Sqrtl[c + d*x~2]/Sqrtl[a + b*x~2], x], x] - Dist[(b*c - axd)/d, Int[
1/(Sqrtla + b*x~2]xSqrt[c + d*x~2]), x], x] /; FreeQ[{a, b, c, d}, x] && Po
sQ[d/c] && NegQ[b/al

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 248

Int[((al_.) + (b1_)*(x )" (n_ )" (p_.)*((@2_.) + (b2_)*x )" @ )" (p_.), x_
Symbol] :> Int[(al*a2 + bl*b2*x~(2*n)) p, x] /; FreeQ[{al, bl, a2, b2, n, p
}, x] &% EqQ[a2*bl + alxb2, 0] && (IntegerQ[p] || (GtQ[al, 0] && GtQ[a2, O]
))

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[EllipticF[ArcSin[(Rt[-b,
4]1xx) /Rt [a, 411, -11/(Rtla, 4]1*Rt[-b, 4]), x] /; FreeQ[{a, b}, x] && NegQ[
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b/al && GtQ[a, 0]

Rubi steps

f 1-bx f 1- bx2
V1 - b2x4 V1 + bx2

=2f f 1+bx2
V1- bx2\/1+bx2 V1 - be
E(sin™! (Vo) -1
NG +2fm
E(sn (Vi) 1) _ 2 s (v -1)
Vo Vb

Mathematica [C] time = 0.0115553, size = 45, normalized size = 1.29

115 137
F Bt - b3, Fy (=, 25 502
x“(424 )3“1(244 )

Antiderivative was successfully verified.

[In] Integrate[(1 - b*x~2)/Sqrtl[l - b~2*x74],x]

[Out] x*Hypergeometric2F1[1/4, 1/2, 5/4, b~2*x"4] - (b*x"3*Hypergeometric2F1[1/2,
3/4, 7/4, b 2xx"4])/3

Maple [B] time = 0.048, size = 99, normalized size = 2.8

1
\/—bx2+1\/bx2+1(EllipticF (x b,i)—EllipticE (x b,i))

1
Vb V-b2x% +1

+ Vobx?2 +1Vbx? + 1EllipticF (x b, i) -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-b*x~2+1)/(-b~2*x~4+1)~(1/2),x%)

[Out] 1/b7(1/2)*(~b*x~2+1)~(1/2)* (b*x~2+1)~(1/2)/ (-b"2*x~4+1) " (1/2) * (E1lipticF (x*
b~ (1/2) ,I)-E1lipticE(x*b~(1/2),I1))+1/b"(1/2)* (~b*x~2+1) " (1/2) * (b*x~2+1) ~(1/
2)/(-b"2%x74+1) " (1/2)*E1lipticF (x*b~(1/2),1)

Maxima [F] time = 0., size = 0, normalized size = 0.

bx? —
f \/_bzxé‘: +
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+1)/(-b~2*x~4+1)~(1/2),x, algorithm="maxima"

[Out] -integrate((b*x~2 - 1)/sqrt(-b~2*x~4 + 1), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

V-b2x* +1 )
—_—,X

integral[ 21

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+1)/(-b~2*x~4+1)~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(-b~2*x~4 + 1)/(b*x"2 + 1), x)

Sympy [B] time = 1.8776, size = 70, normalized size = 2.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((~b*x**2+1)/(-b**2xx**4+1)**(1/2) ,x)

[Out] -b*x**3*gamma(3/4)*hyper ((1/2, 3/4), (7/4,), b*x2*x*x*4xexp_polar (2*I*pi))/(
4xgamma (7/4)) + x*gamma(1/4)*hyper ((1/4, 1/2), (5/4,), b*x2*x*x*4*xexp_polar(
2xIxpi) )/ (4xgamma(5/4))

Giac [F] time = 0., size = 0, normalized size = 0.

f bx? -
\/—b2x4 1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+1)/(-b~2*x~4+1)~(1/2),x, algorithm="giac")

[Out] integrate(-(b*x"2 - 1)/sqrt(-b~"2*x"4 + 1), x)
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1+bx?
316 | o

Optimal. Leaf size=43
VI - BE (sin™" (Vox)| - 1)
VoVE 1

[Out] (Sqrtl[1 - b 2*x"4]*EllipticE[ArcSin[Sqrt[b]l*x], -1])/(Sqrt[b]l*Sqrt[-1 + b~2
*x74])

Rubi [A] time = 0.0254657, antiderivative size = 43, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 21, il

integrand size
0.143, Rules used = {1200, 1199, 424}
V1 - b2x*E (sin_1 (\/Ex)| - 1)
VoVt -1

Antiderivative was successfully verified.

[In] Int[(1 + b*x~2)/Sqrt[-1 + b~2xx~4],x]

[Out] (Sqrtl[l - b 2*x"4]*EllipticE[ArcSin[Sqrt[b]l*x], -11)/(Sqrt[bl*Sqrt[-1 + b~2
*x74])

Rule 1200

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> Dist[Sqrt
[1 + (cxx"4)/al/Sqrtla + c*x”4], Int[(d + e*xx"2)/Sqrt[l + (cxx"4)/al, x], x
1 /; FreeQ[{a, c, d, e}, x] && NegQ[c/al && EqQ[c*d”2 + axe”2, 0] && !GtQ[
a, 0]

Rule 1199

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> Dist[d/Sq
rt[al, Int[Sqrt[1 + (exx~2)/d]/Sqrtl[1 - (e*x~2)/dl, x], x] /; FreeQ[{a, c,
d, e}, x] && NegQ[c/al && EqQ[c*d~2 + axe”2, 0] && GtQ[a, O]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrt[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrtlal*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*xc)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

Rubi steps

Ir—— 1+bx?
f 1+ ba? Dy = 1-bx 4f\/T2x4

V-1 + b%x4 V=1 + b%x4

m]‘ 1+bx
V1-ba?

~ V1 - b2x*E (sin_l (\/Ex)| - 1)
ST Wasee
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Mathematica [C] time = 0.0225834, size = 74, normalized size = 1.72

VI—2d (bx 2F1( 7. 12 4)+3x2F1(1 L5 b2y 4))

424’

244’

3Vh2xt -1

Antiderivative was successfully verified.

[In] Integrate[(1 + b*x"2)/Sqrt[-1 + b~2*x"4],x]

[Out] (Sqrtl[1l - b~2*x"4]*(3*x*Hypergeometric2F1[1/4, 1/2, 5/4, b~24x"4] + b*x~3*H
ypergeometric2F1[1/2, 3/4, 7/4, b"2*x"4]))/(3*Sqrt[-1 + b~2%x~4])

Maple [B] time = 0.054, size = 107, normalized size = 2.5

1 1
Vo2 +1V=b2 + 1 (ElliptiCF (x D, i) _ EllipticE (x D, z)) Vb + 1IN + 1EllipticF (x~
V=b Vb2t -1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+1)/(b"2*x~4-1)"(1/2),%)

[Out] 1/(-b)~(1/2)*(b*x~2+1) " (1/2)* (-b*x~2+1) " (1/2) / (b"2%x"4-1) "~ (1/2) * (E11lipticF(
xx(-b)7(1/2) ,I)-EllipticE(xx(-b)~(1/2),I))+1/(-b) 7 (1/2) * (b*x"2+1) ~(1/2) *(-b
*x72+1)7(1/2) / (b72%x74-1) " (1/2) *E11lipticF (x*(-b) " (1/2),1)

Maxima [F] time = 0., size = 0, normalized size = 0.
f bx? +1
Vb2xt -
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((bxx~2+1)/(b~2*x"4-1)"(1/2),x, algorithm="maxima"

[Out] integrate((b*x~2 + 1)/sqrt(b™2*x"4 - 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vbh2xt -1 ]
_, X

int 1
integra [ 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+1)/(b~2*x"4-1)"(1/2),x, algorithm="fricas")

[Out] integral(sqrt(b™2*x"4 - 1)/(b*x"2 - 1), x)
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Sympy [A] time = 1.50467, size = 61, normalized size = 1.42

3
4

1
. 3 PY
sz3r (Z) 21:1 (22
4 _
7 5
4T (Z) 4T (Z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+1)/(b**2*xx**x4-1)*x(1/2) ,%)

[Out] -Ixb*x**3*gamma(3/4)*hyper((1/2, 3/4), (7/4,), b**2*xx**4)/(4xgamma(7/4)) -

I*x*xgamma (1/4) *hyper((1/4, 1/2), (5/4,), b**x2xx**4)/(4*gamma(5/4))

Giac [F] time = 0., size = 0, normalized size = 0.

bx? +1

—dx
Vbh2xt -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+1)/(b"2*x"4-1)"(1/2),x, algorithm="giac")

[Out] integrate((b*x~2 + 1)/sqrt(b™2*x"4 - 1), x)
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1-bx?
317 |

Optimal. Leaf size=89

2V1 - b’x*EllipticF (sin_1 (\/Ex) , —1) V1 - b2x4E (sin_l (\/Ex)| - 1)
VoVt -1 VbVt -1
[Out] -((Sqrt[l - b™2*x"4]*EllipticE[ArcSin[Sqrt[bl*x], -11)/(Sqrt[bl*Sqrt[-1 + b

~2*%x74])) + (2*Sqrt[l - b 2*x"4]*EllipticF[ArcSin[Sqrt[bl*x], -11)/(Sqrt[b]
xSqrt[-1 + b72*x74])

Rubi [A] time = 0.0455572, antiderivative size = 89, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 22, e e =

0.273, Rules used = {1200, 1199, 423, 424, 248, 221}
2V1 - b24F (sin™ (x/Ex)| ~1)  V1-P2x*E (sin™" (x/Ex)| -1)
VoVt -1 B VbVt -1

Antiderivative was successfully verified.

integrand size

[In] Int[(1 - b*x~2)/Sqrt[-1 + b~2xx~4],x]

[Out] -((Sqrt[l - b 2*x"4]*EllipticE[ArcSin[Sqrt[bl*x], -11)/(Sqrt[bl*Sqrt[-1 + b
~2%x74])) + (2%Sqrt[1 - b~ 2xx"4]*EllipticF[ArcSin[Sqrt[bl*x], -11)/(Sqrt[b]
xSqrt[-1 + b~2*x~4])

Rule 1200

Int[((d_) + (e_.)*x(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> Dist[Sqrt
[1 + (c*xx"4)/al/Sqrtla + c*x74], Int[(d + e*x”2)/Sqrt[l + (c*x"4)/al, x], x
1 /; FreeQ[{a, c, d, e}, x] && NegQ[c/al && EqQ[c*d~2 + axe”2, 0] && !'GtQ[
a, 0]

Rule 1199

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> Dist[d/Sq
rt[al, Int[Sqrt[1 + (exx~2)/d]l/Sqrtl[1 - (exx~2)/dl, x], x] /; FreeQl[{a, c,
d, e}, x] && NegQ[c/al && EqQlc*d~2 + axe”2, 0] && GtQ[a, O]

Rule 423

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Dist[
b/d, Int[Sqrtlc + d*x~2]/Sqrtla + b*x~2], x], x] - Dist[(b*c - axd)/d, Int[
1/(Sqrt[a + bxx~2]*Sqrtlc + d*x~2]), x], x] /; FreeQ[{a, b, c, d}, x] && Po
sQld/c] && NegQ[b/al

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrtlc]l*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]

Rule 248

Int[((al_.) + (b1_)*x(x_ )" (0 )) " (p_)*((a2_.) + (2_)*x )" ))~(p_.), x_
Symbol] :> Int[(al*a2 + bl*b2*x~(2#n))"p, x] /; FreeQ[{al, bl, a2, b2, n, p
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}, x] &% EqQ[a2*bl + alxb2, 0] && (IntegerQ[p] || (GtQ[al, 0] && GtQ[a2, O]
))

Rule 221
Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[EllipticF[ArcSin[(Rt[-b,

4]1xx) /Rt [a, 411, -11/(Rtla, 4]1*Rt[-b, 4]), x] /; FreeQ[{a, b}, x] && NegQ[
b/al && GtQ[a, O]

Rubi steps

1—bx? V1 - b2x 4f b

\/—Zx
—dx =
f V-1 + b2x* V-1 + b2x*
/—2 4 1- hx
1=t f V1+bx?
V-1 + b2x*
V1+bx?
N 24/ 24
- _ 1-bx fv1—bx2dx+( 1= bx)f\ll hx2V1+bx2
V-1 + b2x* V-1 + b2x*
~ 1
VIR (sin” (Vx)| -1) | (VI-) [ i
VbV-1 + b2x4 V=1 + b%x*
V1 - P2x*E (sin™" (\/I_yx)| ~1)  2V1-B2x*F (sin”! (x/Ex)| -1)
=- +
V-1 + b2t V-1 + b2t

Mathematica [C] time = 0.0209353, size = 74, normalized size = 0.83

N (bx zFl(; %7 b 4) 3x2F1(i L2 b 4))
- 3Vb2xt -1

Antiderivative was successfully verified.

[In] Integrate[(1 - b*x~2)/Sqrt[-1 + b~2*x~4],x]

[Out] -(Sqrt[1l - b~2xx"4]*(-3*x*Hypergeometric2F1[1/4, 1/2, 5/4, b~2*x"4] + b*x~3
xHypergeometric2F1[1/2, 3/4, 7/4, b~2*x~4]))/(3*Sqrt[-1 + b~ 2*x"4])

Maple [A] time = 0.046, size = 108, normalized size = 1.2

—\/bx2+1\/—bx2+1(EllipticF (x —b,i)—EllipticE(x b, i +\/bxz+1\/—bx2+1E111pticF(x\ﬂ

AN ! 1
’ )) Vb V2t —1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((-b*x~2+1)/(b"2*x"4-1)"(1/2),%)

[Out] -1/(-b)~(1/2)*(b*x~2+1) " (1/2) * (~b*x"2+1) " (1/2) / (b"2%x"4-1) " (1/2) *(E1lipticF
(x*x(-b)~(1/2) ,I1)-E1llipticE(x*(-b)~(1/2),1))+1/(-b) " (1/2) * (b*x~2+1) "~ (1/2) * (-
bxx~2+1) 7 (1/2) / (b™2%x74-1) " (1/2) *E11lipticF (x*(-b)~(1/2),1)
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Maxima [F] time = 0., size = 0, normalized size = 0.
f bx? -
Vb2t -
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+1)/(b"2*x"4-1)"(1/2),x, algorithm="maxima")

[Out] -integrate((b*x~2 - 1)/sqrt(b™2*xx~4 - 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2yt —1 ]

integral (— m, X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+1)/(b"2*x"4-1)"(1/2),x, algorithm="fricas")

[Out] integral(-sqrt(b~2*x"4 - 1)/(b*x"2 + 1), x)

Sympy [A] time = 1.86707, size = 60, normalized size = 0.67
13 11
ibx3r (Z) 2F1 (2’74 b2x4) ixI’ (i) ZFl (4’52 b2x4]
4 4
7 5
ar (4) ar (4)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*xx**2+1)/(b**2*x**4-1)**(1/2),x)

[Out] Ixb*x**3*xgamma(3/4)x*hyper((1/2, 3/4), (7/4,), bx*x2xx*x4)/(4*gamma(7/4)) - I
xx*xgamma (1/4) xhyper ((1/4, 1/2), (5/4,), b**2*xxx*4)/(4xgamma (5/4))

Giac [F] time = 0., size = 0, normalized size = 0.
f bx -
Vb2xt —
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+1)/(b"2xx~4-1)"(1/2),x, algorithm="giac")

[Out] integrate(-(b*x”2 - 1)/sqrt(b™2xx~4 - 1), x)
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1-bx?
318  [———dx

Optimal. Leaf size=89

(bx2+1) el (Ztan (\/_x) )

(bx2+1) xVb2x* + 1
\/Ew/bzx‘l i1 bx? +1

[Out] -((x*Sqrt[1 + b72%x74])/(1 + b*x72)) + ((1 + b*x"2)*Sqrt[(1 + b™2*xx~4)/(1 +
bxx~2) "2]*EllipticE[2*ArcTan[Sqrt [b]l*x], 1/2])/(Sqrt[bl*Sqrt[1 + b~2xx~4])

Rubi [A] time = 0.0135721, antiderivative size = 89, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 1, number of rules used = 1, integrand size = 22 e -

0.045, Rules used = {1196}

integrand size

(b5 +1) | [ (2tan™ (VE) 1)

(”x2+1) Vbt 41
N bx? +1

Antiderivative was successfully verified.

[In] Int[(1 - b*x72)/Sqrt[l + b~2*x~4],x]

[Out] -((x*Sqrt[1 + b™2*x74])/(1 + b*x"2)) + ((1 + b*x"2)*Sqrt[(1 + b~™2*xx~4)/(1 +
bxx~2) "2]*EllipticE[2*ArcTan[Sqrt [b]*x], 1/2])/(Sqrt[bl*Sqrt[1 + b~2xx~4])

Rule 1196

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)~4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx~4])/(a*x(1 + q~2*x"2)), x] + Simp[(d*(
1 + q72*%x72)*Sqrt[(a + c*x74)/(ax(1 + q72%x72)"2)]*EllipticE[2*ArcTan[qg*x],
1/2])/(g*Sqrtla + c*x74]), x] /; EqQle + dxq~2, 011 /; FreeQl{a, c, d, e},
x] && PosQ[c/al

Rubi steps
(1+022) | [ 22 (2tan™ (Vo) Iy
1-bx? p xV1 + b2x* s (1+022)°
—_—dx = —
V1 + b2x* 1+ bx? VbV + b2x

Mathematica [C] time = 0.0116996, size = 47, normalized size = 0.53

115 137
F B2t - Zba®,F b2t
x21(424 )3x21(244 )

Antiderivative was successfully verified.

[In] Integrate[(1 - b*x~2)/Sqrt[l + b~2*x74],x]
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[Out] x*Hypergeometric2F1[1/4, 1/2, 5/4, -(b~2*x"4)] - (b*x~3*Hypergeometric2F1[1
/2, 3/4, 7/4, -(b"2%x74)])/3

Maple [C] time = 0.153, size = 120, normalized size = 1.4

11
—iV1 = b2 V1 + b2 (EllipticF (x D, i) _ EllipticE (x ih, z)) VI V1 + ib2EllipticF (xw
Vib Vb2t +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-b*x"2+1)/(b"2*x~4+1)~(1/2),%)

[Out] -I/(I*b)~(1/2)*(1-I*b*x~2)"(1/2)*(1+Ixb*x~2)~(1/2)/(b~2*x~4+1)~(1/2)*(E1llip
ticF(x*(Ixb)~(1/2),I1)-EllipticE(x*(I*b)~(1/2),1))+1/(I*b)~(1/2)*(1-I*b*x"2)
~(1/2) * (1+I%bxx"2) " (1/2)/(b"2%x~4+1) ~(1/2) *E1llipticF (x* (I*b)~(1/2),I)

Maxima [F] time = 0., size = 0, normalized size = 0.
f bx? -
Vb2x4
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-b*x~2+1)/(b~2xx~4+1)~(1/2),x, algorithm="maxima")

[Out] -integrate((b*x"2 - 1)/sqrt(b™2*xx"4 + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

- 1( bx% -1 )
integral | ————, x
Vb2t +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+1)/(b"2xx"4+1)~(1/2),x, algorithm="fricas")

[Out] integral(-(bxx~2 - 1)/sqrt(b”2*x"4 + 1), x)

Sympy [C] time = 1.83919, size = 66, normalized size = 0.74

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x**2+1)/(b**2kx**4+1)**(1/2),x)
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[Out] -bxx**3xgamma(3/4)*hyper((1/2, 3/4), (7/4,), bx*2xxx*4d*xexp_polar(I*pi))/(4x
gamma(7/4)) + x*xgamma(1/4)*hyper((1/4, 1/2), (5/4,), bx*x2xx**4d*xexp_polar (I*
pi))/ (4*gamma(5/4))

Giac [F] time = 0., size = 0, normalized size = 0.
bx? -1
[,
Vb2xt +1
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-b*x~2+1)/(b"2xx~4+1)~(1/2),x, algorithm="giac")

[Out] integrate(-(b*x~2 - 1)/sqrt(b™2*x"4 + 1), x)
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1+bx?
319 [—=dx

Optimal. Leaf size=152

b2 +1) [ EllipticF (2tan—1 Vhbx ,1) b2 +1) |2 p (Ztan Vbx )
( ) (bx241)° P ( ) 2} A1 ( ) (px2+1)° ( )
+ —_
\/I;Vbe‘* 1 bx? +1 \/E\/beAL +1

[Out] (x*Sqrt[l + b~™2*xx74])/(1 + b*x"2) - ((1 + b*x"2)*Sqrt[(1 + b~ 2*x"4)/(1 + bx*
x72)"2]*EllipticE[2*ArcTan[Sqrt [b]*x], 1/2])/(Sqrt[bl*Sqrt[1 + b~2*x"4]) +

((1 + bxx~2)*Sqrt[(1 + b™2%x74)/(1 + b*x"2) 2]*EllipticF[2*ArcTan[Sqrt [b]*x

1, 1/21)/(Sqrt[bl*Sqrt[1 + b~2*x~4])

Rubi [A] time = 0.0309574, antiderivative size = 152, normalized size of antiderivative

. . b f rul
= 1., number of steps used = 3, number of rules used = 3, integrand size = 21, e e

= 0.143, Rules used = {1198, 220, 1196}

integrand size

2 b2x4+1 ) A1
AT (bx +1) o (Ztan (\/_x) ) (bx +1) e (Ztan (\/_x) )

+
bx? +1 \/E\/bzx‘* +1 \/E\/bzx‘L +1

Antiderivative was successfully verified.

[In] Int[(1 + b*x~2)/Sqrt[l + b~2xx"4],x]

[Out] (x*Sqrtl[l + b™2*x74])/(1 + b*x"2) - ((1 + b*x"2)*Sqrt[(1 + b~™2*x74)/(1 + bx
x72)"2]*EllipticE[2*ArcTan[Sqrt [b]*x], 1/2])/(Sqrt[b]*Sqrt[l + b~ 2*x"4]) +

((1 + b*x~2)*Sqrt [(1 + b™2xx74)/(1 + b*x72)"2]*EllipticF[2*ArcTan[Sqrt [b]*x

1, 1/21)/(Sqrt[bl*Sqrt[1 + b~2xx"4])

Rule 1198

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + dxq)/q, Int[1/Sqrtla + cxx~4], x], x] - Distl[e/q, I
nt[(1 - g*x~2)/Sqrtla + c*x~4], x], x] /; NeQ[e + d*q, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al

Rule 220

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simp[(
(1 + q"2*%x72)*Sqrt[(a + b*x"4)/(a*x(1 + q~2*x~2)"2)]*EllipticF [2*xArcTan [q*x]
, 1/2])/(2*q*Sqrtla + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 1196

Int[((d_) + (e_.)*(x_)~"2)/Sqrt[(a_) + (c_.)*(x_)~4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrt[a + c*x~4])/(ax(1 + q72%x72)), x] + Simp[(dx*(
1 + g™2*xx72)*Sqrt[(a + c*x74)/(a*x(1 + q72%x72)72)]*E1llipticE[2*ArcTan[q*x],
1/2]1)/(q*Sqrtla + c*x~4]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

Rubi steps
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1+ bx? 1 - bx?
J \/;W | m G e Ny
(1+02) | [F25E (2tan7 (VEx) 1) (1+62%) |22 F (2tan (VE) 1)

V1 + b2 (1+bx2) (1+bx2)
= - +
1+ bx? VoV + b2t VoV1 + b2t

Mathematica [C] time = 0.0104511, size = 47, normalized size = 0.31

1 137 115
b3 oFy | =, 25 55—kt | + x,F 2, b2t
3x21(244 )x21(424 )

Antiderivative was successfully verified.

[In] Integrate[(1 + b*x~2)/Sqrtl[l + b~2*x"4],x]

[Out] x*Hypergeometric2F1[1/4, 1/2, 5/4, -(b"2%x"4)] + (b*x~3*Hypergeometric2F1[1

/2, 3/4, 7/4, -(b"2%x74)])/3

Maple [C] time = 0.046, size = 120, normalized size = 0.8

= V1= i V1 + b2 EllipticF (x i, i]

iV1 — ibx2V1 + iba? (EllipticF (x ib, z) EllipticE (x\/_ ))
Vib Vb2t +
Verification of antiderivative is not currently implemented for this CAS.
[In] int((b*xx~2+1)/(b~2%x~4+1)~(1/2),x)
[Out] I/(I*b)~(1/2)*(1-I*b*xx"2)"(1/2)*(1+Ixb*x~2)"(1/2)/(b"2*x~4+1)~(1/2)*(Ellipt

icF(x*(I*b)~(1/2),I)-EllipticE(x*(I*b)~(1/2),I))+1/(I*b)~(1/2)*(1-T*b*x"2)"
(1/2) * (1+Ixb*xx"2) " (1/2) / (b~2*x"4+1) " (1/2) *E1llipticF (x* (I*b)~(1/2),I)

Maxima [F] time = 0., size = 0, normalized size = 0.
f bx? +1
Vo2t +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+1)/(b~2*x"4+1)~(1/2),x, algorithm="maxima"

[Out] integrate((b*x~2 + 1)/sqrt(b”2*x"4 + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
bx? +1 )

integral (—, X
Vb2x* +1

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x~2+1)/(b"2%x"4+1)~(1/2),x, algorithm="fricas")

[Out] integral((b*x~2 + 1)/sqrt(b”2*x~4 + 1), x)

Sympy [C] time = 1.49538, size = 66, normalized size = 0.43

13 11

bxﬁ"(i) JFs (2’74 b2x4einJ T (i) 25(4;2 b2x4ein]
A + i
4r(1) 4r(2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+1)/ (b**2xx**x4+1)*x(1/2) ,%)

[Out] b*x**3*gamma(3/4)*hyper((1/2, 3/4), (7/4,), b*x2xx*x4dxexp_polar (I*pi))/(4xg
amma(7/4)) + x*xgamma(1/4)*hyper((1/4, 1/2), (5/4,), bx*2xx*x4*xexp_polar (I*p
1))/ (4xgamma(5/4))

Giac [F] time = 0., size = 0, normalized size = 0.
bx? +1
[,
Vbh2x* +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+1)/(b~2*x"4+1)~(1/2),x, algorithm="giac")

[Out] integrate((b*x~2 + 1)/sqrt(b™2*x~4 + 1), x)
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1-bx?

Optimal. Leaf size=90

(bx2+1) el (Ztan (\/_x) )

XV —=b2x4 — (bx2+1)
bx? +1 NV

[Out] (x*Sqrt[-1 - b~ 2*x74])/(1 + b*x"2) + ((1 + b*xx"2)*Sqrt[(1 + b™2*x"4)/(1 + b
*x72) "2]*EllipticE[2*ArcTan[Sqrt [b]*x], 1/2])/(Sqrt[bl*Sqrt[-1 - b~2*x"4])

Rubi [A] time = 0.0148451, antiderivative size = 90, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 1, number of rules used = 1, integrand size = 23, e -

0.043, Rules used = {1196}

integrand size

(b5 +1) | |- (2tan™ (VE) 1)

V=b2x% -1 N (bx2+1)
bx? +1 NV

Antiderivative was successfully verified.

[In] Int[(1 - b*x72)/Sqrt[-1 - b~2*x~4],x]

[Out] (x*Sqrt[-1 - b~ 2*x74])/(1 + b*x"2) + ((1 + b*xx"2)*Sqrt[(1 + b™2*x"4)/(1 + b
*x72) "2]*EllipticE[2*ArcTan[Sqrt [b]*x], 1/2])/(Sqrt[bl*Sqrt[-1 - b~2*x74])

Rule 1196

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)~4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx~4])/(a*x(1 + q~2*x"2)), x] + Simp[(d*(
1 + q72*%x72)*Sqrt[(a + c*x74)/(ax(1 + q72%x72)"2)]*EllipticE[2*ArcTan[qg*x],
1/2])/(g*Sqrtla + c*x74]), x] /; EqQle + dxq~2, 011 /; FreeQl{a, c, d, e},
x] && PosQ[c/al

Rubi steps
(1+02) [ 225 (2tan™ (Vo) Iy
1 - ba? _ xv-1-bd s (1+022)°
NEpy b2x4 1+ bx? VhV=1 - P24

Mathematica [C] time = 0.0259272, size = 76, normalized size = 0.84

Vb2x4+1(bx32F1 (l 2,7 —b2x4) 3x2F1(1 Lo —b2x4))

2744 424’

3vV-b2xt -1

Antiderivative was successfully verified.

[In] Integrate[(1 - b*x~2)/Sqrt[-1 - b~2*x~4],x]
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[Out] -(Sqrt[1l + b™2xx"4]*(-3*x*Hypergeometric2F1[1/4, 1/2, 5/4, -(b"2*xx"4)] + bx
x~3*Hypergeometric2F1[1/2, 3/4, 7/4, -(b~2*x74)]))/(3*Sqrt[-1 - b~ 2*x~4])

Maple [C] time = 0.131, size = 122, normalized size = 1.4

+ V1 + ibx2V1 — ibx2EllipticF

1 1
V1 + b2 V1 — b2 (EllipticF (x b, i) _ EllipticE (x b, z))
V=ib V-b?x* -1
Verification of antiderivative is not currently implemented for this CAS.
[In] int((-b*x~2+1)/(-b~2*x"4-1)"(1/2),%)

[Out] I/(-Ixb)~(1/2)*(1+I*xbxx"2)"(1/2)*(1-I*b*x~2)~(1/2)/(-b"2*x"4-1)"(1/2)*(E11li
pticF(x*(-I*b)~(1/2),I1)-EllipticE(x*(-I*b)~(1/2),I))+1/(-I*b)~(1/2)*(1+I*bx*
x"2) " (1/2) % (1-Ixb*x~2) ~(1/2) / (-b~2%x~4-1)~(1/2) *E1lipticF (x*(-I*b) ~(1/2),I)

Maxima [F] time = 0., size = 0, normalized size = 0.

bx? -
f \/—bzx‘*
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+1)/(-b~2*x"4-1)"(1/2),x, algorithm="maxima")

[Out] -integrate((b*x"2 - 1)/sqrt(-b"2*x~4 - 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Narw w3
bxintegral (—M—]M,x) + V-b2xt -1

b3x6+bx2

bx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+1)/(-b"2*x~4-1)"(1/2),x, algorithm="fricas")

[Out] (b*x*integral(-sqrt(-b"2xx"4 - 1)*(b*x"2 - 1)/(b73*x"6 + b*x~2), x) + sqrt(
-b"2%x74 - 1))/(b*x)

time = 1.9063, size = 70, normalized size = 0.78

1 11

sz3r( )2F1 [5 b2x4em) ixT (i)zFl [‘I 2
4 4

7 5
ar(3) ar(3)

Verification of antiderivative is not currently implemented for this CAS.

Sympy [C]

3
4 b2 x4 em)
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[In] integrate((-b¥x**2+1)/(-b**2xx**4-1)%*(1/2),x)

[Out] Ixb*x**3*xgamma(3/4)x*hyper((1/2, 3/4), (7/4,), bx*x2xx**4d*xexp_polar(Ixpi))/(4
xgamma (7/4)) - Ixx*gamma(l/4)*hyper((1/4, 1/2), (5/4,), b**2xx**x4*exp_polar
(I*pi))/(4*gamma(5/4))

Giac [F] time = 0., size = 0, normalized size = 0.

bx? -1

———dx
\/_b2x4 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+1)/(-b~2*x"4-1)"(1/2),x, algorithm="giac")

[Out] integrate(-(b*x"2 - 1)/sqrt(-b"2*x"4 - 1), x)
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1+bx?
321 [ —x

Optimal. Leaf size=156

bx? +1 f Pt —— EllipticF (2 tan~ \/Ex , 1) bx? +1 wE (2 tan™! \/l;x 1)
( ) (bx2+1) P ( ) 2 X ,——b2x4 1 ( ) (bx2+1)2 ( ) |2
VT Tl NN

[Out] -((x*Sqrt[-1 - b™2%xx74])/(1 + b*x"2)) - ((1 + b*x"2)*Sqrt[(1 + b~ 2*x"4)/(1
+ b*x72) "2]*E1llipticE[2*ArcTan[Sqrt [b]*x], 1/2])/(Sqrt[b]l*Sqrt[-1 - b~ 2*x~4

1) + ((1 + b*x"2)*Sqrt[(1 + b™2*x74)/(1 + b*x~2) 2] *EllipticF[2*ArcTan[Sqrt
[bl*x], 1/2])/(Sqrt[b]*Sqrt[-1 - b~2*x~4])

Rubi [A] time = 0.03229, antiderivative size = 156, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 3, integrand size = 22, e e e

0.136, Rules used = {1198, 220, 1196}

integrand size

(52 +1) |2 F (2007 (Vox) 1) (b2 +1) [ (2007 (VE) 1)

V-b2r4 -1 (bx2+1) (bx2+1)
- + -
bx? +1 VbV-b2xt -1 VoV=b2x4 —1

Antiderivative was successfully verified.

[In] Int[(1 + b*x~2)/Sqrt[-1 - b~2xx~4],x]

[Out] -((x*Sqrt[-1 - b™2*x74])/(1 + b*x"2)) - ((1 + b*x"2)*Sqrt[(1 + b™2*x~4)/(1
+ bxx72) 2] *EllipticE[2*ArcTan[Sqrt [b]l*x], 1/2])/(Sqrt[bl*Sqrt[-1 - b 2*x"4

1) + ((1 + b*x"2)*xSqrt[(1 + b~™2*x~4)/(1 + bxx"2) 2] *EllipticF[2*xArcTan[Sqrt
[bl*x], 1/2]1)/(Sqrt[bl*Sqrt[-1 - b~2*x~4])

Rule 1198

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + dxq)/q, Int[1/Sqrtla + cxx~4], x], x] - Distl[e/q, I
nt[(1 - g*x~2)/Sqrtla + c*x~4], x], x] /; NeQ[e + d*q, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al

Rule 220

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simp[(
(1 + q"2*%x72)*Sqrt[(a + b*x"4)/(a*x(1 + q~2*x~2)"2)]*EllipticF [2*xArcTan [q*x]
, 1/2])/(2*q*Sqrtla + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 1196

Int[((d_) + (e_.)*(x_)~"2)/Sqrt[(a_) + (c_.)*(x_)~4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrt[a + c*x~4])/(ax(1 + q72%x72)), x] + Simp[(dx*(
1 + g™2*xx72)*Sqrt[(a + c*x74)/(a*x(1 + q72%x72)72)]*E1llipticE[2*ArcTan[q*x],
1/2]1)/(q*Sqrtla + c*x~4]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

Rubi steps
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1 + bx? 1-bx?

1
=t =t [ =t
2 1+b2x4 2 14b2x4 an- .
g NGt R OBE) (o) G ()

= - - +

1+ bx? NV VhV=1 — p2x

Mathematica [C] time = 0.0186291, size = 76, normalized size = 0.49

Vb2x4+ (bx 21:1 (1 § Z _bZ 4)+3XZF1 (l 1 E _b2 4))

2747 47 4727 47

3V-b2xt -1

Antiderivative was successfully verified.

[In] Integrate[(1 + b*x"2)/Sqrt[-1 - b~2xx74],x]

[Out] (Sqrt[1 + b~2*x~4]*(3*x*Hypergeometric2F1[1/4, 1/2, 5/4, —-(b"2*x"4)] + b*x"
3*Hypergeometric2F1[1/2, 3/4, 7/4, -(b"2*x74)]1))/(3*Sqrt[-1 - b~2xx~4])

Maple [C] time = 0.046, size = 122, normalized size = 0.8

—iV1 + b2V = ibx? (EllipticF (x —ib,i)—ElliptiCE (x i, i

, 1 1
’ )) Voib Vb2t 1

Verification of antiderivative is not currently implemented for this CAS.

+ V1 + ibx2V1 — ib2EllipticF (

[In] int((b*x"2+1)/(-b"2*x"4-1)"(1/2),x%)

[Out] -I/(-I*b)~(1/2)*(1+I*xbxx"2)"(1/2)*(1-I*bxx"2)~(1/2)/(-b"2*x"4-1)"(1/2)*(E11l
ipticF (xx(-I*b)~(1/2),I)-EllipticE(x*(-I*b)~(1/2),I))+1/(~Ixb)~(1/2)*(1+I*Db

*x72) 7 (1/2) % (1-I*bxx"~2) " (1/2)/(-b~2*x~4-1) " (1/2) *E1lipticF (x* (-I*b)~(1/2),I

)

Maxima [F] time = 0., size = 0, normalized size = 0.

f bx? +1
AV
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+1)/(-b"2%x"4-1)"(1/2),x, algorithm="maxima")

[Out] integrate((b*x~2 + 1)/sqrt(-b"2xx"4 - 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

V=241 (ba?
bxintegral (—¢,x) - V-b2x* -1

b3x0+bx?

bx
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((bxx~2+1)/(-b"2xx"4-1)"(1/2),x, algorithm="fricas")

[Out] (b*x*integral(-sqrt(-b"2*x~4 - 1)*(b*xx"2 + 1)/(b73*x"6 + b*x~2), x) - sqrt(
-b"2*x74 - 1))/ (b*x)

Sympy [C] time = 1.51971, size = 71, normalized size = 0.46
13 11
ibxT (Z) oF1 [2'74 b2x4ei”] ixT (i) oF1 (4'52 b2x4ei”)
4 _ 4
7 5
4T (Z 4T (Z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x**2+1)/(~b**2*kx**4-1)**(1/2),x)

[Out] -Ixb*x**3*gamma(3/4)*hyper((1/2, 3/4), (7/4,), b**2xx**x4d*xexp_polar (I*pi))/(
4xgamma (7/4)) - I*xx*gamma(1/4)*hyper ((1/4, 1/2), (5/4,), bx*2*x**x4d*xexp_pola
r(Ixpi))/(4*xgamma(5/4))

Giac [F] time = 0., size = 0, normalized size = 0.

bx? +1

——dx
W/—b2x4 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+1)/(-b"2xx~4-1)"(1/2),x, algorithm="giac")

[Out] integrate((b*x~2 + 1)/sqrt(-b"2xx"4 - 1), x)
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322 | \/1+—2

Optimal. Leaf size=10

E (Sin_l(cx)| - 1)

c

[Out] EllipticE[ArcSin[c*x], -1]/c

Rubi [A] time = 0.0093696, antiderivative size = 10, normalized size of antiderivative =

. . b f rul
1., number of steps used = 1, number of rules used = 1, integrand size = 28, e -

0.036, Rules used = {424}

integrand size

E (Sin_l(cx)| - 1)

c

Antiderivative was successfully verified.

[In] Int[Sqrt[l + c™2*x72]/Sqrtl[l - c~2*x72],x]

[Out] EllipticE[ArcSin[c*x], -1]/c

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[

(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rubi steps

V1 + c2x2 ; E (sin_l(cx)| - 1)
X =
\/1 — 2x2 c

Mathematica [A] time = 0.0071131, size = 10, normalized size = 1.

E (Sin_l(cx)| - 1)

c

Antiderivative was successfully verified.

[In] Integrate[Sqrt[l + c™2xx72]/Sqrt[l - c~2*x~2],x]

[Out] EllipticE[ArcSin[c*x], -1]/c

Maple [C] time = 0.063, size = 15, normalized size = 1.5

EllipticE (xcsgn (c) ¢, i) csgn (c)
c

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((c™2*xx"2+1)"(1/2)/(-c™2*x"2+1) " (1/2),x)

[Out] EllipticE(x*csgn(c)*c,I)*csgn(c)/c

Maxima [F] time = 0., size = 0, normalized size = 0.
f Vex? +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c™2xx72+1)~(1/2)/(-c~2*x~2+1)~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(c™2*x"2 + 1)/sqrt(-c™2*xx"2 + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

V22 +1V-c2x2 +1
c2x2 -1

integral [ - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c™2xx72+1)~(1/2)/(-c~2*x~2+1)~(1/2),x, algorithm="fricas")

[Out] integral(-sqrt(c™2*x72 + 1)*sqrt(-c™2*x"2 + 1)/(c™2*x"2 - 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f Ve +1 dx
V=(cx—=1)(cx +1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cx*2xx**2+1)%*(1/2)/(—c**x2*x**2+1)**x(1/2) ,x)

[Out] Integral(sqrt(cx*2xx*x2 + 1)/sqrt(-(cxx - 1)*(cxx + 1)), x)

Giac [F] time = 0., size = 0, normalized size = 0.
f Ve? +1
V=22 +
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c™2*x72+1)~(1/2)/(-c”2*x~2+1)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(c™2*x”2 + 1)/sqrt(-c”™2*x"2 + 1), x)
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323 | J;T

Optimal. Leaf size=10

E (sin_l(cx)| - 1)

c

[Out] EllipticE[ArcSin[c*x], -1]/c

Rubi [A] time = 0.015723, antiderivative size = 10, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 24, e .

0.083, Rules used = {1199, 424}

integrand size

E (sin_l(cx)| - 1)

c

Antiderivative was successfully verified.

[In] Int[(1 + c™2*x72)/Sqrt[1 - c4*x74],x]
[Out] EllipticE[ArcSin[c*x], -1]/c

Rule 1199

Int[((d_) + (e_.)*(x_)~"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> Dist[d/Sq
rt[al, Int[Sqrt[1 + (exx~2)/d]l/Sqrtl[1 - (exx~2)/dl, x], x] /; FreeQ[{a, c,
d, e}, x] && NegQ[c/al && EqQlc*d~2 + axe”2, 0] && GtQ[a, O]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rubi steps
f 1+c¢ f 1+ czx2
V1 - c4x4 V1 - c2x2

E(sm (cx)|— )

C

Mathematica [C] time = 0.0130183, size = 47, normalized size = 4.7

1 137 115
gczx?’zl-"l (2 v 4,c4x4) szl( = ,c4x4)

Antiderivative was successfully verified.

[In] Integrate[(1 + c™2%x72)/Sqrt[l - c™4*x~4],x]

[Out] x*Hypergeometric2F1[1/4, 1/2, 5/4, c™4xx"4] + (c~2*x~3*Hypergeometric2F1[1/
2, 3/4, 7/4, c”4xx"4])/3
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Maple [B] time = 0.052, size = 118, normalized size = 11.8

1 1
V=c2x2 + 1Vc2x2 + 1EllipticF (x\/c_z, i) — V=22 +1Ve2x2 + 1 (EllipticF (x\/c_z, i) - EllipticE (

Ve2 V=cixt +1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c™2*x"2+1)/(-c™4*xx~4+1)"(1/2) ,x%)

[Out] 1/(c™2)7(1/2)*(-c™2*xx72+1) ~(1/2)*(c™2*x"2+1) " (1/2) / (-c"4*x~4+1) ~(1/2)*Ellip
ticF(x*x(c™2)7(1/2),1)-1/(c™2) 7 (1/2) *(—c™2*x"2+1) ~(1/2) * (c™2*xx"2+1) " (1/2) / (-
c4*xx”4+1) 7 (1/2)*(E1lipticF(x*(c™2)~(1/2) ,I)-EllipticE(x*(c™2)~(1/2),I))

Maxima [F] time = 0., size = 0, normalized size = 0.

2x% +1

—dx
V—cixt +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c™2*x72+1)/(-c”4*x"4+1)~(1/2),x, algorithm="maxima")

[Out] integrate((c™2xx"2 + 1)/sqrt(-c™4*x"4 + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

—ctxt+1 ]
7

int | -—————,x
integra [ 221

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c™2*x72+1)/(-c”4*x"4+1)~(1/2),x, algorithm="fricas")

[Out] integral(-sqrt(-c™4xx"4 + 1)/(c™2*%x"2 - 1), x)

Sympy [B] time = 1.54896, size = 71, normalized size = 7.1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c**2xx**2+1)/(—ck*4xx**x4+1)**(1/2) ,x)

[Out] c**2*x**3*xgamma(3/4)*hyper((1/2, 3/4), (7/4,), cx*4dxx*x4d*xexp_polar (2xIx*pi))
/(4xgamma (7/4)) + x*gamma(1/4)*hyper ((1/4, 1/2), (5/4,), c**d*xxx*xdxexp_pola



r(2xI*pi))/(4xgamma(5/4))
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Giac [F] time = 0., size = 0, normalized size = 0.

2% +1

—dx
V—cixt +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c™2*x72+1)/(-c™4*x~4+1)~(1/2),x, algorithm="giac")

[Out] integrate((c™2*x72 + 1)/sqrt(-c™4*x"4 + 1), x)
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324 [V
. V1+c2x
Optimal. Leaf size=23
2EllipticF (sin_l(cx), —1) E (sin_l(cx)| - 1)

c c

[Out] -(EllipticE[ArcSin[c*x], -1]/c) + (2xEllipticF[ArcSin[c*x], -1])/c

Rubi [A] time = 0.0260898, antiderivative size = 23, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 28, e e =

0.143, Rules used = {423, 424, 248, 221}

integrand size

2F (sin_l(cx)| - 1) E (Sin_l(cx)| - 1)

c c

Antiderivative was successfully verified.

[In] Int[Sqrt[l - c™2*x~2]/Sqrtl[l + c™2*x72],x]
[Out] -(EllipticE[ArcSin[c*x], -1]/c) + (2xEllipticF[ArcSin[c*x], -1])/c

Rule 423

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Dist[
b/d, Int[Sqrtlc + d*x~2]/Sqrtla + b*x~2], x], x] - Dist[(b*c - axd)/d, Int[
1/(Sqrt[a + bxx~2]*Sqrtlc + d*x~2]), x], x] /; FreeQ[{a, b, c, d}, x] && Po
sQ[d/c] && NegQ[b/al

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 21*x], (b*c)/(a*d)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 248

Int[((al_.) + (b1_.)*x(x_)"(n_))~(p_.)*((a2_.) + (b2_)*(x_ )" (@m_))"(p_.), x_
Symbol] :> Int[(al*a2 + bl*b2*x~(2*n)) p, x] /; FreeQ[{al, bl, a2, b2, n, p
}, x] &% EqQ[a2#bl + alxb2, 0] && (IntegerQ[p] || (GtQ[al, 0] && GtQ[a2, O]
))

Rule 221

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[EllipticF[ArcSin[(Rt[-b,
41*x) /Rt [a, 411, -11/(Rtla, 41*Rt[-b, 41), x] /; FreeQ[{a, b}, x] && NegQ[
b/al && GtQ[a, O]

Rubi steps
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f —czx2 —Zf 1 f 1+c2x2
V1 + ¢2x? V1 - 221 + c2x2 V1 - c2x2
E (sin_l(cx)| - 1)
= - + 2f dx
c \/1 — A
E (sin_l(cx)| - 1) 2F (sin_l(cx)| - 1)
+

c c

Mathematica [A] time = 0.0075945, size = 24, normalized size = 1.04

E (s (Vo) )
N

Antiderivative was successfully verified.

[In] Integrate[Sqrt[l - c™2%x72]/Sqrt[l + c~2*x"2],x]

[Out] EllipticE[ArcSin[Sqrt[-c~2]*x], -1]1/Sqrt[-c~2]

Maple [C] time = 0.049, size = 28, normalized size = 1.2

(2 EllipticF (xcsgn (¢) ¢, i) — EllipticE (xcsgn (c) ¢, 7)) csgn (c)
c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-c™2*x"2+1)"(1/2)/(c"2*x"2+1)"(1/2) ,x%)

[Out] (2*EllipticF(x*csgn(c)*c,I)-EllipticE(x*csgn(c)*c,I))*csgn(c)/c

Maxima [F] time = 0., size = 0, normalized size = 0.
f V=22 41
N
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-c™2xx"2+1)7(1/2)/(c”2*x~2+1)~(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(-c™2*x72 + 1)/sqrt(c”™2*x"2 + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

V-c2x? +1 x]

integral
c2x? +1

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-c™2xx72+1)7(1/2)/(c™2*x72+1)"(1/2) ,x, algorithm="fricas")

[Out] integral(sqrt(-c™2*x"2 + 1)/sqrt(c™2*x72 + 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f V- (cx — 1)(cx+1)
dx

Ve +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((—cx*2xx**2+1)*x(1/2)/(c**x2*x**2+1)*x*(1/2) ,x)

[Out] Integral(sqrt(-(c*xx - 1)x(c*kx + 1))/sqrt(ck*2*x*x2 + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.
V=e2x? +1
et
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-c™2*x"2+1)7(1/2)/(c”2*x~2+1)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(-c™2*x72 + 1)/sqrt(c”™2*x"2 + 1), x)
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325 | vllT

Optimal. Leaf size=23

2EllipticF (sin_l(cx), —1) E (sin_l(cx)| - 1)

c c

[Out] -(EllipticE[ArcSin[c*x], -11/c) + (2*EllipticF[ArcSin[c*x], -1])/c

Rubi [A] time = 0.0334165, antiderivative size = 23, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 25, e .

integrand size
0.2, Rules used = {1199, 423, 424, 248, 221}

2F (sin_l(cx)| - 1) E (sin_l(cx)| - 1)

c c

Antiderivative was successfully verified.

[In] Int[(1 - c™2%x72)/Sqrt[l - c"4*x~4],x]
[Out] -(EllipticE[ArcSin[c*x], -1]1/c) + (2*%EllipticF[ArcSin[c*x], -1])/c

Rule 1199

Int[((d_) + (e_.)*x(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> Dist[d/Sq
rt[al, Int[Sqrt[1 + (exx~2)/d]/Sqrtl[1 - (exx~2)/dl, x], x] /; FreeQ[{a, c,
d, e}, x] && NegQ[c/al && EqQ[c*d~2 + axe”2, 0] && GtQ[a, O]

Rule 423

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Dist[
b/d, Int[Sqrt[c + d*x~2]/Sqrtla + b*x~2], x], x] - Dist[(b*c - a*d)/d, Int[
1/(Sqrtla + b*x~2]xSqrt[c + d*x~2]), x], x] /; FreeQ[{a, b, c, d}, x] && Po
sQ[d/c] && NegQ[b/al

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[a]*EllipticE[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*d)])/(Sqrtlc]*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]

Rule 248

Int[((al_.) + (b1_)*(x_)"(n_))"(p_.)*((a2_.) + (b2_.)*(x_)"(n_))"(p_.), x_
Symbol] :> Int[(al*a2 + blxb2*x~(2*n)) p, x] /; FreeQ[{al, bl, a2, b2, n, p
}, x] &% EqQ[a2#bl + alxb2, 0] && (IntegerQ[p] || (GtQ[al, 0] && GtQ[a2, O]
))

Rule 221

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[EllipticF[ArcSin[(Rt[-b,
4]1*x) /Rt[a, 411, -11/(Rtla, 4]1*Rt[-b, 41), x] /; FreeQ[{a, b}, x] && NegQl[
b/al && GtQ[a, O]

Rubi steps
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1—c%x? p V1 = c2x? p
— dx= | ———dx
V1 — x4 V1 + c2x2

B Zf 1 f V1 + 222 i
V1 - c2x2V1 + c2x2 V1 - c2x?
E (sin™"(cx)| -1
(sm (cx)| ) .\ 2f i
C \/1 — it
E (sin_1 (cx)| - 1) 2F (sin_l(cx)| - 1)
- +

C c

Mathematica [C] time = 0.0117478, size = 47, normalized size = 2.04

115 1 1 3 7
szl(—,—, =t 4)—§cx 2F1(2 Y 4x4)

Antiderivative was successfully verified.

[In] Integrate[(1 - c™2*x72)/Sqrt[l - c™4*x"4],x]

[Out] x*Hypergeometric2F1[1/4, 1/2, 5/4, c~4xx~4] - (c~2%x"3*Hypergeometric2F1[1/
2, 3/4, 7/4, c”4xx~4])/3

Maple [B] time = 0.048, size = 117, normalized size = 5.1

V=c2x2 + 1Vc2x2 + 1EllipticF (x\/_ ) + V=222 + 1Ve2x2 +1 (EllipticF (x\/c_z, i) - EllipticE (

\/_ */—c4x4
Verification of antiderivative is not currently implemented for this CAS.

[In] int((-c™2*x"2+1)/(-c"4*xx~4+1)"(1/2),x)

[Out] 1/(c™2)7(1/2)*(-c™2xx72+1) 7 (1/2) *(c™2%x72+1) " (1/2) / (-c™4*x"4+1) " (1/2)*Ellip
ticF(x*x(c™2)7(1/2),1)+1/(c™2) " (1/2) * (—c™2*x~2+1) ~(1/2) x (c™2xx"2+1) " (1/2) / (-
cT4*x"4+1) 7 (1/2)*(E1llipticF (x*(c”2)~(1/2) ,I)-EllipticE(x*(c"2)"(1/2),I))

Maxima [F] time = 0., size = 0, normalized size = 0.
f 2x? -
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-c™2*x"2+1)/(-c”4*x"4+1)"(1/2),x, algorithm="maxima")
g g

[Out] -integrate((c™2*x"2 - 1)/sqrt(-c™4*x"4 + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

, —c*txt+1
integral | ————, x

2x2 +1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-c™2xx72+1)/(-c"4*x"4+1)~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(-c”4*x~4 + 1)/(c”2*x"2 + 1), x)

Sympy [B] time = 1.93362, size = 71, normalized size = 3.09

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-cx*2kx*x2+1)/(-ck*4xx*x*4+1)**(1/2) ,%)

[Out] -c*x*2xx*x3*gamma (3/4)*xhyper ((1/2, 3/4), (7/4,), ck*d*xxx*xdxexp_polar (2*I*pi)
)/ (dxgamma (7/4)) + x*gamma(1/4)*hyper((1/4, 1/2), (5/4,), cx*4dxx*x4d*exp_pol
ar (2«I*pi))/(4*gamma(5/4))

Giac [F] time = 0., size = 0, normalized size = 0.
f c x2 -
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-c™2xx"2+1)/(-c"4*x~4+1)~(1/2),x, algorithm="giac")

[Out] integrate(-(c™2*x"2 - 1)/sqrt(-c™4*xx"4 + 1), x)
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326 [T gy

d2+bx?+e2x*

Optimal. Leaf size=82

b+2de _
b+ 2de b+ 2de

tan_l (\/Zde—b+26x) tan_l ( 2de—h—26x)

[Out] -(ArcTan[(Sqrt[-b + 2xd*e] - 2%e*x)/Sqrt[b + 2*d*xel]]l/Sqrt[b + 2xd*e]) + Arc
Tan[(Sqrt[-b + 2*dxe] + 2*xexx)/Sqrt[b + 2xd*e]]/Sqrt[b + 2*dxe]

Rubi [A] time = 0.0999168, antiderivative size = 82, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 26, e

0.115, Rules used = {1161, 618, 204}

integrand size

N

tan_l ( \/2de—b+2€x) tan_l ( v de—b—Zex)

Vb+2de Vb+2de

Votode b+ 2de

Antiderivative was successfully verified.

[In] Int[({d + exx"2)/(d"2 + b*x"2 + e"2%x74) ,x]

[Out] -(ArcTan[(Sqrt[-b + 2%d*e] - 2*e*xx)/Sqrt[b + 2xd*e]]/Sqrt[b + 2xd*e]) + Arc
Tan[(Sqrt[-b + 2xdxe] + 2xexx)/Sqrt[b + 2*d*e]l]/Sqrt[b + 2*d*e]

Rule 1161

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2*d)/e - b/c, 21}, Distl[e/(2%c), Int[1/Simpld/e + q*x + x"2
, xJ, x], x] + Dist[e/(2%c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQ[c*d”2 - axe”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps
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1 1
f d + ex? gy = f g__@xﬂz * N f §+—@x+x2 -
A2+ bx? +e2x4 T 2e 2e

Subst [ f ﬁ” dx, x, — _bfde + Zx] Subst [ f Mie dx, x, _b:Zde + 2x

Sy S
e e

tan_l (\/W—Zex) tan_l (\/W+Zex)

Vb+2de b+2de

+
Vb + 2de Vb + 2de

Mathematica [B] time = 0.108621, size = 181, normalized size = 2.21

( b2—4d232—b+2de)tan—1[L] (\/b2—4d2e2+b—2de) tan_l[L]
b-Vb2-4d2¢2 Vb2—4d42e2+p

b—Vb2-4d2¢2 Vb2-4d2e2+b
V2VB2 - 4d2e2

Antiderivative was successfully verified.

[In] Integrate[(d + e*xx"2)/(d"2 + b*x"2 + e"2*x"4),x]

[Out] (((-b + 2*d*e + Sqrt[b~2 - 4*d"2*xe”2])*ArcTan[(Sqrt[2]*e*x)/Sqrt[b - Sqrt[b
"2 - 4xd"2xe"2]]])/Sqrt[b - Sqrt[b”2 - 4*xd"2*e"2]] + ((b - 2*dxe + Sqrt[b~2

- 4xd"2xe"2] ) *ArcTan[(Sqrt [2] *e*xx) /Sqrt[b + Sqrt[b~2 - 4xd~2xe~2]]])/Sqrtl[

b + Sqrt[b~2 - 4xd"2%e~2]])/(Sqrt[2]*Sqrt[b~2 - 4xd"2%e”2])

Maple [A] time = 0.201, size = 71, normalized size = 0.9

1
—arctan ((—2 ex+ V2de - b)

) + arctan ((Zex + V2de - b) ! ) !
V2de+b) V2de+b

V2de +b) V2de+b
Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx~2+d)/(e”2*x"4+b*x"2+d"2) ,x)

[Out] -arctan((-2*xexx+(2xd*e-b)~(1/2))/(2*xd*xe+b)~(1/2))/(2*d*e+b) "~ (1/2)+arctan((2
*exx+(2*%d*e-b) " (1/2) )/ (2xd*xe+b) ~(1/2) )/ (2*xd*e+b) ~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

ex? +d
[l
e2x* + bx? + d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)/(e”2*x"4+b*x"2+d"2),x, algorithm="maxima")

[Out] integrate((exx”2 + d)/(e”2%x"4 + b*x"2 + d~2), x)
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Fricas [A] time = 1.37312, size = 375, normalized size = 4.57

2 1 b2 42 2 de+b 2 d2e+bd
2(2de+ D) ’ 2de+b

204 (4 der D)\ 2td2—2 (ex3—dx )2 deb 2x3-+(de+b d
\/—Zde—blog(” (hderhyc s 2 (e d) V-2 de )\/2d6+barctan( = )+\/2de+baurctan(M

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)/(e~2*x"4+b*x~2+d"2),x, algorithm="fricas")

[Out] [-1/2*sqrt(-2*d*e - b)*log((e™2xx"4 - (4*d*e + b)*x"2 + d72 - 2%(e*x”3 - dx
x)*sqrt(-2*d*xe - b))/(e"2*x"4 + b*x"2 + d72))/(2xd*e + b), (sqrt(2*d*e + b)
xarctan(e*x/sqrt(2*d*xe + b)) + sqrt(2xd*e + b)*arctan((e”2*x"3 + (d*e + b)*
x)*sqrt(2xdxe + b)/(2xd"2*e + bxd)))/(2*d*e + b)]

Sympy [A] time = 0.421942, size = 122, normalized size = 1.49

1 1
x(—b\/— b+2de _2de\/_ b+2de) 1 1 d »
e * b+2de 08 e T

1 1
x(b\/— b+2de +2de\/_ b+2de )

e

1
b+2de

d
log - +x2 +

2 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx*x2+d)/(ex*2*x**4+b*x**2+d**2) ,x)

[Out] -sqrt(-1/(b + 2xdxe))*log(-d/e + xx*2 + xx(-b*sqrt(-1/(b + 2xd*e)) - 2xd*ex
sqrt(-1/(b + 2*xdxe)))/e)/2 + sqrt(-1/(b + 2xdxe))*log(-d/e + xx*2 + x*x(bxsq
rt(-1/(b + 2xd*e)) + 2xd*exsqrt(-1/(b + 2xd*xe)))/e)/2

Giac [C] time = 1.62124, size = 5779, normalized size = 70.48

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx~2+d)/(e”2*x~4+b*x~2+d"2),x, algorithm="giac")

[Out] 1/2%(3%(4x(d"2)7(3/4)*d"2*%e”(13/2) - b~2%(d"2)~(3/4)*e”(9/2) - sqrt(-4*d~2x
e”2 + b~2)*bx(d"2)"(3/4)*e~(9/2))*cos(5/4*pi + 1/2*real_ part(arcsin(1l/2xbxe
~(-1)/abs(d)))) "2*cosh(1/2*imag _part(arcsin(1/2*b*e~(-1)/abs(d)))) 3*e*xsin(
5/4%pi + 1/2*real_part(arcsin(1/2*bxe~(-1)/abs(d)))) - (4x(d~2)~(3/4)*d"2xe
~(13/2) - b™2x(d"2)"(3/4)*e”(9/2) - sqrt(-4*d~2*e~2 + b72)*b*(d"2) " (3/4)*e”
(9/2))*cosh(1/2*imag part(arcsin(1/2xb*xe”(-1)/abs(d)))) "3*exsin(5/4*pi + 1/
2xreal part(arcsin(1/2*b*xe~(-1)/abs(d))))~3 - 9*%(4*x(d~2)~(3/4)*d"2*xe~(13/2)
- b™2*%(d"2)"(3/4)*e~(9/2) - sqrt(-4*d~2%e”2 + b~2)*b*x(d"2)~(3/4)*e~(9/2))*
cos(5/4xpi + 1/2*real_part(arcsin(1/2*b*e”(-1)/abs(d)))) 2*cosh(1/2*imag pa
rt(arcsin(1/2*b*xe~(-1)/abs(d)))) "2*xe*sin(5/4*pi + 1/2xreal part(arcsin(1/2x
bxe” (-1)/abs(d))))*sinh(1/2*imag part(arcsin(1/2*xb*xe”~(-1)/abs(d)))) + 3*(4x
(d72)7(3/4)*d"2*%e~(13/2) - b™2%(d"2)"(3/4)*e~(9/2) - sqrt(-4*d~2%e”2 + b~2)
*bx(d72) 7 (3/4)*e~(9/2) ) *cosh(1/2*imag_part(arcsin(1/2*b*e”(-1)/abs(d)))) 2%
exsin(5/4*pi + 1/2*real_part(arcsin(1/2%bxe~(-1)/abs(d)))) " 3*sinh(1/2*imag_
part(arcsin(1/2*b*e”(-1)/abs(d)))) + 9*(4*x(d"2)~(3/4)*d"2%e~(13/2) - b~2x(d
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~2)7(3/4)*e7(9/2) - sqrt(-4*xd~2xe”2 + b~2)*b*x(d"2)~(3/4)*e”(9/2))*cos(5/4*p
i + 1/2%real_part(arcsin(1/2*b*xe~(-1)/abs(d)))) "2*xcosh(1/2*imag part(arcsin
(1/2%bxe~(-1) /abs(d))))*e*sin(5/4*pi + 1/2%real part(arcsin(1/2*xbxe”(-1)/ab
s(d))))*sinh(1/2*imag part(arcsin(1/2*xbxe~(-1)/abs(d)))) "2 - 3x(4x(d~2)~(3/
4)*d"2*%e~(13/2) - b™2x(d"2)"(3/4)*e”(9/2) - sqrt(-4xd~2*e”2 + b~2)*b*x(d"2)"
(3/4)*e7(9/2) ) *cosh(1/2*imag part(arcsin(1/2*bxe”(-1)/abs(d))))*e*sin(5/4*p
i + 1/2*real_part(arcsin(1/2*b*e~(-1)/abs(d)))) "3*sinh(1/2*imag_part(arcsin
(1/2xb*xe”(-1)/abs(d)))) "2 - 3*(4*(d"2)"(3/4)*d"2*e” (13/2) - b™2x(d"2)7(3/4)
xe”(9/2) - sqrt(-4*d~2%e”2 + b"2)*b*x(d"2)~(3/4)*e~(9/2))*cos(5/4*pi + 1/2*r
eal_part(arcsin(1/2xb*e~(-1)/abs(d)))) "2*exsin(5/4*pi + 1/2*real_part(arcsi
n(1/2xb*e”(-1)/abs(d))))*sinh(1/2*imag part(arcsin(1/2xbxe”~(-1)/abs(d))))"3
+ (4%(d”2)"(3/4)*d"2%e”(13/2) - b™2%(d"2)"(3/4)*e”(9/2) - sqrt(-4*d~2*e"2
+ b72) *b*x(d"2) " (3/4)*e”(9/2) ) *exsin(5/4*pi + 1/2*real part(arcsin(1l/2*b*xe”(
-1)/abs(d))))"3*sinh(1/2*imag part(arcsin(1/2*b*e~(-1)/abs(d))))~3 + (4*(d”
2)7(1/4)*d"3*xe~(15/2) - b™2x(d"2)~(1/4)*d*e~(11/2) - sqrt(-4*d~2*e"2 + b~2)
*bx(d72) " (1/4) *d*e” (11/2) ) *cosh(1/2*imag_part(arcsin(1/2xb*xe~(-1)/abs(d))))
*sin(5/4*pi + 1/2+real_part(arcsin(1/2*b*e”(-1)/abs(d)))) - (4*x(d"2)"(1/4)*
d"3%e”(15/2) - b~2x(d"2)"(1/4)*d*e”(11/2) - sqrt(-4*d~2*e”2 + b~ 2)*b*(d"2)~
(1/4)*d*e~(11/2) ) *sin(5/4*pi + 1/2*real part(arcsin(1/2xb*e”~(-1)/abs(d))))*
sinh(1/2*imag_part(arcsin(1/2xb*xe~(-1)/abs(d)))))*arctan(-((d~2)~(1/4)*cos(
5/4*xpi + 1/2xarcsin(1/2*bxe”~(-1)/abs(d)))*e~(-1/2) - x)*e~(1/2)/((d"2)"(1/4
)*sin(5/4%pi + 1/2*arcsin(1/2xbxe”(-1)/abs(d)))))/(4*d"4*e”8 - b~2*d"2%e”6)
+ 1/2% (3% (4%(d72) " (3/4)*d"2%e”(13/2) - b™2%(d"2)7(3/4)*e”(9/2) - sqrt(-4x*d
T2%e72 + b72)xb*(d"2) " (3/4)*e~(9/2))*cos(1/4*pi + 1/2%xreal part(arcsin(1/2x
bxe” (-1)/abs(d)))) "2*cosh(1/2*imag part(arcsin(1l/2*b*xe~(-1)/abs(d)))) "3*exs
in(1/4*pi + 1/2xreal_part(arcsin(1/2*b*e~(-1)/abs(d)))) - (4x(d~2)~(3/4)*d"
2%e7(13/2) - b™2%(d"2)7(3/4)*e”(9/2) - sqrt(-4*d~2*e”2 + b~2)*b*x(d"2)7(3/4)
*e”~(9/2))*cosh(1/2*imag part(arcsin(1/2xbxe~(-1)/abs(d)))) "3*e*sin(1/4*pi +
1/2*real_part(arcsin(1/2*b*xe~(-1)/abs(d))))~3 - 9% (4*x(d~2)~(3/4)*d"2*xe~ (13
/2) - b72%(d"2)7(3/4)*e”(9/2) - sqrt(-4*d"2xe”2 + b~2)*bx(d"2)"(3/4)*e”(9/2
))*cos(1/4*pi + 1/2xreal part(arcsin(1/2*bxe~(-1)/abs(d)))) " 2*cosh(1/2*imag
_part(arcsin(1/2xb*xe~(-1)/abs(d)))) "2*e*sin(1/4*pi + 1/2xreal part(arcsin(l
/2*%b*e”(-1) /abs(d))))*sinh(1/2*imag part(arcsin(1/2xbxe”~(-1)/abs(d)))) + 3%
(4% (d~2)7(3/4)*d"2*%e”(13/2) - b™2x(d"2)"(3/4)*e”(9/2) - sqrt(-4xd"2*e”2 + b
~2)*xb*(d”2) "~ (3/4)*e~(9/2))*cosh(1/2*imag part(arcsin(1/2*b*xe”~(-1)/abs(d))))
“2%exsin(1/4*pi + 1/2*real part(arcsin(1/2%b*xe~(-1)/abs(d)))) " 3*sinh(1/2*im
ag_part(arcsin(1/2*bxe~(-1)/abs(d)))) + 9%(4x(d"2)"(3/4)*d"2*e”(13/2) - b~2
*(d"2)7(3/4)*e~(9/2) - sqrt(-4*d~2*e”2 + b~2)*b*x(d~2) " (3/4)*e~(9/2))*cos(1/
4xpi + 1/2*real_part(arcsin(1/2xb*e”(-1)/abs(d)))) "2*cosh(1/2*imag part(arc
sin(1/2*xbxe~(-1)/abs(d))))*e*sin(1/4xpi + 1/2*real part(arcsin(1/2xbxe~(-1)
/abs(d))))*sinh(1/2*imag part(arcsin(1/2xb*e”~(-1)/abs(d)))) "2 - 3*(4*x(d"2)"
(3/4)*d"2xe~(13/2) - b~2*%(d"2)7(3/4)*e~(9/2) - sqrt(-4*d~2xe”2 + b~2)*bx(d"
2)7(3/4)*e”(9/2))*cosh(1/2*imag_part(arcsin(1/2*b*e~(-1)/abs(d))))*e*xsin(1/
4xpi + 1/2%real_part(arcsin(1/2*b*e”(-1)/abs(d)))) "3*sinh(1/2*imag_part (arc
sin(1/2xb*xe”(-1)/abs(d)))) "2 - 3*(4*(d"2)~(3/4)*d"2*e” (13/2) - b™2x(d"2)"(3
/4)*e~(9/2) - sqrt(-4*xd~2*%e”2 + b~2)*b*(d"2)~(3/4)*e”(9/2))*cos(1/4*pi + 1/
2xreal part(arcsin(1/2*b*xe~(-1)/abs(d)))) 2xe*sin(1/4*pi + 1/2xreal part(ar
csin(1/2%b*e”(-1)/abs(d))))*sinh(1/2*imag_part (arcsin(1/2*b*e”(-1)/abs(d)))
)73 + (4%(d72)7(3/4)*d"2%e”(13/2) - b™2x(d"2)7(3/4)*e”(9/2) - sqrt(-4*d~2x*e
T2 + b72)*b*x(d72) " (3/4)*e”(9/2)) *exsin(1/4*pi + 1/2*real_part(arcsin(1/2x*bx
e~ (-1)/abs(d)))) "3*sinh(1/2*imag part(arcsin(1/2*bxe~(-1)/abs(d))))~3 + (4x
(d72)7(1/4)*d"3*%e~(15/2) - b™2*%(d"2)~(1/4)*d*e”(11/2) - sqrt(-4*d~2%e”2 + b
~2)*b*(d"2) " (1/4)*d*e” (11/2))*cosh(1/2*imag_part(arcsin(1/2xb*e”(-1)/abs(d)
)))*sin(1/4xpi + 1/2*real part(arcsin(1/2xb*xe~(-1)/abs(d)))) - (4*x(d~2)~(1/
4)*d"3*%e~(15/2) - b7™2x(d"2)~(1/4)*d*xe~(11/2) - sqrt(-4xd~2*xe”2 + b~2)*b*x(d~
2)~(1/4)*d*e~(11/2) )*sin(1/4*pi + 1/2*real part(arcsin(1l/2*b*xe~(-1)/abs(d))
))*sinh(1/2*imag_part(arcsin(1/2xb*e”~(-1)/abs(d)))))*arctan(-((d~2)~(1/4)*c
os(1/4xpi + 1/2xarcsin(1/2xb*xe~(-1)/abs(d)))*e~(-1/2) - x)*e~(1/2)/((d"2)"(
1/4)*sin(1/4*pi + 1/2*arcsin(1/2%b*e~(-1)/abs(d)))))/(4*d"4*e™8 - b~2*d"2x*e
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T6) - 1/4%((4x(d72)7(3/4)*d"2%e”(13/2) - b72x(d"2)"(3/4)*e”(9/2) - sqrt(-4*
d"2%e”2 + b72)*b*(d"2) " (3/4)*e~(9/2))*cos(5/4*pi + 1/2*real_part(arcsin(1/2
xb*xe” (-1) /abs(d)))) "3*cosh(1/2*imag part(arcsin(1/2*bxe~(-1)/abs(d)))) "3xe
- 3%(4x(d"2)7(3/4)*d"2xe” (13/2) - b~2%(d"2)"(3/4)*e~(9/2) - sqrt(-4xd~2xe”2
+ b~2)*bx(d"2) " (3/4)*e~(9/2) ) *cos(5/4*pi + 1/2*real_part(arcsin(1l/2xbxe” (-
1) /abs(d))))*cosh(1/2*imag part(arcsin(1/2xbxe”(-1)/abs(d)))) "3*exsin(5/4*p
i + 1/2xreal_part(arcsin(1/2*b*e”(-1)/abs(d)))) "2 - 3% (4%(d"2)~(3/4)*d"2xe”
(13/2) - b™2%(d"2)"(3/4)*e~(9/2) - sqrt(-4*d~2*e”2 + b~2)xb*(d"2)~(3/4)*e"(
9/2))*cos(5/4xpi + 1/2*real_part(arcsin(1/2xb*e”(-1)/abs(d)))) "3*cosh(1/2*i
mag_part(arcsin(1/2xb*e”(-1)/abs(d)))) "2*exsinh(1/2*imag part(arcsin(1/2*b*
e~ (-1)/abs(d)))) + 9% (4x(d"2)~(3/4)*d"2xe~(13/2) - b~2%(d"2)"(3/4)*e~(9/2)
- sqrt(-4*d~2*%e”2 + b~2)*b*(d"2) " (3/4)*e”(9/2))*cos(5/4*pi + 1/2*real_part(
arcsin(1/2xb*e”(-1)/abs(d))))*cosh(1/2*imag_part(arcsin(1/2xb*e”(-1)/abs(d)
))) " 2%e*xsin(5/4*pi + 1/2*real part(arcsin(1/2xb*e~(-1)/abs(d)))) "2*sinh(1/2
ximag part(arcsin(1/2*bxe~(-1)/abs(d)))) + 3*%(4*x(d~2)~(3/4)*d"2*e~(13/2) -
b~2%(d"2) 7 (3/4)*e~(9/2) - sqrt(-4*d~2%e”2 + b~2)*b*x(d"2)~(3/4)*e~(9/2))*cos
(5/4%pi + 1/2xreal_part(arcsin(1/2*bxe”~(-1)/abs(d)))) " 3*cosh(1/2ximag part(
arcsin(1/2xb*e”(-1)/abs(d))))*e*xsinh(1/2*imag part(arcsin(1/2*b*xe~(-1)/abs(
d))))"2 - 9%(4%x(d”2)7(3/4)*d"2xe”(13/2) - b~2%(d"2)"(3/4)*e~(9/2) - sqrt(-4
xd"2%e”2 + b72)*b*x(d"2)"(3/4)*e~(9/2))*cos(5/4xpi + 1/2xreal part(arcsin(1l/
2*bxe” (-1) /abs(d))))*cosh(1/2*imag part(arcsin(1/2*b*e”(-1)/abs(d))))*e*sin
(5/4%pi + 1/2xreal part(arcsin(1/2*bxe”~(-1)/abs(d)))) "2*sinh(1/2*imag part(
arcsin(1/2xbxe~(-1)/abs(d)))) "2 - (4x(d~2)~(3/4)*d"2*xe~(13/2) - b~2*x(d"2) ~(
3/4)xe”(9/2) - sqrt(-4*d~2*e”2 + b~2)*b*(d"~2) " (3/4)*e~(9/2))*cos(5/4*pi + 1
/2*real part(arcsin(1/2xb*e”(-1)/abs(d)))) "3*exsinh(1/2*imag part(arcsin(1/
2%bxe” (-1)/abs(d)))) "3 + 3%(4%(d”2)7(3/4)*d"2*%e~(13/2) - b~2%x(d"2)~(3/4)*e”
(9/2) - sqrt(-4*d~2xe”2 + b72)*bx(d"2) " (3/4)*e~(9/2))*cos(5/4*pi + 1/2*real
_part(arcsin(1/2*b*e”(-1)/abs(d))))*e*sin(5/4*pi + 1/2*real part(arcsin(1/2
xb*e” (-1) /abs(d)))) "2*sinh(1/2*imag part(arcsin(1/2*bxe~(-1)/abs(d))))~3 +
(4%(d"2)"(1/4)*d"3*%e”~(15/2) - b~ 2x(d"2)~(1/4)*d*e~(11/2) - sqrt(-4*d~2*e~2
+ b72)*bx(d"2) " (1/4)*d*xe~(11/2))*cos(5/4*pi + 1/2xreal_part(arcsin(1/2*b*e”
(-1)/abs(d))))*cosh(1/2*imag part(arcsin(1l/2*bxe~(-1)/abs(d)))) - (4x(d~2)~
(1/4)*d"3%e~(15/2) - b™2x(d"2)"(1/4)*d*e~(11/2) - sqrt(-4*d~2*xe”2 + b~2)*b*
(d~2)~(1/4)*d*e~(11/2) ) *cos(56/4*pi + 1/2*real part(arcsin(1/2*b*xe~(-1)/abs(
d))))*sinh(1/2*imag part(arcsin(1/2*bxe~(-1)/abs(d)))))*log(-2%(d~2)~(1/4)*
x*xcos(5/4*xpi + 1/2xarcsin(1/2*bxe”(-1)/abs(d)))*e”(-1/2) + x72 + sqrt(d™2)*
e”(-1))/(4xd"4*e”8 - b"2xd"2%e"6) - 1/4*((4x(d"2)7(3/4)*d"2*e~(13/2) - b72%
(@72)7(3/4)*e”(9/2) - sqrt(-4xd~2%e”2 + b~2)*bx(d"2)"(3/4)*e~(9/2))*cos(1/4
xpi + 1/2%real_part(arcsin(1/2xb*e”(-1)/abs(d)))) "3*cosh(1/2*imag_part(arcs
in(1/2%bxe”(-1)/abs(d)))) "3*e - 3*(4*(d"2)7(3/4)*d"2*e” (13/2) - b™2%(d"2) " (
3/4)xe~(9/2) - sqrt(-4*d~2%e”2 + b~2)xb*(d"2)~(3/4)*e~(9/2))*cos(1/4*pi + 1
/2*real part(arcsin(1/2xb*e”(-1)/abs(d))))*cosh(1/2*imag part(arcsin(1/2x*bx*
e~ (-1)/abs(d)))) "3*exsin(1/4*pi + 1/2*real part(arcsin(1/2*b*e”(-1)/abs(d))
))72 - 3%x(4x(d72)7(3/4)*d"2%e”(13/2) - b72%(d"2)7(3/4)*e”(9/2) - sqrt(-4*d~
2%e”2 + b~2)*b*x(d"2) " (3/4)*e”(9/2))*cos(1/4xpi + 1/2%real part(arcsin(1/2*b
xe”(-1)/abs(d)))) " 3*cosh(1/2*imag_part(arcsin(1l/2xb*e~(-1)/abs(d)))) "2*e*si
nh(1/2*imag_part(arcsin(1/2*b*e”(-1)/abs(d)))) + 9*(4*x(d~2)~(3/4)*d"2xe~ (13
/2) - b72%(d"2)7(3/4)*e”(9/2) - sqrt(-4*d"2xe”2 + b72)*bx(d"2)"(3/4)*e”(9/2
))*cos(1/4*pi + 1/2xreal part(arcsin(1/2*b*xe”(-1)/abs(d))))*cosh(1/2*imag p
art (arcsin(1/2*xbxe~(-1)/abs(d)))) "2*e*xsin(1/4*pi + 1/2*real_part(arcsin(1/2
xb*xe” (-1) /abs(d)))) "2*sinh(1/2*imag part(arcsin(1/2*bxe~(-1)/abs(d)))) + 3%
(4%x(d~2)"(3/4)*d"2*e~(13/2) - b~2%(d"2)"(3/4)*e~(9/2) - sqrt(-4xd~2*e”2 + b
~2)*b*(d"2) " (3/4)*e~(9/2))*cos(1/4*xpi + 1/2xreal_part(arcsin(1/2*bxe~(-1)/a
bs(d)))) "3*cosh(1/2*imag part(arcsin(1/2xbxe”~(-1)/abs(d))))*e*sinh(1/2*imag
_part(arcsin(1/2*b*e~(-1)/abs(d)))) "2 - 9% (4*(d~2)~(3/4)*d"2*e~(13/2) - b~2
*(d"2)7(3/4)*e~(9/2) - sqrt(-4*d~2*e”2 + b~2)*bx(d"2)~(3/4)*e~(9/2))*cos(1/
4xpi + 1/2*real part(arcsin(1/2xb*e”(-1)/abs(d))))*cosh(1/2*imag part(arcsi
n(1/2*bxe”~(-1)/abs(d))))*e*sin(1/4*pi + 1/2xreal_part(arcsin(1/2*xb*e~(-1)/a
bs(d)))) "2+sinh(1/2*imag_part(arcsin(1/2xbxe”(-1)/abs(d)))) "2 - (4*x(d"2)"(3
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/4)*d"2%e”(13/2) - b72x(d72)"(3/4)*e”(9/2) - sqrt(-4*d™2%e”2 + b72)*b*(d"2)
~(3/4)*e~(9/2))*cos(1/4xpi + 1/2*real part(arcsin(1/2xb*e”(-1)/abs(d)))) 3%
e*sinh(1/2*imag part(arcsin(1/2*b*e”(-1)/abs(d)))) "3 + 3*(4x(d"2)"(3/4)*d"2
xe”(13/2) - b72%(d"2)"(3/4)*e~(9/2) - sqrt(-4*xd~2xe”2 + b~2)*bx(d"2)~(3/4)*
e~ (9/2))*cos(1/4xpi + 1/2*real part(arcsin(1/2xb*xe”(-1)/abs(d))))*e*sin(1/4
xpi + 1/2%real_part(arcsin(1/2xb*e”(-1)/abs(d)))) "2*sinh(1/2*imag_part(arcs
in(1/2xbxe”(-1)/abs(d)))) "3 + (4%(d”2)7(1/4)*d"3*e~(15/2) - b~2*(d"2)~(1/4)
xd*e”(11/2) - sqrt(-4*d~2*e”2 + b~2)*b*(d"2) " (1/4)*d*e” (11/2))*cos(1/4*pi +

1/2*real_part(arcsin(1/2*b*e~(-1)/abs(d))))*cosh(1/2*imag part(arcsin(1/2*
bxe”(-1)/abs(d)))) - (4x(d"2)"(1/4)*d"3*e~(15/2) - b~2x(d"2)~(1/4)*d*e~(11/
2) - sqrt(-4*d~2xe”2 + b~2)*b*x(d"2) " (1/4)*d*e”(11/2))*cos(1/4*pi + 1/2%real
_part(arcsin(1/2*bxe”~(-1) /abs(d))))*sinh(1/2*imag_part(arcsin(1/2*b*xe~(-1)/
abs(d)))))*Llog(-2x(d~2) " (1/4) *x*cos(1/4xpi + 1/2*arcsin(1/2xbxe~(-1)/abs(d)
))*e”(-1/2) + x72 + sqrt(d™2)*e”(-1))/(4*d"4*e"8 - b~2xd"2%e~6)
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3927 [y

d2+ fx2+e2x4

Optimal. Leaf size=82

-1 2de—f+2ex -1 2de—f—2ex
tan (—2d6+f ) tan (— )

2de + f 2de + f

[Out] -(ArcTan[(Sqrt[2*d*xe - f] - 2%exx)/Sqrt[2xd*e + f]]/Sqrt[2*dxe + f]) + ArcT
an[(Sqrt[2xd*e - f] + 2xexx)/Sqrt[2xd*e + f]1]/Sqrt[2*d*e + f]

Rubi [A] time = 0.109659, antiderivative size = 82, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 3, integrand size = 26, number of rules_

0.115, Rules used = {1161, 618, 204}

tan-! (w/Zde—f+Zex) tan-! (w/Zde—f—Zex)
\2de+f _

\2de + f 2de + f

Antiderivative was successfully verified.

integrand size

[In] Int[(d + exx"2)/(d"2 + f*x"2 + e72%x74) ,x]

[Out] -(ArcTan[(Sqrt[2*d*e - f] - 2%exx)/Sqrt[2xd*e + f]]/Sqrt[2*dxe + f]) + ArcT
an[(Sqrt[2xd*e - f] + 2xe*xx)/Sqrt[2*d*e + f]1]1/Sqrt[2*d*e + f]

Rule 1161

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2xc), Int[1/Simp[d/e + g*x + x~2
, x], x], x] + Dist[e/(2*c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQlc*d”2 - a*e”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRtl[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Substl[I
nt[1/8imp[b~2 - 4xa*c - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b"2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps
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f d + ex? S22 N ——+x2
X =
d? + fx? + e2x* 2e 2e
\2de- \f2de-
Subst f M,jf dx, x,—ﬂ +2x| Subst f Zdejf dx, x, ef + 2x
- ¢ - ¢
T e B e
1 \/Zde—f—Zex) 1 (w/2de—f+2€x)
tan ( 2de+f tan v2de+f

Mathematica [B] time = 0.111037, size = 181, normalized size = 2.21

_ V2ex 1 V2ex
(\/f2—4d2e2+2de—f) tan ™! ———— (\/f2—4d262—2d€+f) tan —]
ol f2-4d2¢2 N [ f2-4d2e2+ f
e W=

Antiderivative was successfully verified.

[In] Integrate[(d + e*x”2)/(d"2 + f*x72 + e”2*x"4),x]

[Out] (((2xd*e - f + Sqrt[-4*d~2*e”2 + f£72])*ArcTan[(Sqrt[2]*e*x)/Sqrt[f - Sqrt[-
4xd"2xe”2 + £72]]1]1)/Sqrt[f - Sqrt[-4*d~2%e”2 + £72]] + ((-2%d*e + f + Sqrt[
-4xd"2*%e”2 + £72])*ArcTan[(Sqrt[2]*e*x)/Sqrt[f + Sqrt[-4xd~2*e"2 + £72]]1])/
Sqrt[f + Sqrt[-4xd~2xe”2 + £72]1]1)/(Sqrt[2]*Sqrt[-4*d"2%e™2 + £72])

Maple [A] time = 0.204, size = 71, normalized size = 0.9

1
V2de+ f

el D )y 0 )

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx"2+d)/(e"2*xx~4+f*x"2+d"2) ,x)

[Out] -arctan((-2*xexx+(2xd*e-f)~(1/2))/(2*xd*xe+f)~(1/2))/(2*d*e+f)~(1/2)+arctan((2
xexx+(2%dxe-f) " (1/2))/(2xd*xe+f)~(1/2)) / (2xd*xe+f) ~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.
ex? +d
[ord
e2xt + fx? + d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)/(e~2*x"4+f*x"2+d"2),x, algorithm="maxima"

[Out] integrate((exx~2 + d)/(e”2*x74 + f*xx"2 + d”2), x)
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Fricas [A] time = 1.34911, size = 375, normalized size = 4.57

62x4—(4 de+f)x2+d2—2 (Bx?’—dx)\/m (ezx3+(de+f)x)\/
/-2 de - flog( Er T V2de + farctan(\/zedi_ﬂr) + +/2de + f arctan T aderdr
2(2de + f) ' 2de + f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx"2+d)/(e"2*x"4+f*x"2+d"2),x, algorithm="fricas")

[Out] [-1/2*sqrt(-2*d*xe - f)*log((e”™2*xx"4 - (4xd*e + f)*x72 + d72 - 2%(e*x”3 - dx
x)*sqrt(-2*xdxe - £))/(e™2*x"4 + f*x72 + d72))/(2xd*e + f), (sqrt(2*d*e + f)
xarctan(e*xx/sqrt (2*d*e + f)) + sqrt(2xdxe + f)xarctan((e”2+x"3 + (d*e + f)x*
x)*sqrt (2xd*xe + f)/(2+%d"2%e + dx*f)))/(2xd*xe + f)]

Sympy [A] time = 0.42151, size = 122, normalized size = 1.49

1 1 1 1
1 i x(_z‘ie\l “3derf S\ 2k f) 1 i x(Zde\/ ~2qerf HI\ " 2er f)
_2de+f 08 _;+x + e _Zde+f 08 _;+x + e

+
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**x2+d)/ (ex*2kxx*4+f*xx*x*2+d**2) ,x)

[Out] -sqrt(-1/(2xd*e + f))*log(-d/e + x*x*2 + x*x(-2*xd*e*sqrt(-1/(2xd*e + f)) - fx
sqrt(-1/(2xd*e + £)))/e)/2 + sqrt(-1/(2xd*e + f))*log(-d/e + x**2 + x*(2*dx*
exsqrt(-1/(2*d*e + £)) + fxsqrt(-1/(2xdxe + £)))/e)/2

Giac [C] time = 1.61013, size = 5779, normalized size = 70.48

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx~2+d)/(e"2*x~4+f*x~2+d"2),x, algorithm="giac")

[Out] 1/2%(3%(4%(d"2)7(3/4)*d"2*e~(13/2) - (d~2)7(3/4)*f72%xe™(9/2) - sqrt(-4*d~2x
e”2 + £72)x(d72)"(3/4)*f*e~(9/2))*cos(5/4*pi + 1/2*real part(arcsin(l/2xfx*e
~(-1)/abs(d)))) "2*cosh(1/2*imag_part(arcsin(1/2*xf*e~(-1)/abs(d)))) "3*e*xsin(
5/4xpi + 1/2%real_part(arcsin(1/2xf*xe”(-1)/abs(d)))) - (4*(d~2)7(3/4)*d"2x*e
~(13/2) - (d72)7(3/4)*f72%e~(9/2) - sqrt(-4*d~2*%e”2 + £72)*(d72)7(3/4) *f*e”
(9/2))*cosh(1/2*imag_part(arcsin(1/2xf*e”(-1)/abs(d)))) "3*exsin(5/4*pi + 1/
2xreal part(arcsin(1l/2*f*xe~(-1)/abs(d))))~3 - 9% (4*x(d~2)~(3/4)*d"2*xe~(13/2)
- (d72)7(8/4)*£"2xe~(9/2) - sqrt(-4*d~2%e”2 + £72)*(d"2)~(3/4)*f*e~(9/2))*
cos(5/4*xpi + 1/2*xreal_part(arcsin(1/2*xfxe~(-1)/abs(d)))) " 2*cosh(1/2*imag pa
rt(arcsin(1/2*xf*e”~(-1) /abs(d)))) "2xexsin(5/4*pi + 1/2*real part(arcsin(1/2x*
fxe~(-1)/abs(d))))*sinh(1/2ximag part(arcsin(1/2*xfxe~(-1)/abs(d)))) + 3*(4x
(d72)~(3/4)*d"2%e~(13/2) - (d72)7(3/4)*f"2%e~(9/2) - sqrt(-4*d~2%e”2 + £72)
*(d~2) " (3/4)*f*xe”(9/2) ) *cosh(1/2*imag_part(arcsin(1/2*f*e”(-1)/abs(d)))) 2%
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exsin(5/4*pi + 1/2*real_part(arcsin(1/2*fxe~(-1)/abs(d)))) " 3*sinh(1/2*imag_
part(arcsin(1/2*f*e”(-1)/abs(d)))) + 9*(4*x(d"2)~(3/4)*d"2%e~(13/2) - (d"2)~
(3/4)*£72%e~(9/2) - sqrt(-4*xd~2*e”2 + £72)*(d"2) " (3/4)*f*xe~(9/2))*cos(5/4*p
i + 1/2*real_part(arcsin(1/2*f*e~(-1)/abs(d)))) "2*cosh(1/2*imag part(arcsin
(1/2xf*e~(-1)/abs(d))) ) *e*xsin(5/4*pi + 1/2*real_part(arcsin(l/2xfxe~(-1)/ab
s(d))))*sinh(1/2*imag part(arcsin(1/2*xfxe”(-1)/abs(d)))) "2 - 3*x(4x(d~2)~(3/
4)*d"2%e”(13/2) - (d"2)7(3/4)*£72%e™(9/2) - sqrt(-4*d~2*e”2 + £72)*(d"2)7(3
/4)*f*xe”~(9/2))*cosh(1/2ximag part(arcsin(1/2*xfxe”(-1)/abs(d))))*e*xsin(5/4*p
i + 1/2*real_part(arcsin(1/2*f*e~(-1)/abs(d)))) " 3*sinh(1/2*imag part(arcsin
(1/2xf*xe~(-1)/abs(d)))) "2 - 3%(4*(d"2)"(3/4)*d"2*e”~ (13/2) - (d72)7(3/4)*f"2
xe”(9/2) - sqrt(-4*d™2%e”2 + £72)*(d"2)~(3/4)*f*e~(9/2))*cos(5/4*pi + 1/2*r
eal_part(arcsin(1/2*f*e~(-1)/abs(d)))) "2*e*sin(5/4*pi + 1/2*real_part(arcsi
n(1/2xf*xe”~(-1)/abs(d))))*sinh(1/2*imag_part(arcsin(1/2*f*e~(-1)/abs(d))))"3
+ (4%(d”2)7(8/4)*d"2xe~(13/2) - (d72)"(3/4)*f"2%e~(9/2) - sqrt(-4*d~2%xe”2
+ £72)*(d"2) " (3/4)*xfxe”(9/2) ) *exsin(5/4*pi + 1/2*real part(arcsin(1l/2*f*e”(
-1)/abs(d)))) " 3*sinh(1/2*imag part(arcsin(1/2*fxe”(-1)/abs(d))))"3 + (4x(d"~
2)"(1/4)*d"3%e”(15/2) - (d72)"(1/4)*d*xf~2%e~(11/2) - sqrt(-4*d~2*e”2 + £72)
*x(d"2) " (1/4) *d*xf*xe” (11/2))*cosh(1/2*imag part(arcsin(1/2xf*e”(-1)/abs(d))))
xsin(5/4*pi + 1/2*xreal part(arcsin(1l/2*fxe~(-1)/abs(d)))) - (4x(d"2)~(1/4)*
d~3%e”(15/2) - (d72)"(1/4)*d*xf~2*e~(11/2) - sqrt(-4*xd~2*e”2 + £72)*(d"2)" (1
/4)*dxfxe~(11/2))*sin(5/4*pi + 1/2xreal_part(arcsin(1/2*f*e”~(-1)/abs(d))))*
sinh(1/2*imag_part(arcsin(1/2*f*e”(-1)/abs(d)))))*arctan(-((d~2)~(1/4)*cos(
5/4%pi + 1/2%arcsin(1/2*xfxe”(-1)/abs(d)))*e~(-1/2) - x)*e”~(1/2)/((d"2)"(1/4
)*sin(5/4*pi + 1/2%arcsin(1/2xf*e”(-1)/abs(d)))))/(4xd"~4*e~8 - d~2*xf"2%e”6)
+ 1/2% (3% (4% (d72) 7 (3/4) *d"2xe” (13/2) - (d72)7(3/4)*£72*%e~(9/2) - sqrt(-4*d
“2xe”2 + £72)*%(d"2) " (3/4)*f*xe~(9/2))*cos(1/4*pi + 1/2%real_part(arcsin(1/2x
fxe”(-1)/abs(d)))) "2xcosh(1/2*imag_part(arcsin(1/2*f*e”~(-1)/abs(d)))) ~3*e*s
in(1/4xpi + 1/2*real part(arcsin(1/2xf*xe”~(-1)/abs(d)))) - (4*(d~2)~(3/4)*d"
2%e”(13/2) - (d72)7(3/4)*f72xe”(9/2) - sqrt(-4xd"2%e”2 + £72)*(d"2)7(3/4)*f
xe”(9/2))*cosh(1/2*imag_part(arcsin(1l/2xf*e~(-1)/abs(d)))) "3*exsin(1/4*pi +
1/2*xreal _part(arcsin(1/2*f*xe~(-1)/abs(d))))~3 - 9% (4x(d~2)~(3/4)*d"2xe" (13
/2) - (d72)7(3/4)*f72%e”(9/2) - sqrt(-4*d"2xe”2 + £72)*(d"2)7(3/4)*f*e”(9/2
))*cos(1/4*pi + 1/2xreal part(arcsin(1/2*f*e”(-1)/abs(d)))) "2*cosh(1/2*imag
_part(arcsin(1/2*f*xe~(-1)/abs(d)))) "2*xe*xsin(1/4*pi + 1/2*xreal part(arcsin(1
/2*xf*xe~(-1)/abs(d))))*sinh(1/2*imag part(arcsin(1/2*xfxe~(-1)/abs(d)))) + 3x
(4%x(d~2) " (3/4)*d"2*%e™(13/2) - (d72)7(3/4)*f72xe~(9/2) - sqrt(-4xd"2*xe”2 + £
72)*%(d"2) " (3/4)*fxe~(9/2) ) *cosh(1/2*imag part(arcsin(1/2*f*e”(-1)/abs(d))))
“2xexsin(1/4*pi + 1/2%real_part(arcsin(1/2*xf*e”(-1)/abs(d)))) "3*sinh(1/2*im
ag_part(arcsin(1/2*xfxe~(-1)/abs(d)))) + 9*%(4x(d~2)~(3/4)*d"2xe~(13/2) - (d~
2)7(3/4)*£72xe”(9/2) - sqrt(-4*xd~2*xe”2 + £72)*(d"2) " (3/4)*fxe~(9/2))*cos(1/
4xpi + 1/2*real part(arcsin(1/2xf*e”~(-1)/abs(d)))) "2*cosh(1/2ximag part(arc
sin(1/2xf*xe~(-1)/abs(d))))*e*sin(1/4xpi + 1/2%real part(arcsin(1/2*fxe”(-1)
/abs(d))))*sinh(1/2*imag_part(arcsin(1/2*xf*e”(-1)/abs(d)))) "2 - 3x(4*x(d"2)"
(3/4)*d"2%e~(13/2) - (d72)"(3/4)*f"2xe”~(9/2) - sqrt(-4xd"2*e”2 + £72)*(d"2)
~(3/4)*f*e~(9/2))*cosh(1/2ximag part(arcsin(1/2*xfxe~(-1)/abs(d))))*e*sin(1/
4xpi + 1/2*real part(arcsin(1/2xf*e”~(-1)/abs(d)))) "3*sinh(1/2*imag part(arc
sin(1/2*f*e”(-1)/abs(d)))) "2 - 3*(4*(d"2)"(3/4)*d"2%e~(13/2) - (d72)~(3/4)*
£72%e~(9/2) - sqrt(-4xd~2*e”2 + £72)*(d"2)"(3/4)*f*e~(9/2))*cos(1/4*pi + 1/
2*real_part(arcsin(1/2xf*xe”(-1)/abs(d)))) "2xexsin(1/4*pi + 1/2*real_part(ar
csin(1/2*f*xe~(-1)/abs(d))))*sinh(1/2*imag part(arcsin(1/2*fxe~(-1)/abs(d)))
)73 + (4%(d"2)7(3/4)*d"2xe~(13/2) - (d72)7(3/4)*f~2xe~(9/2) - sqrt(-4*d~2xe
"2 + £72)%(d72) " (3/4) *f*e”(9/2) ) xexsin(1/4*pi + 1/2xreal_part(arcsin(1/2*fx*
e~ (-1)/abs(d)))) "3*sinh(1/2*imag part(arcsin(1/2xf*e~(-1)/abs(d))))"3 + (4x
(d72)~(1/4)*d"3%e~(15/2) - (d72)7(1/4)*d*f~2*e”(11/2) - sqrt(-4xd~2xe”2 + £
~2)*(d"2) " (1/4) *dxfxe” (11/2))*cosh(1/2*imag_part(arcsin(1/2xf*xe” (-1)/abs(d)
)))*sin(1/4*pi + 1/2*real part(arcsin(l/2*f*xe~(-1)/abs(d)))) - (4x(d~2)~(1/
4)*d~3*%e~(15/2) - (d72)"(1/4)*d*xf"2xe~(11/2) - sqrt(-4xd~2*xe”2 + £72)*(d"2)
~(1/4)*d*fxe”(11/2))*sin(1/4*pi + 1/2*real part(arcsin(1l/2*xfxe”~(-1)/abs(d))
))*sinh(1/2*imag_part(arcsin(1/2*fxe”~(-1)/abs(d)))))*arctan(-((d"2) " (1/4)*c
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os(1/4*pi + 1/2%arcsin(1/2*xf*e”(-1)/abs(d)))*e”(-1/2) - x)*e~(1/2)/((d"2)"(
1/4)*sin(1/4*xpi + 1/2%arcsin(1/2xfxe”(-1)/abs(d)))))/(4xd"4*e”8 - d~2*f"2xe
T6) - 1/4%((4%(d72)7(3/4)*d"2%e”(13/2) - (d72)7(3/4)*f"2%e~(9/2) - sqrt(-4*
d™2%e”2 + £72)%(d72) " (3/4) *f*e~(9/2))*xcos(5/4*pi + 1/2*real part(arcsin(1/2
*xfxe”(-1)/abs(d)))) "3*cosh(1/2*imag part(arcsin(1/2xf*e”(-1)/abs(d)))) "3*e
- 3% (4x(d"2)7(3/4)*d"2xe” (13/2) - (d72)"(3/4)*f72%e~(9/2) - sqrt(-4xd~2xe”2
+ £72)x(d"2) " (3/4) *f*xe~(9/2) ) *cos(5/4xpi + 1/2xreal part(arcsin(1/2xf*xe” (-
1)/abs(d))))*cosh(1/2*imag part(arcsin(1/2xf*e”(-1)/abs(d)))) "3*exsin(5/4*p
i + 1/2*real_part(arcsin(1l/2*f*xe~(-1)/abs(d)))) "2 - 3% (4*x(d"2)~(3/4)*d"2%e"
(13/2) - (a72)"(3/4)*£72*%e™(9/2) - sqrt(-4*d~2*e”2 + £72)*(d"2) " (3/4)*f*e"(
9/2))*cos(5/4*pi + 1/2*real part(arcsin(1/2xfxe”(-1)/abs(d)))) 3*cosh(1/2*i
mag_part(arcsin(1/2xf*e”(-1)/abs(d)))) "2*e*sinh(1/2*imag_part(arcsin(1/2xfx*
e"(-1)/abs(d)))) + 9%(4%(d"2)~(3/4)*d"2xe~(13/2) - (d72)"(3/4)*f"2%e~(9/2)
- sqrt(-4xd~2xe”2 + £72)*(d"2) " (3/4)*xf*e”~(9/2))*cos(5/4*pi + 1/2*real_part(
arcsin(1/2xf*e”(-1)/abs(d))))*cosh(1/2*imag part(arcsin(1/2xf*e”(-1)/abs(d)
))) "2*xexsin(5/4*pi + 1/2*real_part(arcsin(1/2*f*e”(-1)/abs(d)))) " 2*sinh(1/2
*imag_part(arcsin(1/2xfxe”~(-1)/abs(d)))) + 3%(4*(d”2)7(3/4)*d"2*e~(13/2) -
(d72)~(3/4)*£72%e~(9/2) - sqrt(-4xd~2xe”2 + £72)*(d"2)"(3/4)*f*e~(9/2))*cos
(6/4*%pi + 1/2xreal part(arcsin(1/2*xfxe”(-1)/abs(d)))) 3*cosh(1/2*imag_part(
arcsin(1/2xf*e”(-1)/abs(d))))*e*sinh(1/2*imag part(arcsin(1l/2*f*e~(-1)/abs(
d))))"2 - 9% (4x(d”2)"(3/4)*d"2xe”~(13/2) - (d72)"(3/4)*f"2%e~(9/2) - sqrt(-4
xd"2%e”"2 + £72)*x(d"2)7(3/4)*f*e~(9/2))*cos(5/4*pi + 1/2*real part(arcsin(1l/
2xf*xe~(-1)/abs(d))))*cosh(1/2+imag_part(arcsin(1/2*f*e”(-1)/abs(d))))*e*sin
(6/4*%pi + 1/2xreal part(arcsin(1/2*xfxe”(-1)/abs(d)))) " 2*sinh(1/2*imag_part(
arcsin(1/2xfxe”~(-1)/abs(d)))) "2 - (4*(d"2)7(3/4)*d"2xe~(13/2) - (d72)7(3/4)
xf72%e”(9/2) - sqrt(-4xd~2xe”2 + £72)*(d"2) " (3/4)*f*e”~(9/2))*cos(5/4*pi + 1
/2xreal_part(arcsin(1/2*f*e~(-1)/abs(d)))) " 3*e*sinh(1/2*imag_part (arcsin(1/
2x%f*xe”(-1)/abs(d)))) "3 + 3% (4+(d"2)"(3/4)*d"2xe~(13/2) - (d72)"(3/4)*f"2*e”
(9/2) - sqrt(-4xd~2xe”2 + £72)*(d"2) " (3/4)*f*e”~(9/2))*cos(5/4*pi + 1/2*real
_part(arcsin(1/2xf*e~(-1)/abs(d))))*e*xsin(5/4*pi + 1/2*real part(arcsin(1/2
*xfxe”(-1)/abs(d)))) "2*sinh(1/2*imag part(arcsin(1/2xf*e”~(-1)/abs(d))))"3 +
(4% (d~2)"(1/4)*d"3*e~(16/2) - (d"2)7(1/4)*d*f~2*xe~(11/2) - sqrt(-4*d~2xe”2
+ £72)%(d72) " (1/4) *d*xf*xe”(11/2) ) *cos(5/4*pi + 1/2%real_part(arcsin(1/2*f*e”
(-1)/abs(d))))*cosh(1/2*imag part(arcsin(1l/2*f*xe~(-1)/abs(d)))) - (4x(d~2)~
(1/4)*d"3%e~(15/2) - (d72)~(1/4)*d*f~2%e~(11/2) - sqrt(-4*d~2%e”2 + £72)*(d
~2)7(1/4) *d*xfxe” (11/2))*xcos(5/4*pi + 1/2*real part(arcsin(1l/2*f*xe~(-1)/abs(
d))))*sinh(1/2*imag part(arcsin(1/2*fxe~(-1)/abs(d)))))*log(-2%(d~2)~(1/4)*
x*cos(5/4*pi + 1/2%arcsin(1/2*xf*xe”(-1)/abs(d)))*e”(-1/2) + x72 + sqrt(d~2)*
e”(-1))/(4xd"4xe”8 - d72xf"2%e"6) - 1/4*((4x(d"2)7(3/4)*d"2%e~(13/2) - (d"2
)" (3/4)*x£72%e~(9/2) - sqrt(-4xd~2xe”2 + £72)*(d"2)"(3/4)*f*e~(9/2))*cos(1/4
xpi + 1/2%real part(arcsin(1/2xf*e”(-1)/abs(d)))) "3*cosh(1/2*imag part(arcs
in(1/2%fxe”(-1)/abs(d)))) "3*e - 3*(4*(d"2)~(3/4)*d"2%e”(13/2) - (d72)7(3/4)
*£72%e7(9/2) - sqrt(-4*d™2*%e”2 + £72)*(d"2) " (3/4)*fxe”(9/2))*cos(1/4*pi + 1
/2*real_part(arcsin(1/2xf*e”~(-1)/abs(d))))*cosh(1/2*imag_part(arcsin(1/2*fx*
e~ (-1)/abs(d)))) "3*exsin(1/4*pi + 1/2*real part(arcsin(1l/2*f*xe~(-1)/abs(d))
))72 - 3x(4x(d72)7(3/4)*d™2xe”(13/2) - (d72)7(3/4)*f72xe”(9/2) - sqrt(-4*d~
2xe”2 + £72)x(d72) " (3/4) xf*e”(9/2) ) *cos(1/4*pi + 1/2*real_part(arcsin(1/2xf
xe~(-1)/abs(d)))) "3*cosh(1/2*imag part(arcsin(1l/2xfxe~(-1)/abs(d)))) "2*ex*si
nh(1/2*imag_part(arcsin(1/2xf*e~(-1)/abs(d)))) + 9x(4%x(d"2)~(3/4)*d"2*e~ (13
/2) - (d72)7(3/4)*f72%e”(9/2) - sqrt(-4*d™2xe”2 + £72)*(d"2) "~ (3/4)*f*e”(9/2
))*cos(1/4*xpi + 1/2xreal part(arcsin(1/2*fxe~(-1)/abs(d))))*cosh(1/2ximag p
art(arcsin(1/2*xfxe~(-1)/abs(d)))) "2*e*xsin(1/4*pi + 1/2*real part(arcsin(1/2
xf*xe”(-1)/abs(d)))) "2*sinh(1/2*imag part(arcsin(1/2*xfxe~(-1)/abs(d)))) + 3%
(4% (d~2) 7 (3/4)*d"2%e™ (13/2) - (d72)7(3/4)*£72xe”(9/2) - sqrt(-4*xd™2xe”2 + £
~2)*x(d"2) " (3/4) *f*xe~(9/2) ) *cos(1/4*pi + 1/2xreal part(arcsin(1l/2*xfxe~(-1)/a
bs(d)))) ~"3*cosh(1/2*imag _part(arcsin(l/2*f*e~(-1)/abs(d))))*e*sinh(1/2*imag
_part(arcsin(1/2*f*e”~(-1)/abs(d)))) "2 - 9% (4x(d~2)~(3/4)*d"2*e~(13/2) - (d~
2)7(3/4)*f72xe~(9/2) - sqrt(-4*d~2xe”2 + £72)*(d"2)~(3/4)*f*e~(9/2))*cos(1/
4xpi + 1/2%real_part(arcsin(1/2*f*e”(-1)/abs(d))))*cosh(1/2*imag_part(arcsi
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n(1/2xf*xe”~(-1)/abs(d))))*e*sin(1/4*pi + 1/2*real part(arcsin(1/2xf*e”~(-1)/a
bs(d)))) "2*sinh(1/2*imag part(arcsin(1/2xfxe~(-1)/abs(d))))"2 - (4x(d"2)"(3
/4)*%d"2%e~(13/2) - (d"2)7(3/4)*f72%e”(9/2) - sqrt(-4*d~2*e”2 + £72)*(d"2)"(
3/4)xf*xe”~(9/2))*cos(1/4*pi + 1/2*real part(arcsin(1/2xf*e”(-1)/abs(d)))) ~3x
exsinh(1/2*imag _part(arcsin(1/2*f*xe~(-1)/abs(d)))) "3 + 3*(4x(d"2)~(3/4)*d"2
xe”~(13/2) - (d72)7(3/4)*f72xe~(9/2) - sqrt(-4xd~2*e”2 + £72)*(d"2)~(3/4)*f*
e~ (9/2))*cos(1/4*pi + 1/2*real part(arcsin(1/2*f*e”~(-1)/abs(d))))*exsin(1/4
xpi + 1/2%real_part(arcsin(1/2xf*e”(-1)/abs(d)))) "2*sinh(1/2*imag part(arcs
in(1/2*fxe”(-1)/abs(d)))) "3 + (4%(d"2)~(1/4)*d"3%e”(15/2) - (d72)7(1/4)*d*f
“2%e”(11/2) - sqrt(-4*d~2*e”2 + £72)x(d72) " (1/4)*d*f*xe”(11/2))*cos(1/4*pi +

1/2*real_part(arcsin(1/2*f*e”(-1)/abs(d))))*cosh(1/2*imag_part(arcsin(1l/2*
fxe~(-1)/abs(d)))) - (4x(d"2)"(1/4)*d"3*e”(15/2) - (d~2)~(1/4)*d*xf~2*xe~(11/
2) - sqrt(-4*d"2%e”2 + £72)*(d72)"(1/4)*d*xfxe”(11/2))*cos(1/4*pi + 1/2%real
_part(arcsin(1/2xf*e~(-1)/abs(d))))*sinh(1/2*imag_part(arcsin(1l/2*f*e~(-1)/
abs(d)))))*xlog(-2x(d~2)~(1/4)*x*cos(1/4*pi + 1/2*arcsin(1/2xf*e”(-1)/abs(d)
) *xe”(-1/2) + x72 + sqrt(d™2)*e”(-1))/(4*d"4*e”8 - d~2%f"2xe”6)
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398 [ gy

d2—bx2+e2x*

Optimal. Leaf size=78

N
[
W
N

b-2d
b—2de b-2d

I\J
A

ex ) tanh™ 1 ( Vb+2de+2ex )

9N

[Out] ArcTanh[(Sqrt[b + 2*dxe] - 2%ex*x)/Sqrt[b - 2xd*e]]/Sqrt[b - 2*d*e] - ArcTan
h[(Sqrt[b + 2*d*e] + 2*exx)/Sqrt[b - 2xd*e]]/Sqrt[b - 2*dxe]

Rubi [A] time = 0.0980389, antiderivative size = 78, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 27, e

0.111, Rules used = {1161, 618, 206}

integrand size

tanh_l ( Vb+2de—2@x) tanh™ 1 ( \/b+2de+26x)
Vb-2de b-2de

N i b— 2de

Antiderivative was successfully verified.

[In] Int[({d + exx"2)/(d"2 - b*x"2 + e"2%x74) ,x]

[Out] ArcTanh[(Sqrt[b + 2xd*e] - 2%e*x)/Sqrt[b - 2*d*el]/Sqrt[b - 2*dxe] - ArcTan
h[(Sqrt[b + 2xd*e] + 2%e*x)/Sqrt[b - 2xdxel]/Sqrt[b - 2xdxe]

Rule 1161

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2*d)/e - b/c, 21}, Distl[e/(2%c), Int[1/Simpld/e + q*x + x"2
, xJ, x], x] + Dist[e/(2%c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQ[c*d”2 - axe”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps
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1 1
[— X o [— L
f d + exz d g_ b+€2dex ) §+ b+e2dex 2
X = +
d? — bx2 + e2x4 2e 2¢

Subst [ f # dx,x,— b+ade + 2x] Subst ( f # dx, x, b+2de + 2x
7_xz e 2 e
- e - e
tanh_l ( \/b+2de—2€x) tanh_l ( \/b+2de+2ex)
Vb-2de b-2de

Vb —2de b —2de

Mathematica [B] time = 0.109107, size = 189, normalized size = 2.42

(\/b2—4d262+b+2de)tan"l[&] (b2—4d262—b—2de) tan—l[—@x ]

V-Vb2-442¢2-} + N Vb2—4d2e2-p
~Vi2-4d2e2-b Vb2-4d2¢2-p
V2VB2 - 4d2e2

Antiderivative was successfully verified.

[In] Integrate[(d + e*xx"2)/(d"2 - b*x"2 + e"2*x"4),x]

[Out] (((b + 2xdxe + Sqrt[b™2 - 4*d~2%e”2])*ArcTan[(Sqrt[2]*e*x)/Sqrt[-b - Sqrt[b
"2 - 4xd"2xe"2]]])/Sqrt[-b - Sqrt[b~2 - 4*d"2%e”2]] + ((-b - 2xd*e + Sqrtl[b

72 - 4xd"2xe”2])*ArcTan[(Sqrt [2] *e*x)/Sqrt[-b + Sqrt[b~2 - 4*xd~2*e~2]]1])/Sq
rt[-b + Sqrt[b”2 - 4xd"2*e”2]])/(Sqrt[2]*Sqrt[b~2 - 4xd~2*e"2])

Maple [A] time = 0.179, size = 75, normalized size = 1.

1 1 1 1
arctan ((2 ex + V2de + b) ) —arctan ((—2 ex + V2de + b) )
V2de-b) V2de-b V2de-b) V2de-b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx~2+d)/(e”2*x"4-b*x"2+d"2) ,x)

[Out] 1/(2*xd*e-b)~(1/2)*arctan((2*xexx+(2*xd*xe+b) " (1/2))/(2xd*e-b)~(1/2))-1/(2*xd*e—
b) " (1/2)*arctan((-2*ex*xx+(2*d*xe+b) ~(1/2))/(2xd*e-b) ~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

f ex? +d p
b2+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)/(e"2*x"4-b*x"2+d"2),x, algorithm="maxima")

[Out] integrate((exx”2 + d)/(e”2%x"4 - b*x"2 + d~2), x)
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Fricas [A] time = 1.34758, size = 375, normalized size = 4.81

e2x4—bx2+d2 2 de—b 2d2e-bd
2(2de-b) ’ 2de-b

2xt—(4 de-b)x2+d?-2 (exP—dx) V-2 de+b 2,3 4 (do—b)x)V2d
v—2de+blog( lade e v 2 (e H) VZde—barctan(—ex )+Marctam(—(6x+(e %)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)/(e”2*x"4-b*x~2+d"2),x, algorithm="fricas")

[Out] [-1/2*sqrt(-2*d*e + b)*log((e™2xx"4 - (4*d*e - b)*x"2 + d72 - 2*(e*x”3 - dx
x)*sqrt(-2*d*e + b))/(e"2*x"4 - b*x"2 + d72))/(2xd*e - b), (sqrt(2*d*e - b)
xarctan(e*x/sqrt(2*d*xe - b)) + sqrt(2xd*e - b)xarctan((e”2*x"3 + (d*e - b)*
x)*sqrt(2xd*xe - b)/(2xd"2*e - bxd)))/(2*d*xe - b)]

Sympy [A] time = 0.45524, size = 110, normalized size = 1.41

1 1
1 1 d 2 x(—b poae +2de b—zde)
b-2de 08 e N e

L log|-2+22+
b-2de g e

1 1
x(b poade ey h—zde)
e

2 B 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx*x2+d)/(ex*2*x**4-b*x**2+d**2) ,x)

[Out] sqrt(1/(b - 2*d*e))*log(-d/e + x**2 + x*(-b*sqrt(1/(b - 2xd*e)) + 2xd*e*xsqr
t(1/(b - 2*d*e)))/e)/2 - sqrt(1/(b - 2xd*e))*log(-d/e + x**2 + xx(b*sqrt(1/
(b - 2xd*e)) - 2xd*xexsqrt(1/(b - 2*xd*e)))/e)/2

Giac [C] time = 1.62429, size = 5387, normalized size = 69.06

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx~2+d)/(e"2*x~4-b*x"2+d"2),x, algorithm="giac")

[Out] 1/2%(3%(4%(d"2)7(3/4)*d"2%e~(13/2) - b™2x(d"2)7(3/4)*e~(9/2) + sqrt(-4*d~2x
e”2 + b~2)*bx(d"2) " (3/4)*e~(9/2))*cos(1/2*real_part (arccos(1/2*b*xe”~(-1)/abs
(d)))) "2xcosh(1/2*imag_part(arccos(1/2xb*e~(-1)/abs(d)))) 3*exsin(1/2*real
part(arccos(1/2*b*xe”(-1)/abs(d)))) - (4*x(d"2)7(3/4)*d"2*xe~(13/2) - b™2*x(d"2
)" (3/4)%e~(9/2) + sqrt(-4xd~2xe”2 + b~2)*b*(d"2)~(3/4)*e~(9/2))*cosh(1/2*im
ag_part(arccos(1/2*bxe~(-1)/abs(d)))) "3*e*xsin(1/2*real_part (arccos(1/2*xbxe”
(-1)/abs(d)))) "3 - 9% (4%(d"2)~(3/4)*d"2xe~(13/2) - b~2%(d"2)"(3/4)*e~(9/2)
+ sqrt(-4*d~2*xe”2 + b~2)*b*(d~2) ~(3/4)*e”~(9/2))*cos(1/2*real_part(arccos(1/
2%bxe” (-1) /abs(d)))) "2*cosh(1/2*imag_part(arccos(1/2*b*e”(-1)/abs(d)))) 2*e
xsin(1/2*real_part(arccos(1/2*b*xe~(-1)/abs(d))))*sinh(1/2*imag_part(arccos(
1/2%b*e~(-1)/abs(d)))) + 3*%(4x(d"2)"(3/4)*d"2%e~(13/2) - b72%(d"2)7(3/4)*e”
(9/2) + sqrt(-4*d~2xe"2 + b~2)*bx(d~2)~(3/4)*e~(9/2))*cosh(1/2*imag part(ar
ccos(1/2%b*xe~(-1)/abs(d)))) "2xe*sin(1/2*real part(arccos(1/2*bxe~(-1)/abs(d
)))) " 3*sinh(1/2ximag part(arccos(1/2*b*xe”(-1)/abs(d)))) + 9*(4x(d"2)"(3/4)*
d™2%e”(13/2) - b™2x(d"2)7(3/4)*e”(9/2) + sqrt(-4*d~2*e”2 + b72)*bx(d~2)~(3/
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4)*e~(9/2))*cos(1/2*real_part(arccos(1/2xbxe~(-1)/abs(d)))) ~2*cosh(1/2*imag
_part(arccos(1/2*b*e”~(-1)/abs(d))))*e*xsin(1/2*real_part(arccos(1/2xb*xe” (-1)
/abs(d))))*sinh(1/2*imag part(arccos(1/2xb*e”~(-1)/abs(d)))) "2 - 3*(4*x(d"2)"
(3/4)*d"2xe~(13/2) - b~2*%(d"2)7(3/4)*e~(9/2) + sqrt(-4*d~2%e”2 + b~2)*bx(d"
2)~(3/4)*e”~(9/2))*cosh(1/2*imag_part(arccos(1/2*xbxe~(-1)/abs(d))))*exsin(1/
2*real_part (arccos(1/2*xb*xe”(-1)/abs(d)))) "3*sinh(1/2*imag_part (arccos(1/2*b
*xe~(-1)/abs(d)))) "2 - 3x(4x(d"2)7(3/4)*d"2*e~(13/2) - b~2*(d"2)~(3/4)*e~(9/
2) + sqrt(-4*d"2%e”2 + b72)*bx(d"2) " (3/4)*e~(9/2))*cos(1/2*real_part(arccos
(1/2%bxe~(-1) /abs(d)))) "2*e*xsin(1/2*real part(arccos(1/2xb*xe”~(-1)/abs(d))))
*sinh(1/2*imag_part (arccos(1/2*b*e”(-1)/abs(d)))) "3 + (4*(d"2)"(3/4)*d"2*e”
(13/2) - b72%(d"2)"(3/4)*e~(9/2) + sqrt(-4*d~2xe"2 + b~2)*bx(d~2) ~(3/4)*e"(
9/2))*e*xsin(1/2*real_part(arccos(1/2xbxe”~(-1)/abs(d)))) "3*sinh(1/2*imag_par
t(arccos(1/2%b*e”(-1)/abs(d)))) "3 + (4x(d"2)~(1/4)*d"3*e~(15/2) - b~2x(d"2)
~(1/4)*d*e”(11/2) + sqrt(-4*d~2*e”2 + b~2)*b*x(d~2)~(1/4)*d*e”(11/2))*cosh(1
/2*imag _part(arccos(1/2xb*xe”(-1)/abs(d))))*sin(1/2*real part(arccos(1l/2*bx*e
“(-1)/abs(d)))) - (4%(d”2)"(1/4)*d"3*e”(15/2) - b™2%(d"2) " (1/4)*d*e”(11/2)

+ sqrt(-4*d~2*e”2 + b~2)*b*x(d"2)~(1/4)*d*e~(11/2))*sin(1/2*real_part(arccos
(1/2%bxe~(-1) /abs(d))))*sinh(1/2*imag part (arccos(1/2*xbxe~(-1)/abs(d)))))*a
rctan(((d~2)~(1/4)*cos(1/2*arccos(1/2*b*xe”(-1)/abs(d)))*e~(-1/2) + x)*e~(1/
2)/((d"2)~(1/4)*sin(1/2*arccos(1/2xb*xe~(-1)/abs(d)))))/(4*d"4xe”8 - b~2xd"2
*xe76) + 1/2%(3*(4x(d"2)"(3/4)*d"2xe~(13/2) - b"2%(d"2)"(3/4)*e~(9/2) + sqrt
(-4*xd"2xe"2 + b72)*b*(d"2) ~(3/4)*e~(9/2)) *cos(1/2*real part(arccos(1/2*b*e”
(-1)/abs(d)))) "2*cosh(1/2*imag part (arccos(1/2*b*e”(-1)/abs(d)))) "3*e*xsin(1
/2*real part(arccos(1/2xb*xe”~(-1)/abs(d)))) - (4x(d~2)~(3/4)*d"2*xe~(13/2) -

b~2%(d"2) 7 (3/4)*e~(9/2) + sqrt(-4*d~2%e”2 + b~2)*b*x(d"2)~(3/4)*e~(9/2))*cos
h(1/2*imag_part(arccos(1/2*b*e~(-1)/abs(d)))) “3*e*xsin(1/2*real_part (arccos(
1/2+bxe”(-1)/abs(d)))) "3 - 9*(4*(d"2)"(3/4)*d"2*e~(13/2) - b"2%(d"2) " (3/4)*
e~ (9/2) + sqrt(-4xd"2%e”2 + b~2)*bx(d"2)"(3/4)*e~(9/2))*cos(1/2*real part(a
rccos(1/2*bxe~(-1)/abs(d))) ) "2xcosh(1/2*imag part(arccos(1/2xb*xe”(-1)/abs(d
)))) "2xe*xsin(1/2*real part(arccos(1/2*bxe~(-1)/abs(d))))*sinh(1/2ximag part
(arccos(1/2*bxe~(-1)/abs(d)))) + 3*(4x(d"2)~(3/4)*d"2xe~(13/2) - b~2*(d"2)~
(3/4)*%e~(9/2) + sqrt(-4*d~2*%e”2 + b72)*b*(d"2)~(3/4)*e”~(9/2))*cosh(1/2*imag
_part(arccos(1/2*b*e”(-1)/abs(d)))) "2*e*sin(1/2*real_part (arccos(1/2*b*e” (-
1)/abs(d)))) " 3*sinh(1/2*imag_part(arccos(1/2*b*e~(-1)/abs(d)))) + 9*(4x(d"2
)~ (3/4)*d"2%e” (13/2) - b™2x(d"2)7(3/4)*e~(9/2) + sqrt(-4*d~2*e”2 + b~2)*b*(
d~2)"(3/4)*e~(9/2) ) *cos(1/2*real_part (arccos(1/2*b*xe” (-1)/abs(d)))) "2*cosh(
1/2*%imag_part(arccos(1/2*b*e~(-1)/abs(d))))*exsin(1/2*real_part(arccos(1/2%
b*e”~(-1)/abs(d))))*sinh(1/2*imag part(arccos(1/2xbxe~(-1)/abs(d))))"2 - 3x*(
4% (d~2) " (3/4)*d"2*%e” (13/2) - b~2x(d"2)~(3/4)*e~(9/2) + sqrt(-4*d"2*e”2 + b~
2) *b*x(d"2) " (3/4)*e~(9/2) ) *cosh(1/2*imag_part(arccos(1/2*b*xe~(-1)/abs(d))))*
exsin(1/2*real part(arccos(1/2*xb*xe”(-1)/abs(d))))"3*sinh(1/2*imag part(arcc
os(1/2xb*e”~(-1)/abs(d)))) "2 - 3*(4*x(d"2)7(3/4)*d"2*e~(13/2) - b~2x(d~2)~(3/
4)*e”~(9/2) + sqrt(-4xd~2*e”"2 + b~2)*b*x(d~2)~(3/4)*e~(9/2))*cos(1/2*real par
t (arccos(1/2*b*e”(-1) /abs(d)))) "2xe*sin(1/2xreal_part(arccos(1/2*b*e”~(-1)/a
bs(d))))*sinh(1/2*imag part(arccos(1/2*xbxe”~(-1)/abs(d)))) "3 + (4x(d~2)~(3/4
)*d"2%e” (13/2) - b~2x(d"2)7(3/4)*e”(9/2) + sqrt(-4*d~2%e”2 + b~2)*b*(d~2) " (
3/4)xe~(9/2))*e*xsin(1/2*real part(arccos(1/2xbxe”~(-1)/abs(d)))) "3*sinh(1/2x%
imag_part (arccos(1/2*b*e”(-1)/abs(d)))) "3 + (4%(d"2)"(1/4)*d"3*e”(15/2) - b
“2x(d72) " (1/4) *dxe” (11/2) + sqrt(-4xd~2%e”2 + b~2)*b*x(d~2)~(1/4)*d*e”(11/2)
)*cosh(1/2*imag_part(arccos(1/2*b*xe~(-1)/abs(d))))*sin(1/2*real_part(arccos
(1/2xb*xe~(-1)/abs(d)))) - (4%(d"2)~(1/4)*d"3%e”(15/2) - b~2%(d"2) " (1/4)*d*e
~(11/2) + sqrt(-4*d~2*e"2 + b~2)*b*(d"2) " (1/4)*d*e”(11/2))*sin(1/2*real par
t(arccos(1/2xbxe” (-1)/abs(d))))*sinh(1/2*imag part (arccos(1/2xb*e” (-1)/abs(
d)))))*arctan(-((d"2)~(1/4) *cos (1/2*arccos(1/2xb*e” (-1) /abs(d)))*e~ (-1/2) -
x)*e”(1/2)/((d"2) "~ (1/4)*sin(1/2*arccos(1/2*b*xe” (-1)/abs(d)))))/(4xd"4*e"8

- b72%d"2%e"6) + 1/4%((4%(d"2)7(3/4)*d"2*%e”(13/2) - b™2x(d"2)~(3/4)*e~(9/2)
+ sqrt(-4*d~2xe”2 + b~2)*b*(d"2) ~(3/4)*e~(9/2))*cos(1/2*real_part(arccos(1l
/2*%b*e”(-1) /abs(d)))) "3*cosh(1/2*imag part(arccos(1/2xb*e”(-1)/abs(d)))) 3%
e - 3*%(4*x(d”2)7(3/4)*d"2*e~(13/2) - b~2x(d"2)"(3/4)*e~(9/2) + sqrt(-4*d~2x*e
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T2 + b72)*b*x(d72) " (3/4)*e”(9/2)) *cos(1/2*xreal_part(arccos(1/2*bxe~(-1)/abs(
d))))*cosh(1/2ximag part(arccos(1/2*bxe~(-1)/abs(d)))) "3*e*xsin(1/2*real_par
t(arccos(1/2*b*e”(-1)/abs(d)))) "2 - 3*(4x(d"2)7(3/4)*d"2*%e”(13/2) - b~2*(d”
2)7(3/4)*e~(9/2) + sqrt(-4*d~2*xe”2 + b~2)*b*x(d"2)~(3/4)*e~(9/2))*cos(1/2*re
al_part(arccos(1/2xbxe”(-1)/abs(d)))) ~"3*cosh(1/2ximag_part(arccos(1/2*bxe”(
-1)/abs(d)))) "2*exsinh(1/2*imag_part(arccos(1/2xbxe~(-1)/abs(d)))) + 9% (4x(
d~2)~(3/4)*d"2xe~(13/2) - b~2%(d"2)"(3/4)*e~(9/2) + sqrt(-4*d~2%e”2 + b~2)*
b*(d~2)~(3/4)*e~(9/2) ) *cos(1/2*real_part(arccos(1/2xb*e”(-1)/abs(d))))*cosh
(1/2*imag_part(arccos(1/2*b*xe~(-1)/abs(d)))) "2xe*sin(1/2*real part(arccos(l
/2¥b*xe~(-1)/abs(d)))) "2xsinh(1/2*imag part(arccos(1/2xb*xe”~(-1)/abs(d)))) +
3% (4% (d"2)~(3/4)*d"2xe~(13/2) - b™2x(d"2)"(3/4)*e~(9/2) + sqrt(-4*d~2xe"2 +
b~2) *b* (d"2) " (3/4)*e~(9/2) ) *cos (1/2*real part(arccos(1/2*bxe~(-1)/abs(d)))
) "3*cosh(1/2*imag part (arccos(1/2*xbxe”(-1)/abs(d))))*e*sinh(1/2*imag_part(a
rccos (1/2*%b*e”(-1)/abs(d)))) "2 - 9x(4x(d"2)"(3/4)*d"2%e~(13/2) - b~2x(d"2)"
(3/4)*e~(9/2) + sqrt(-4*d~2*e”2 + b~2)*b*x(d~2)~(3/4)*e~(9/2))*cos(1/2*real _
part(arccos(1/2*b*e”(-1)/abs(d))))*cosh(1/2ximag_part(arccos(1/2*b*xe”~(-1)/a
bs(d))))*exsin(1/2xreal_part(arccos(1/2*b*e”~(-1)/abs(d)))) "2*sinh(1/2*imag_
part(arccos(1/2*b*e”(-1)/abs(d)))) "2 - (4%x(d~2)~(3/4)*d"2*e~(13/2) - b™2x(d
~2)7(3/4)*e~(9/2) + sqrt(-4xd~2xe”2 + b~2)*b*(d"2)"(3/4)*e”(9/2))*cos(1/2*r
eal part(arccos(1/2*b*xe~(-1)/abs(d)))) 3*e*sinh(1/2*imag part(arccos(1/2*bx*
e~ (-1)/abs(d)))) "3 + 3x(4%(d"2)"(3/4)*d"2%e~(13/2) - b~2%(d"2)"(3/4)*e~(9/2
) + sqrt(-4*xd~2xe”2 + b~2)*b*x(d"2) " (3/4)*e”(9/2))*cos(1/2*real part(arccos(
1/2*b*e~(-1) /abs(d))))*exsin(1/2*real part(arccos(1/2*b*e”(-1)/abs(d)))) 2%
sinh(1/2*imag_part(arccos(1/2*b*xe~(-1)/abs(d)))) "3 + (4x(d"2)~(1/4)*d"3*e"(
15/2) - b72x(d"2) " (1/4)*d*e~(11/2) + sqrt(-4xd~2*e”2 + b~2)*b*x(d~2)~(1/4)*d
xe~(11/2))*cos(1/2*real_part(arccos(1/2*b*e~(-1)/abs(d))))*cosh(1/2*imag pa
rt(arccos(1/2*b*xe”(-1)/abs(d)))) - (4x(d~2)~(1/4)*d"3*e~(156/2) - b~2%(d"2)~
(1/4)*dxe~(11/2) + sqrt(-4*xd~2*e”2 + b~2)*b*x(d"2) " (1/4)*d*e”~ (11/2))*cos(1/2
xreal part(arccos(1/2*xbxe”(-1)/abs(d))))*sinh(1/2*imag part (arccos(1/2xb*e”
(-1)/abs(d)))))*log(2*(d~2)~(1/4)*x*cos(1/2*arccos(1/2*b*e~(-1) /abs(d)))*e”
(-1/2) + x72 + sqrt(d~2)*e~(-1))/(4xd"4*e”8 - b~2xd"2*e"6) - 1/4%((4x(d~2)"
(3/4)*d~2%e~(13/2) - b™2x(d"2)"(3/4)*e~(9/2) + sqrt(-4*d~2%e"2 + b~2)*b*(d”
2)~(3/4)*e”(9/2))*cos(1/2+real_part(arccos(1/2*b*e” (-1)/abs(d)))) “3xcosh(1/
2ximag_part(arccos(1/2*b*xe~(-1)/abs(d)))) "3xe - 3x(4x(d~2)~(3/4)*d"2xe~ (13/
2) - b™2x(d"2)"(3/4)*e”(9/2) + sqrt(-4xd~2*e~2 + b~2)*b*(d"2)~(3/4)*e~(9/2)
)*cos(1/2xreal part(arccos(1/2*bxe”(-1)/abs(d))))*cosh(1l/2*ximag part(arccos
(1/2%bxe”(-1) /abs(d)))) "3*e*sin(1/2*real_part(arccos(1/2xbxe”(-1)/abs(d))))
T2 - 3x(4%(d72)"(3/4)*d"2%e”(13/2) - b72%(d"2)7(3/4)*e”(9/2) + sqrt(-4*d”2*
e”2 + b72)xb*(d"2) " (3/4)*e~(9/2))*cos(1/2*real_part(arccos(1/2*b*xe~(-1)/abs
(d))))~3*cosh(1/2*ximag_part(arccos(1/2*b*xe~(-1)/abs(d)))) "2*e*sinh(1/2*imag
_part(arccos(1/2xb*e~(-1)/abs(d)))) + 9x(4x(d"2)"(3/4)*d"2%e”(13/2) - b~2x%(
d~2)7(3/4)*e~(9/2) + sqrt(-4*d~2xe”2 + b~2)*b*x(d~2)~(3/4)*e~(9/2))*cos(1/2%
real_part(arccos(1/2xbxe~(-1)/abs(d))))*cosh(1/2*imag_part(arccos(1/2*b*e”(
-1)/abs(d)))) "2*exsin(1/2*real_part(arccos(1/2xb*xe”(-1)/abs(d)))) "2*sinh(1/
2ximag_part(arccos(1/2xb*xe~(-1)/abs(d)))) + 3*x(4x(d"2)~(3/4)*d"2*e”(13/2) -
b~2%(d"2) " (3/4)*e”(9/2) + sqrt(-4*d~2%e”2 + b~2)*b*x(d"2)~(3/4)*e~(9/2))*co
s(1/2*xreal_part(arccos(1/2+bxe”~(-1) /abs(d)))) “3*cosh(1/2*imag_part (arccos(1
/2%b*e”(-1)/abs(d))) ) *e*xsinh(1/2*imag_part(arccos(1/2*b*e”(-1)/abs(d))))"2
- 9% (4%(d”2)7(3/4)*d"2%e”(13/2) - b™2%(d"2)7(3/4)*e~(9/2) + sqrt(-4*d~2xe”2
+ b~2) *b*x(d"2) " (3/4)*e”(9/2) ) *cos (1/2*xreal _part(arccos(1/2*bxe”(-1)/abs(d)
)))*cosh(1/2ximag part(arccos(1/2*xbxe”(-1)/abs(d))))*e*sin(1/2*real part(ar
ccos(1/2%b*xe~(-1)/abs(d)))) "2xsinh(1/2*imag part(arccos(1/2xb*xe”(-1)/abs(d)
)))72 = (4%(d72)7(3/4)*d"2%e”(13/2) - b™2x(d"2)"(3/4)*e”(9/2) + sqrt(-4*d~2
xe”2 + b72)*bx(d"2) " (3/4)*e”(9/2))*cos(1/2*real part(arccos(1/2*b*xe”(-1)/ab
s(d)))) " 3*exsinh(1/2*imag_part(arccos(1/2*bxe~(-1)/abs(d))))~3 + 3*(4x(d"2)
~(3/4)*d"2xe”(13/2) - b~2%(d"2)"(3/4)*e~(9/2) + sqrt(-4*xd~2%e”2 + b~2)*bx(d
~2)7(3/4)*e~(9/2) ) *cos(1/2*real_part(arccos(1/2xbxe~(-1)/abs(d))))*e*xsin(1/
2xreal_part(arccos(1/2*bxe~(-1)/abs(d)))) "2*xsinh(1/2*imag part(arccos(1/2*b
*xe~(-1)/abs(d)))) "3 + (4%(d"2)7(1/4)*d"3%e~(15/2) - b~2*x(d"2)~(1/4)*d*e” (11
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/2) + sqrt(-4*d~2xe”2 + b~2)*b*(d"2) " (1/4)*d*e~(11/2))*cos(1/2*real_part(ar
ccos(1/2%bxe~(-1)/abs(d))))*cosh(1/2*ximag part(arccos(1/2*bxe~(-1)/abs(d)))
) - (4%(d"2)"(1/4)*d"3%e”(15/2) - b~2%(d"2)~(1/4)*d*e~(11/2) + sqrt(-4*d 2%
e”2 + b72)xb*(d"2) " (1/4)*d*e” (11/2))*cos(1/2*real_part(arccos(1/2xb*xe~(-1)/
abs(d))))*sinh(1/2*imag_part (arccos(1/2xb*e”~(-1)/abs(d)))))*log(-2*(d~2)~ (1
/4)*xxcos (1/2*arccos(1/2%b*xe” (-1)/abs(d)))*e~(-1/2) + x"2 + sqrt(d~2)*e~ (-1
))/(4%d"4xe~8 - b~2xd"2%e”6)
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329 [ gy

d2— fx? +e2x*

Optimal. Leaf size=86

\2de—f
2de— f 2de - f

tan-1 (\/Zde+f+2ex) tan-1 ( 2de+f—2€x)

[Out] -(ArcTan[(Sqrt[2*d*e + f] - 2%exx)/Sqrt[2xd*e - f]]/Sqrt[2*dxe - f]) + ArcT
an[(Sqrt[2xd*e + f] + 2xe*xx)/Sqrt[2xd*e - f]11/Sqrt[2*d*e - f]

Rubi [A] time = 0.103915, antiderivative size = 86, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 27, e .

0.111, Rules used = {1161, 618, 204}

_1 [ V2de+f+2ex 1 w/2d€+f—2€x)
tan (—_Zde_f )_ tan (—_Zde_f

\2de - f 2de— f

Antiderivative was successfully verified.

integrand size

[In] Int[(d + exx"2)/(d"2 - f*x"2 + e72%x74) ,x]

[Out] -(ArcTan[(Sqrt[2*d*e + f] - 2%exx)/Sqrt[2xd*e - f]]/Sqrt[2*dxe - f]) + ArcT
an[(Sqrt[2xd*e + f] + 2xe*xx)/Sqrt[2*d*e - f]]1/Sqrt[2*d*e - f]

Rule 1161

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2xc), Int[1/Simp[d/e + g*x + x~2
, x], x], x] + Dist[e/(2*c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQlc*d”2 - a*e”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRtl[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Substl[I
nt[1/8imp[b~2 - 4xa*c - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b"2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps
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1 1
d+ex2 fﬂ_\/z’j‘fo 2dx fﬂ \2de+fx zdx
f d? — fx? + e2x* 2e 2e
Subst [ f 5 d:f dx, x, _ N2derf + Zx) Subst [ f Zd:f dx x, \2de+f 4oy
- ¢ - ¢
T e - e
_1 [ V2de+f—2ex 1 \/2de+f+26x)
tan (—_Zde_f ) tan (—_M_f

Mathematica [B] time = 0.107449, size = 189, normalized size = 2.2

(\/f2—4d2€2+2d€+f) tan™!

o Ve (‘ /f2—4d262—2de—f) tan~! o e
_ ,f2—4d262—f 'f2—4d262—f
+

—f2-4d22-f VF2-ad2-f
\/E /fz — 422

Antiderivative was successfully verified.

[In] Integrate[(d + e*x”2)/(d"2 - f*x72 + e72*x"4),x]

[Out] (((2%d*e + f + Sqrt[-4*xd~2*e”2 + f£72])*ArcTan[(Sqrt[2]*e*x)/Sqrt[-f - Sqrtl[
-4xd"2%e"2 + £72]1])/Sqrt[-f - Sqrt[-4*d"2%e”2 + £72]] + ((-2*d*e - f + Sqr
t[-4*d"2xe"2 + £72])*ArcTan[(Sqrt[2]*e*xx)/Sqrt[-f + Sqrt[-4*d~2*e”2 + £72]]
1)/Sqrt[-f + Sqrt[-4xd~2xe”2 + £72]])/(Sqrt[2]*Sqrt[-4*d"2*e”2 + £72])

Maple [A] time = 0.175, size = 75, normalized size = 0.9

~arctan | (-2ex + y2de + f) \/Zdle—f \/2;e—f+mtan((zex+ 2de ) \/Zolle—fJ \/21116—f

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx"2+d)/(e"2*x~4-f*x~2+d"2) ,x)

[Out] -arctan((-2xe*x+(2*xd*e+f)~(1/2))/(2+xd*xe-f)~(1/2))/(2xd*e-f)~(1/2)+arctan((2
xexx+ (2%dxe+f) " (1/2))/(2xd*xe-£f)~(1/2)) / (2xd*xe-f) " (1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.
f ex? +d i
——dx
e2xt — fx? + d?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)/(e”2*x"~4-f*x72+d"2),x, algorithm="maxima"

[Out] integrate((exx~2 + d)/(e”2*%x74 - fxx"2 + d72), x)
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Fricas [A] time = 1.39025, size = 379, normalized size = 4.41

de—f)x?+d%-2 (ex3~dx)\[-2 de e“x°+(de—
[2de+ f log( (4 f)32:4 fx2(+d2 V-2 +f) y2de — farctan (_\/ng) + VZde—farctan( (;(2112{;

2(2de—J) ' 2de~ f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx"2+d)/(e"2*x"4-f*x"2+d"2),x, algorithm="fricas")

[Out] [-1/2*sqrt(-2*d*xe + f)*log((e™2*xx"4 - (4xd*e - f)*x72 + d72 - 2%(e*x”3 - dx
x)*sqrt(-2*xd*e + £))/(e"2*x"4 - £*x72 + d72))/(2*d*e - f), -(sqrt(2xd*e - f
)*arctan(-e*x/sqrt(2*d*e - f)) + sqrt(2xdxe - f)xarctan(-(e"2*x~3 + (dxe -
f)*x)*sqrt (2xd*e - £)/(2%d"2*xe - d*xf)))/(2xd*xe - f)]

Sympy [A] time = 0.424422, size = 121, normalized size = 1.41

/—Zde flog o, x(—Zde\/TEE 5 ) 1 Zde flog 2+x(2de\/je fof-st )

+
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**x2+d)/ (ex*2kxx*4-f*xx*x*2+d**2) ,x)

[Out] -sqrt(-1/(2xd*e - f))*log(-d/e + x*x*2 + x*x(-2*xd*e*sqrt(-1/(2xd*e - f)) + fx
sqrt(-1/(2xd*e - £)))/e)/2 + sqrt(-1/(2xd*e - f))*log(-d/e + x**2 + x*(2*dx*
exsqrt(-1/(2*d*e - £f)) - fxsqrt(-1/(2xdxe - £)))/e)/2

Giac [C] time = 1.59795, size = 5387, normalized size = 62.64

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx~2+d)/(e"2*x~4-f*x"2+d"2),x, algorithm="giac")

[Out] 1/2%(3%(4x(d"2)7(3/4)*d"2%e~(13/2) - (d72)"(3/4)*f"2xe”~(9/2) + sqrt(-4*d~2x*
e”2 + £72)x(d"2) " (3/4)*f*e~(9/2))*cos(1/2*real part(arccos(1l/2xf*e~(-1)/abs
(d)))) "2*xcosh(1/2*imag_part(arccos(1/2xf*e”(-1)/abs(d)))) "3*exsin(1/2*real
part(arccos(1/2xf*xe”(-1)/abs(d)))) - (4x(d"2)7(3/4)*d"2*xe~(13/2) - (d72)7(3
/4)*£72%xe~(9/2) + sqrt(-4xd~2%e”2 + £72)*(d"2)"(3/4)*f*e~(9/2))*cosh(1/2*im
ag_part(arccos(1/2*xfxe”(-1)/abs(d)))) "3*e*xsin(1/2*real_part (arccos(1/2xf*e”
(-1)/abs(d)))) "3 - 9% (4%(d”2)~(3/4)*d"2xe~(13/2) - (d72)"(3/4)*f~2%e~(9/2)
+ sqrt(-4*d~2*xe”2 + £72)*(d"2)~(3/4)*f*e~(9/2))*cos(1/2*real_part(arccos(1/
2xfxe”(-1)/abs(d)))) "2*cosh(1/2*imag_part(arccos(1/2xf*e~(-1)/abs(d)))) "2x*e
*sin(1/2*real part(arccos(1/2+f*e~(-1)/abs(d))))*sinh(1/2*imag part (arccos(
1/2xf*e~(-1)/abs(d)))) + 3*%(4x(d"2)"(3/4)*d"2%e~(13/2) - (d72)7(3/4)*f"2xe”
(9/2) + sqrt(-4*d~2xe"2 + £72)*(d"2)"(3/4)*f*e~(9/2))*cosh(1/2*imag part(ar
ccos(1/2*f*xe~(-1)/abs(d)))) "2xe*sin(1/2*real part(arccos(1l/2*fxe~(-1)/abs(d
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)))) " 3*sinh(1/2ximag part(arccos(1/2*f*e”(-1)/abs(d)))) + 9*(4x(d"2)~(3/4)*
d"2%e”(13/2) - (d72)7(3/4)*f72xe”(9/2) + sqrt(-4xd~2%e”2 + £72)*(d"2)7(3/4)
xf*xe”(9/2))*cos(1/2*real_part(arccos(1/2xf*e”(-1)/abs(d)))) "2*cosh(1/2*imag
_part(arccos(1/2xf*e~(-1)/abs(d))))*e*xsin(1/2*real_part(arccos(1/2xfxe”(-1)
/abs(d))))*sinh(1/2*imag_part (arccos(1/2*xf*xe~(-1)/abs(d)))) "2 - 3*(4x(d"2)"
(3/4)*d"2xe”(13/2) - (d72)7(3/4)*£72xe~(9/2) + sqrt(-4xd~2*e”2 + £72)*(d"2)
~(3/4)*f*e”~(9/2))*cosh(1/2*imag_part(arccos(1/2xfxe~(-1)/abs(d))))*e*xsin(1/
2xreal_part(arccos(1/2*xf*xe~(-1)/abs(d)))) "3*sinh(1/2*imag part (arccos(1/2*f
e~ (-1)/abs(d)))) "2 - 3% (4*x(d"2)7(3/4)*d"2*xe~(13/2) - (d72)7(3/4)*f 2xe~(9/
2) + sqrt(-4xd~2*e”2 + £72)*(d~2) " (3/4)*xfxe”(9/2))*cos(1/2*real_part (arccos
(1/2xf*xe~(-1) /abs(d)))) "2xe*xsin(1/2xreal_part(arccos(1/2xf*xe~(-1)/abs(d))))
*sinh(1/2*imag_part(arccos(1/2*xf*e~(-1)/abs(d)))) "3 + (4x(d~2)"(3/4)*d"2xe"
(13/2) - (d72)"(3/4)*£"2%e~(9/2) + sqrt(-4*d~2*e”2 + £72)*(d"2) " (3/4)*f*xe”(
9/2))*exsin(1/2*real_part(arccos(1/2xf*e”~(-1)/abs(d)))) "3*sinh(1/2*imag par
t(arccos(1/2+f*xe~(-1)/abs(d)))) "3 + (4x(d"2)~(1/4)*d"3xe~(15/2) - (d72)"(1/
4)*d*xf"2xe” (11/2) + sqrt(-4xd~2xe”2 + £72)*(d"2) " (1/4)*d*f*e~(11/2))*cosh(1
/2ximag part(arccos(1/2*f*e~(-1)/abs(d))))*sin(1/2*real part(arccos(1/2xfxe
“(-1)/abs(d)))) - (4x(d~2)"(1/4)*d"3*%e”(15/2) - (d~2)~(1/4)*d*f~2xe”~(11/2)
+ sqrt(-4*d~2xe”2 + £72)*(d72) " (1/4) *d*xfxe”(11/2))*sin(1/2*real_part(arccos
(1/2*xfxe~(-1)/abs(d))))*sinh(1/2*imag part(arccos(1/2*xfxe~(-1)/abs(d)))))*a
rctan(((d~2) ~(1/4)*cos(1/2*arccos(1/2xf*e~(-1)/abs(d)))*e~(-1/2) + x)*e~(1/
2)/((d"2)"(1/4)*sin(1/2*arccos(1/2*xf*xe”~(-1)/abs(d)))))/(4xd"4*e"8 - d~2xf"2
*xe"6) + 1/2%(3%(4x(d"2)7(3/4)*d"2*e~(13/2) - (d~2)"(3/4)*f"2%xe~(9/2) + sqrt
(-4xd~2*xe~2 + £72)*(d"2)~(3/4)*fxe~(9/2))*cos(1/2xreal _part(arccos(1/2*f*xe”
(-1)/abs(d)))) "2xcosh(1/2*imag part(arccos(1/2xf*e”(-1)/abs(d)))) "3*exsin(1
/2xreal_part(arccos(1/2*xf*xe~(-1)/abs(d)))) - (4x(d~2)~(3/4)*d"2xe~(13/2) -
(d72)"(3/4)*£72%e~(9/2) + sqrt(-4xd~2xe~2 + £72)*(d"2)"(3/4)*f*e”(9/2))*cos
h(1/2*imag_part(arccos(1/2*f*e~(-1)/abs(d)))) "3*e*sin(1/2*real_part(arccos(
1/2xfxe”(-1)/abs(d)))) "3 - 9*(4x(d"2)"(3/4)*d"2%e” (13/2) - (d72)~(3/4)*f~2%
e~ (9/2) + sqrt(-4*xd~2*xe~2 + £72)*(d"2)"(3/4)*fxe”(9/2))*cos(1/2*real part(a
rccos(1/2*xf*e~(-1)/abs(d)))) "2xcosh(1/2*imag part(arccos(1/2xf*xe”(-1)/abs(d
)))) "2*xe*xsin(1/2*real _part(arccos(1/2xf*e~(-1)/abs(d))))*sinh(1/2*imag part
(arccos(1/2xf*e”(-1)/abs(d)))) + 3*(4x(d"2)7(3/4)*d"2%e~(13/2) - (d"2)~(3/4
)*£72%e7(9/2) + sqrt(-4*xd~2*e”2 + £72)*(d"2) " (3/4)*f*e”(9/2))*cosh(1/2*imag
_part(arccos(1/2xf*e~(-1)/abs(d)))) "2*exsin(1/2*real_part(arccos(1/2xf*xe” (-
1)/abs(d)))) " 3*sinh(1/2*imag_part(arccos(l/2xf*e~(-1)/abs(d)))) + 9*x(4x(d"2
)~ (3/4)*d"2xe~(13/2) - (d72)7(3/4)*f"2%e~(9/2) + sqrt(-4+d~2%e"2 + £72)*(d"
2) " (3/4)*f*xe~(9/2))*cos(1/2xreal part(arccos(1/2*f*e”~(-1)/abs(d)))) "2*cosh(
1/2*imag_part(arccos(1/2*xf*xe~(-1)/abs(d))))*exsin(1/2*real_part(arccos(1/2%
fxe~(-1)/abs(d))))*sinh(1/2ximag part(arccos(1/2*xfxe~(-1)/abs(d)))) "2 - 3*(
4x(d"2) " (3/4)*d"2%e”(13/2) - (d72)"(3/4)*f"2xe~(9/2) + sqrt(-4*d~2%e”2 + £~
2)*(d~2)"(3/4) *f*e~(9/2) ) *cosh(1/2ximag_part (arccos(1/2*xf*e”~(-1)/abs(d))))*
exsin(1/2*real_part(arccos(1/2xf*e”(-1)/abs(d)))) "3*sinh(1/2*imag_part(arcc
os(1/2xfxe~(-1)/abs(d)))) "2 - 3*x(4*(d"2)"(3/4)*d"2*e~(13/2) - (d~2)~(3/4)*f
“2%e7(9/2) + sqrt(-4xd~2*xe”2 + £72)*(d"2)"(3/4)*fxe”(9/2))*cos(1/2*real par
t(arccos(1/2xfxe~(-1)/abs(d)))) "2*e*xsin(1/2*real_part(arccos(1/2xf*xe”~(-1)/a
bs(d))))*sinh(1/2*imag_part(arccos(1/2*f*e~(-1)/abs(d)))) "3 + (4*(d"2)"(3/4
)*¥d"2xe~(13/2) - (d72)7(3/4)*f72%e”(9/2) + sqrt(-4*d~2%e”2 + £72)*(d~2)"(3/
4)*xf*xe~(9/2))*exsin(1/2*real part(arccos(1/2xf*e~(-1)/abs(d)))) "3*sinh(1/2x%
imag part(arccos(1/2*xfxe”(-1)/abs(d))))~3 + (4x(d"2)~(1/4)*d"3*e~(15/2) - (
d~2) 7 (1/4) *d*xf~2%e” (11/2) + sqrt(-4*d~2*e”2 + £72)x(d"2)~(1/4) *d*xfxe”(11/2)
)*cosh(1/2*imag part(arccos(1/2*xf*e~(-1)/abs(d))))*sin(1/2*real part(arccos
(1/2xf*xe”™(-1)/abs(d)))) - (4*x(d"2)"(1/4)*d"3*e”(15/2) - (d"2)7(1/4)*d*f~2%e
~(11/2) + sqrt(-4*xd~2xe”2 + £72)*(d"2) "~ (1/4)*dxf*e~(11/2))*sin(1/2xreal par
t(arccos(1/2xfxe”(-1)/abs(d))))*sinh(1/2*imag part (arccos(1/2xf*e”(-1)/abs(
d)))))*arctan(-((d~2)~(1/4)*cos(1/2*arccos(1/2*xf*e”(-1)/abs(d)))*e~(-1/2) -
x)*e”(1/2)/((d"2)~(1/4)*sin(1/2*arccos(1/2xf*e~(-1)/abs(d)))))/(4xd"4*e"8
- d7"2%f72%e76) + 1/4%x((4%x(d"2)7(3/4)*d"2*%e”(13/2) - (d~2)~(3/4)*f"2xe~(9/2)
+ sqrt(-4*d~2%e”2 + £72)*(d"2)"(3/4)*f*e”~(9/2))*cos(1/2*real part(arccos(1
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/2xf*xe~(-1)/abs(d)))) "3*cosh(1/2*imag part(arccos(1/2xf*e”(-1)/abs(d)))) 3%
e — 3x(4x(d"2)"(3/4)*d"2xe~(13/2) - (d"2)"(3/4)*f72xe~(9/2) + sqrt(-4*d~2xe
2 + £72)%(d"2) " (3/4) *fxe”(9/2) ) *cos (1/2*xreal _part(arccos(1/2*xf*xe~(-1)/abs(
d))))*cosh(1/2ximag part(arccos(1/2*xfxe~(-1)/abs(d)))) "3*e*xsin(1/2*real par
t(arccos(1/2+f*xe~(-1)/abs(d)))) "2 - 3*(4x(d"2)~(3/4)*d"2xe~(13/2) - (d72)(
3/4)*x£72%xe~(9/2) + sqrt(-4*d"2xe”2 + £72)*%(d"2) 7 (3/4)*f*e”~(9/2))*cos(1/2*re
al_part(arccos(1/2xf*e”(-1)/abs(d)))) ~3xcosh(1/2*imag_part(arccos(1/2xf*e”(
-1)/abs(d)))) "2*exsinh(1/2*imag part (arccos(1/2*xfxe”(-1)/abs(d)))) + 9% (4x*(
d~2)7(3/4)*d"2xe~(13/2) - (d72)7(3/4)*f"2*%e~(9/2) + sqrt(-4xd~2xe"2 + £72)x
(d72)~(3/4) *f*e~(9/2) ) *cos(1/2*real _part(arccos(1l/2xf*xe”(-1)/abs(d))))*cosh
(1/2*imag_part(arccos(1/2*f*xe~(-1)/abs(d)))) "2xe*sin(1/2*real_part(arccos(1
/2xf*xe~(-1)/abs(d)))) "2*sinh(1/2*imag part(arccos(1/2xf*e~(-1)/abs(d)))) +
3% (4x(d”2)"(3/4)*d"2xe”~(13/2) - (d72)"(3/4)*f"2%e~(9/2) + sqrt(-4xd~2xe"2 +
£72)%(d72) " (3/4) *f*e~(9/2) ) *xcos(1/2*real_part(arccos(1l/2xf*e~(-1)/abs(d)))
) "3*cosh(1/2ximag part(arccos(1/2*xfxe”(-1)/abs(d))))*e*sinh(1/2*imag _part(a
rccos(1/2*xf*xe”~(-1)/abs(d)))) "2 - 9*(4x(d"2)"(3/4)*d"2xe~(13/2) - (d"2)"(3/4
)¥£72%e7(9/2) + sqrt(-4*d~2%e”2 + £72)*(d72)7(3/4) *f*e”(9/2))*cos(1/2*real _
part(arccos(1/2xf*e”(-1)/abs(d))))*cosh(1/2*imag_part(arccos(1/2xf*xe”~(-1)/a
bs(d))))*e*xsin(1/2xreal part(arccos(1/2*xfxe~(-1)/abs(d)))) "2*sinh(1/2*imag_
part(arccos(1/2xf*xe”(-1)/abs(d)))) "2 - (4x(d~2)~(3/4)*d"2xe~(13/2) - (d"2)~
(3/4)*£72%e~(9/2) + sqrt(-4*xd~2xe"2 + £72)*(d"2) " (3/4)*f*xe~(9/2))*cos(1/2*r
eal part(arccos(1/2xf*e”(-1)/abs(d)))) "3*exsinh(1/2*imag_part (arccos(1/2*fx*
e~ (-1)/abs(d)))) "3 + 3*(4%(d"2)~(3/4)*d"2xe” (13/2) - (d72)7(3/4)*f"2xe”(9/2
) + sqrt(-4*xd"2%e”2 + £72)*(d"2)"(3/4)*f*e~(9/2))*cos(1/2*real_part(arccos(
1/2xfxe~(-1)/abs(d))))*e*xsin(1/2*xreal part(arccos(1/2*f*e~(-1)/abs(d)))) 2%
sinh(1/2ximag_part(arccos(1/2*f*e~(-1)/abs(d)))) "3 + (4x(d"2)"(1/4)*d"3xe"(
16/2) - (d72)7(1/4)*d*f~2xe~(11/2) + sqrt(-4*d~2xe”2 + £72)*(d~2) " (1/4)*dx*f
*xe~(11/2))*cos(1/2*xreal_part(arccos(1/2+fxe~(-1)/abs(d))))*cosh(1/2*imag_pa
rt(arccos(1/2xfxe~(-1)/abs(d)))) - (4x(d"2)"(1/4)*d"3*e”(156/2) - (d72)"(1/4
)*d*xf"2%e~(11/2) + sqrt(-4*xd~2*xe”2 + £72)*(d"2) " (1/4)*d*xf*e~(11/2))*cos(1/2
xreal part(arccos(1/2*xfxe”(-1)/abs(d))))*sinh(1/2*imag part(arccos(1/2xf*e”
(-1)/abs(d)))))*log(2*(d~2) " (1/4)*x*cos(1/2*arccos(1/2*xf*e~(-1)/abs(d)))*e”
(-1/2) + x72 + sqrt(d™2)*e”(-1))/(4xd"4*e”8 - d~2xf"2%e"6) - 1/4%x((4*x(d"2)"
(3/4)*d"2%e~(13/2) - (d72)7(3/4)*f"2%e~(9/2) + sqrt(-4*d~2%e”2 + £72)*(d"2)
~(3/4)*f*e~(9/2))*cos(1/2*real_part(arccos(1/2xf*e”(-1)/abs(d)))) "3*cosh(1/
2+imag_part(arccos(1/2*f*e~(-1)/abs(d)))) "3xe - 3%(4*(d~2)~(3/4)*d"2*e” (13/
2) - (d72)7(3/4)x£72%xe”(9/2) + sqrt(-4*d~2*e”2 + £72)*(d”2)~(3/4)*f*xe~(9/2)
)xcos(1/2*real part(arccos(1/2*f*e~(-1)/abs(d))))*cosh(1/2*imag part(arccos
(1/2*fxe”~(-1)/abs(d)))) "3*e*sin(1/2*real_part(arccos(1/2xf*e”(-1)/abs(d))))
T2 - 3%(4%(d72)7(3/4)*d"2%e”(13/2) - (d72)7(3/4)*f72%e”(9/2) + sqrt(-4*d~2x
e”2 + £72)x(d72) " (3/4)*f*e~(9/2))*xcos(1/2*real part(arccos(1l/2*xf*e~(-1)/abs
(d))))~3*cosh(1/2*imag_part(arccos(1/2*f*e”(-1)/abs(d)))) 2*e*sinh(1/2*imag
_part(arccos(1/2xf*e~(-1)/abs(d)))) + 9%(4*(d~2)~(3/4)*d"2*e~(13/2) - (d"2)
~(3/4)*f72xe”(9/2) + sqrt(-4*xd~2*e”2 + £72)*(d72) " (3/4)*f*e~(9/2))*cos(1/2x
real part(arccos(1/2*f*e~(-1)/abs(d))))*cosh(1/2*imag _part(arccos(1/2*f*xe"(
-1)/abs(d)))) "2*exsin(1/2*real part(arccos(1/2xf*e”(-1)/abs(d)))) "2*sinh(1/
2ximag part(arccos(1/2*xf*e~(-1)/abs(d)))) + 3*x(4x(d"2)~(3/4)*d"2*e”(13/2) -
(d72)"(3/4)*£72%e~(9/2) + sqrt(-4xd~2xe"2 + £72)*(d72)"(3/4)*f*e~(9/2))*co
s(1/2*real_part(arccos(1/2*xf*e”(-1)/abs(d)))) "3xcosh(1/2*imag_part(arccos (1
/2*fxe~(-1)/abs(d))))*exsinh(1/2*imag part(arccos(1/2xf*e”(-1)/abs(d)))) "2
- 9% (4%(d"2)"(3/4)*d"2xe~(13/2) - (d"2)7(3/4)*f72xe~(9/2) + sqrt(-4*d~2xe~2
+ £72)%(d"2) " (3/4)*xfxe~(9/2) ) *cos(1/2*real_part (arccos(1/2*xf*e~(-1)/abs(d)
)))*cosh(1/2*imag part (arccos(1/2*xfxe”(-1)/abs(d))))*e*sin(1/2*real_part(ar
ccos(1/2*xf*e”~(-1)/abs(d)))) "2*sinh(1/2*imag_part(arccos(1/2*xf*e~(-1)/abs(d)
)))72 - (4%(d72)7(8/4)*d"2%e” (13/2) - (d72)7(3/4)*f72%e~(9/2) + sqrt(-4xd~2
xe”2 + £72)*%(d"2) " (3/4)*xf*e”(9/2))*cos(1/2*real_part(arccos(1/2xfxe”~(-1)/ab
s(d)))) "3*e*sinh(1/2*imag_part(arccos(1/2xfxe~(-1)/abs(d)))) "3 + 3*(4%(d"2)
~(3/4)*d"2xe”(13/2) - (d72)7(3/4)*£72xe”(9/2) + sqrt(-4*xd~2*e”2 + £72)*(d"2
)~ (3/4)*fxe~(9/2) ) *cos(1/2*real part(arccos(1/2xfxe~(-1)/abs(d))))*e*sin(1/
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2*real_part(arccos(1/2xf*xe”(-1)/abs(d)))) "2xsinh(1/2*imag_part (arccos(1/2*f
xe”(-1)/abs(d)))) "3 + (4x(d"2)"(1/4)*d"3*e”(15/2) - (d"2)~(1/4)*d*f~2*e”~ (11
/2) + sqrt(-4xd~2*xe”2 + £72)*(d"2)7(1/4)*d*f*e~(11/2))*cos(1/2*real_part(ar
ccos(1/2xf*xe~(-1)/abs(d))))*cosh(1/2*ximag part(arccos(1/2*xfxe~(-1)/abs(d)))
) - (4%(d72)7(1/4)*d"3*%e~(15/2) - (d~2)~(1/4)*d*xf~2xe~(11/2) + sqrt(-4*d~2x
e”2 + £72)x(d"2) " (1/4)*d*fxe” (11/2))*cos(1/2*real part(arccos(1/2*xfxe”~(-1)/
abs(d))))*sinh(1/2*imag part(arccos(1/2xf*xe~(-1)/abs(d)))))*log(-2x(d~2)" (1
/4)*x*cos (1/2xarccos(1/2*xfxe”(-1) /abs(d)))*e”~(-1/2) + x72 + sqrt(d~2)*e” (-1
))/(4xd"4xe”8 - d"2xf"2%e”6)
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330 [ gy

d2+bx?+e2x*
Optimal. Leaf size=78

log (xVZde —b+d+ exz) log (—x\/Zde —b+d+ exz)
2V2de-b 2V2de-b

[Out] -Logld - Sqrt[-b + 2*d*el*x + exx~2]/(2xSqrt[-b + 2xd*e]) + Logld + Sqrt[-b
+ 2*d*el*x + e*xx~2]/(2xSqrt[-b + 2*dxe])

Rubi [A] time = 0.0515393, antiderivative size = 78, normalized size of antiderivative

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 27, e e -

integrand size
0.074, Rules used = {1164, 628}

log (xVZde -b+d+ exz) log (—x\/2de -b+d+ exz)
2V2de - b 2V2de - b

Antiderivative was successfully verified.

[In] Int[(d - exx"2)/(d"2 + b*x"2 + e"2%x"4),x]

[Out] -Logld - Sqrt[-b + 2*d*xe]l*x + exx~2]/(2*Sqrt[-b + 2xd*e]) + Logld + Sqrt[-b
+ 2*d*xel*x + exx”2]/(2%Sqrt[-b + 2xdx*e])

Rule 1164

Int[((d_) + (e_)*x(x_)"2)/((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2%d)/e - b/c, 2]}, Dist[e/(2*cxq), Int[(q - 2*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2%c*xq), Int[(q + 2*x)/Simp[d/e - gq*x - x~
2, x], x], x1]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*xc, 0] && EqQl[c
*d"2 - a*e”2, 0] && !'GtQ[b~2 - 4x*axc, 0]

Rule 628

Int[((d_) + (e_)*(x))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps

@+2x \/—b:W_Zx
_ ex f _g_\/mx 2 dx f _E+ V=b+2dex 2
d — _ e e _ e e
f d2 + bx? + e2x* 2v/-b + 2de 2V-b + 2de
log (d — V=b + 2dex + exz) log (d + V=b + 2dex + exz)
+
2V=b + 2de 2v=-b + 2de

dx

Mathematica [B] time = 0.120087, size = 182, normalized size = 2.33

(—\/ b2—4d2€2+b+2d€) tan_l[ﬂ] (Vb2—4d262+b+2d6) tan_l[ﬂ]
\b-Vb2-44d2¢2 v Vi2-442¢2 41

b-Vi2-ad2 N
V2VB2 - 4d2e2
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Antiderivative was successfully verified.

[In] Integrate[(d - exx"2)/(d"2 + b*x"2 + e"2*x"4),x]

[Out] (((b + 2*d*e - Sqrt[b~2 - 4*d~2xe~2])*ArcTan[(Sqrt[2]*e*x)/Sqrt[b - Sqrt[b”
2 - 4xd"2%e72]]1])/Sqrt[b - Sqrt[b~2 - 4xd"2xe"2]] - ((b + 2xd*e + Sqrt[b~2

- 4xd"2xe”2] ) *xArcTan[(Sqrt [2] *e*x)/Sqrt[b + Sqrt[b~2 - 4xd~2*xe~2]]])/Sqrt[b

+ Sqrt[b”2 - 4xd"2xe”2]])/(Sqrt[2]*Sqrt[b~2 - 4xd~2*xe"2])

Maple [A] time = 0.173, size = 88, normalized size = 1.1

1 1
—\IZCIe—bln(—ex2 +x\/2de—b—d) - —V2de—b1n(d+ex2 +x\/2de—b)

—4de+2b —4de+2b
Verification of antiderivative is not currently implemented for this CAS.

[In] int((-ex*x"2+d)/(e"2*xx"4+b*x~2+d"2) ,x)

[Out] 1/(—4xd*xe+2*xb)*(2xd*e-b) "~ (1/2)*1n(—e*xx~2+x*(2*%d*e-b) ~(1/2)-d) -1/ (-4*d*xe+2xb
)* (2xd*xe-b) " (1/2) *1n(d+exx~2+x* (2xd*e-b) ~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

ex? —d
Y
e2x* + bx? + d?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-exx~2+d)/(e”2*x"4+b*x"2+d"2),x, algorithm="maxima")

[Out] -integrate((e*xx”2 - d)/(e”2*x"4 + b*x"2 + d~2), x)

Fricas [A] time = 1.32831, size = 378, normalized size = 4.85

234+ (4 de—b)x?+d?+2 (ex3+dx) V2 de-b V=2 de+b 233 —(de~b)x) V=2 de+b
log Sl rde e 2 (e0 i) Vade ) V—2de+barctan(w)—V—2de+barctan((” (et H)

e2x4+bx2+4d2 2de-b 2 d%e—bd

2\2de—b ’ 2de-b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-exx~2+d)/(e”2%x"4+b*x"2+d"2),x, algorithm="fricas")

[Out] [1/2%1log((e”2*x"4 + (4*xdxe — b)*x"2 + d72 + 2*(exx”3 + dxx)*sqrt(2xd*e - b)
)/(e72*%x"4 + b*xx"2 + d72))/sqrt(2*d*xe - b), -(sqrt(-2*d*e + b)*arctan(sqrt(
-2*%d*e + b)*e*xx/(2*%dxe - b)) - sqrt(-2*dxe + b)*arctan((e”2*x"3 - (d*e - b)
*xx)*sqrt (-2*xdxe + b)/(2xd"2*%e - bxd)))/(2*d*e - b)]
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Sympy [A] time = 0.574788, size = 121, normalized size = 1.55

1 1 1 1
[ 1 loe| 2 4 22 X (_b\/_ b-2de +2de\/ " b-2de ) 1 log| @ + 22 x (b \/ " b2de _Zde\/_ b—2de )
" b-2de 08 B R e " b-2de 08 B R e

2 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx**2+d)/ (e**2*x**4+b*x**2+d**2) ,x)

[Out] sqrt(-1/(b - 2x*d*e))*log(d/e + x**2 + x*(-b*sqrt(-1/(b - 2*xd*e)) + 2*xd*e*sq
rt(-1/(b - 2xd*e)))/e)/2 - sqrt(-1/(b - 2xd*e))*log(d/e + xx*2 + x*(b*sqrt(
-1/(b - 2xd*e)) - 2xd*exsqrt(-1/(b - 2*d*e)))/e)/2

Giac [C] time = 1.63989, size = 5779, normalized size = 74.09

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx~2+d)/(e”2*x"4+b*x~2+d"2),x, algorithm="giac")

[Out] -1/2%(3%(4%(d"2)7(3/4)*d"2*e~(13/2) - b™2%(d"2)"(3/4)*e~(9/2) - sqrt(-4*d~2
*e”2 + b72)*b*(d"2) " (3/4)*e”(9/2))*cos(5/4*pi + 1/2xreal_part(arcsin(1/2%bx
e~ (-1)/abs(d)))) "2*cosh(1/2*imag part(arcsin(1/2*bxe~(-1)/abs(d)))) "3*e*sin
(6/4%pi + 1/2*real_part(arcsin(1/2xbxe~(-1)/abs(d)))) - (4x(d~2)~(3/4)*d"2x
e~ (13/2) - b™2x(d"2)"(3/4)*e~(9/2) - sqrt(-4*d~2%e”2 + b~2)*b*(d~2)~(3/4)*e
~(9/2))*cosh(1/2*imag_part(arcsin(1/2xbxe~(-1)/abs(d)))) "3*e*sin(5/4*pi + 1
/2xreal_part(arcsin(1/2*b*e~(-1)/abs(d))))~3 - 9% (4x(d"2)~(3/4)*d"2xe”~(13/2
) - b™2%x(d72)7(3/4)*e”(9/2) - sqrt(-4*d~2*e”2 + b~2)*b*(d"2)"(3/4)*e~(9/2))
xcos(5/4*pi + 1/2*xreal part(arcsin(1/2*bxe~(-1)/abs(d)))) 2xcosh(1/2*imag p
art(arcsin(1/2*xbxe~(-1)/abs(d)))) "2*e*xsin(5/4*pi + 1/2*real part(arcsin(1/2
*xbxe”(-1)/abs(d))))*sinh(1/2*imag part(arcsin(1/2xbxe~(-1)/abs(d)))) + 3*(4
*(d72) 7 (3/4)*d"2%e”(13/2) - b72%(d"2) " (3/4)*e”(9/2) - sqrt(-4*d"2%e”2 + b~2
)*xbx (d72) " (3/4)*e~(9/2) ) *cosh(1/2*imag part(arcsin(1/2xbxe”~(-1)/abs(d)))) "2
xe*xsin(5/4*pi + 1/2%real_part(arcsin(1/2xb*e”(-1)/abs(d)))) "3*sinh(1/2*imag
_part(arcsin(1/2xb*e~(-1)/abs(d)))) + 9*x(4x(d"2)~(3/4)*d"2*e” (13/2) - b~2x%(
d~2)7(3/4)*e~(9/2) - sqrt(-4*d~2*e”2 + b~2)xb*(d~2)~(3/4)*e~(9/2))*cos(5/4x
pi + 1/2xreal_part(arcsin(1/2*bxe~(-1)/abs(d)))) "2*cosh(1/2*imag_part(arcsi
n(1/2%bxe”~(-1)/abs(d))))*e*sin(5/4*pi + 1/2%real part(arcsin(1/2*b*e~(-1)/a
bs(d))))*sinh(1/2*imag part(arcsin(1/2xb*xe”~(-1)/abs(d)))) "2 - 3*(4*x(d"2)"(3
/4)*d"2xe~(13/2) - b72%(d"2)"(3/4)*e~(9/2) - sqrt(-4xd~2*e”2 + b~2)*b*x(d"2)
~(3/4)*e~(9/2))*cosh(1/2*imag_part (arcsin(1/2*b*xe”(-1)/abs(d))))*exsin(5/4x
pi + 1/2*real_part(arcsin(1/2*b*e”(-1)/abs(d)))) "3*sinh(1/2*imag_part(arcsi
n(1/2xbxe”(-1)/abs(d)))) "2 - 3x(4*(d"2)"(3/4)*d"2*e~(13/2) - b~2*x(d"2)"(3/4
)*e7(9/2) - sqrt(-4xd~2*xe”2 + b~2)*b*x(d"2)~(3/4)*e”(9/2))*cos(5/4xpi + 1/2%
real part(arcsin(1/2xb*e”~(-1)/abs(d)))) "2*exsin(5/4*pi + 1/2*real part(arcs
in(1/2xb*e”(-1)/abs(d))))*sinh(1/2*imag _part(arcsin(1/2xb*e”~(-1)/abs(d))))~
3 + (4x(d”2)7(3/4)*d"2xe”~(13/2) - b~2%(d"2)"(3/4)*e~(9/2) - sqrt(-4xd~2xe”2
+ b72)*xb*x(d"2) " (3/4) *e”(9/2) ) *exsin(5/4*pi + 1/2*real part(arcsin(1/2*b*e”
(-1)/abs(d)))) "3*sinh(1/2*imag part(arcsin(1/2xbxe”~(-1)/abs(d)))) "3 - (4*(d
72)7(1/4)*d"3*%e”(15/2) - b72+(d"2) " (1/4)*d*e”(11/2) - sqrt(-4*d"2*e”2 + b2
)*¥b* (d72) " (1/4) *d*e~(11/2) ) *cosh(1/2*imag part(arcsin(1/2*bxe~(-1)/abs(d)))
)*sin(5/4*pi + 1/2*real_part(arcsin(1/2*xbxe~(-1)/abs(d)))) + (4x(d~2)~(1/4)
*d"3%e7(15/2) - b72x(d"2)"(1/4)*d*e~(11/2) - sqrt(-4*d~2xe”2 + b~2)*b*x(d"2)
~(1/4)*d*e~(11/2))*sin(5/4*pi + 1/2*real_part(arcsin(1/2xb*xe”(-1)/abs(d))))
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*sinh(1/2*imag part(arcsin(1/2xb*e”(-1)/abs(d)))))*arctan(-((d~2)~(1/4)*cos
(6/4*xpi + 1/2%arcsin(1/2*b*xe”(-1)/abs(d)))*e~(-1/2) - x)*e~(1/2)/((d~2)"(1/
4)*sin(5/4*pi + 1/2*%arcsin(1/2*b*xe~(-1)/abs(d)))))/(4*d"4*e”8 - b~2xd"2*e"6
) — 1/2%(3%(4x(d"2)~(3/4)*d"2xe”~ (13/2) - b~2%(d"2)"(3/4)*e~(9/2) - sqrt(-4x
d"2xe”2 + b~2)*b*(d"2) " (3/4)*e~(9/2))*cos(1/4*pi + 1/2%real_part(arcsin(1/2
*b*e”(-1)/abs(d)))) "2*cosh(1/2*imag part(arcsin(1/2xbxe”(-1)/abs(d)))) 3*ex
sin(1/4*pi + 1/2*real part(arcsin(1/2*b*e~(-1)/abs(d)))) - (4x(d"2)~(3/4)*d
"2xe”7(13/2) - b72%(d72)"(3/4)*e”(9/2) - sqrt(-4xd~2xe”2 + b~2)*b*(d"2)"(3/4
)*e”~(9/2))*cosh(1/2ximag part(arcsin(1/2*xbxe~(-1)/abs(d)))) "3*e*xsin(1/4x*pi
+ 1/2*real_part(arcsin(1/2xbxe”~(-1)/abs(d)))) "3 - 9% (4*(d~2)"(3/4)*d"2*e" (1
3/2) - 72x(d72)"(3/4)*e”(9/2) - sqrt(-4*d"2*e”2 + b~2)*b*(d"2)~(3/4)*e”(9/
2))*cos(1/4*pi + 1/2*real part(arcsin(1/2xbxe~(-1)/abs(d)))) "2*cosh(1/2*ima
g_part(arcsin(1/2*b*xe~(-1)/abs(d)))) "2xe*sin(1/4*pi + 1/2xreal part(arcsin(
1/2%bxe”(-1) /abs(d))))*sinh(1/2*imag part(arcsin(1/2*xbxe~(-1)/abs(d)))) + 3
*x(4x(d72)"(3/4)*d"2%e~(13/2) - b~2x(d"2)"(3/4)*e~(9/2) - sqrt(-4*d~2*e”2 +
b~2) *bx (d"2) " (3/4)*e~(9/2) ) *cosh(1/2*imag part(arcsin(1/2xbxe~(-1)/abs(d)))
) "2xexsin(1/4xpi + 1/2*real_part(arcsin(1/2*b*e”(-1)/abs(d)))) "3*sinh(1/2*i
mag_part(arcsin(1/2xb*xe”(-1)/abs(d)))) + 9x(4x(d~2)~(3/4)*d"2%e~(13/2) - b~
2%(d72)"(3/4)*e~(9/2) - sqrt(-4xd~2xe”2 + b~2)*b*(d"2)"(3/4)*e~(9/2))*cos(1
/4*pi + 1/2*real part(arcsin(1l/2*b*e~(-1)/abs(d)))) 2*cosh(l/2*imag part(ar
csin(1/2*b*e~(-1)/abs(d))))*exsin(1/4*pi + 1/2*real part(arcsin(1/2*b*e~ (-1
)/abs(d))))*sinh(1/2*imag_part(arcsin(1/2*b*xe~(-1)/abs(d)))) "2 - 3*(4x(d"2)
~(3/4)*d"2xe”(13/2) - b~2%(d"2)"(3/4)*%e~(9/2) - sqrt(-4*d"2%e”2 + b~2)*bx(d
~2)7(3/4)*e”(9/2) ) *cosh(1/2*ximag_part(arcsin(1/2*b*xe~(-1)/abs(d))))*exsin(1
/4*pi + 1/2*real part(arcsin(1/2*b*e~(-1)/abs(d)))) " 3*sinh(1/2*imag part(ar
csin(1/2%bkxe”(-1)/abs(d)))) "2 - 3*(4*(d"2)"(3/4)*d™2%e~(13/2) - b™2%(d"2)~(
3/4)*e”(9/2) - sqrt(-4*d~2*e”2 + b~2)*b*(d"2) " (3/4)*e~(9/2))*cos(1/4*pi + 1
/2xreal part(arcsin(1/2*b*e~(-1)/abs(d)))) "2*e*sin(1/4*pi + 1/2xreal part(a
rcsin(1/2*bxe~(-1)/abs(d))))*sinh(1/2*imag part(arcsin(1/2*bxe~(-1)/abs(d))
))73 + (4x(d”2)7(3/4)*d"2xe”(13/2) - b~2%(d"2)"(3/4)*e~(9/2) - sqrt(-4xd~2x
e"2 + b~2)*bx(d"2)"(3/4)*e~(9/2) ) *exsin(1/4*pi + 1/2*xreal_part(arcsin(1/2xb
*e”~(-1)/abs(d)))) "3*sinh(1/2*imag_part(arcsin(1/2*bxe”~(-1)/abs(d))))"3 - (4
*x(d72) 7 (1/4)*d"3%e”(15/2) - b~2%(d"2)~(1/4)*d*e”~(11/2) - sqrt(-4xd~2*e"2 +
b~2) *b* (d"2) " (1/4)*d*e” (11/2) ) *cosh(1/2*imag_part(arcsin(1l/2*b*e~(-1)/abs(d
))))*sin(1/4*pi + 1/2*real part(arcsin(1/2xb*xe”~(-1)/abs(d)))) + (4*x(d"2)" (1
/4)*d"3%e~(15/2) - b~2%(d"2)"(1/4)*d*e”(11/2) - sqrt(-4*d~2xe”2 + b~2)*bx(d
~2)7(1/4)*d*xe” (11/2) )*sin(1/4*pi + 1/2*real part(arcsin(1/2*bxe”(-1)/abs(d)
)))*sinh(1/2*imag part(arcsin(1/2*b*e”(-1)/abs(d)))))*arctan(-((d~2)~(1/4)*
cos(1/4xpi + 1/2%arcsin(1/2xbxe”(-1)/abs(d)))*e~(-1/2) - x)*e”(1/2)/((d"2)"
(1/4)*sin(1/4*pi + 1/2%arcsin(1/2*xbxe~(-1)/abs(d)))))/(4*xd"4*e"8 - b~ 2*d~2%
e"6) + 1/4x((4x(d~2)7(3/4)*d"2*xe~(13/2) - b~2%(d"2)~(3/4)*e~(9/2) - sqrt(-4
*d"2%e”2 + b~2)*bx(d"2) " (3/4)*e~(9/2))*cos(5/4*pi + 1/2*real_part(arcsin(1/
2%bxe” (-1) /abs(d)))) "3*cosh(1/2+imag part(arcsin(1/2*b*e”(-1)/abs(d)))) 3*e
- 3%(4x(d"2)"(3/4)*d"2xe”~ (13/2) - b~2%(d"2)"(3/4)*e~(9/2) - sqrt(-4xd~2xe”
2 + b72)*bx(d"2) " (3/4)*e”(9/2) ) *cos(5/4*pi + 1/2*real part(arcsin(1/2xb*e”(
-1)/abs(d))))*cosh(1/2*imag part(arcsin(1/2xb*e”(-1)/abs(d)))) "3*exsin(5/4x
pi + 1/2%real_part(arcsin(1/2*b*xe”(-1)/abs(d)))) "2 - 3*(4*x(d"2)~(3/4)*d"2x*e
~(13/2) - b~2%(d"2)"(3/4)*e~(9/2) - sqrt(-4*xd~2*e”2 + b~2)*b*(d~2)~(3/4)*e”
(9/2))*cos(5/4*pi + 1/2+real_part(arcsin(1/2*b*e”(-1)/abs(d)))) "3*cosh(1/2%
imag part(arcsin(1/2*bxe”(-1)/abs(d)))) "2*e*xsinh(1/2*imag part(arcsin(1/2*Db
*xe”(-1)/abs(d)))) + 9%(4*x(d~2)"(3/4)*d"2%e”(13/2) - b™2x(d"2)~(3/4)*e~(9/2)
- sqrt(-4*d~2*%e”2 + b~2)*b*(d"2)~(3/4)*e”~(9/2))*cos(5/4*pi + 1/2xreal_part
(arcsin(1/2*bxe~(-1)/abs(d))))*cosh(1/2*ximag part(arcsin(1/2*bxe~(-1)/abs(d
)))) "2*xe*xsin(5/4*pi + 1/2xreal part(arcsin(1/2*bxe”(-1)/abs(d)))) 2*sinh(1/
2ximag_part(arcsin(1/2*b*xe~(-1)/abs(d)))) + 3*x(4x(d"2)~(3/4)*d"2*e”(13/2) -
b~2x(d"2) " (3/4)*e”~(9/2) - sqrt(-4*d~2*e”2 + b72)*bx(d"2)~(3/4)*e”~(9/2))*co
s(5/4*pi + 1/2*real part(arcsin(1/2*b*e~(-1)/abs(d)))) 3xcosh(1/2*imag part
(arcsin(1/2*bxe~(-1)/abs(d))))*e*xsinh(1/2*imag part(arcsin(1/2xb*e”(-1)/abs
(d)))) 72 - 9%(4%(d72) " (3/4)*d"2%e”~ (13/2) - b™2x(d"2)"(3/4)*e”(9/2) - sqrt(-
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4xd"2%xe"2 + b~2)*bx(d"2) " (3/4)*e”(9/2))*cos(5/4*pi + 1/2*real_part(arcsin(1
/2%¥bxe~(-1)/abs(d))))*cosh(1/2ximag part(arcsin(1/2*bxe~(-1)/abs(d))))*e*si
n(5/4xpi + 1/2%real part(arcsin(1/2*xbxe”(-1)/abs(d)))) "2*sinh(1/2*imag_part
(arcsin(1/2%b*e”(-1)/abs(d)))) "2 - (4x(d"2)"(3/4)*d"2%e~(13/2) - b~2x(d"2)~
(3/4)*e~(9/2) - sqrt(-4*d~2*xe”2 + b~2)*b*(d~2)~(3/4)*e”(9/2))*cos(5/4*pi +
1/2*real_part(arcsin(1/2*bxe~(-1)/abs(d)))) “3*e*sinh(1/2*imag part(arcsin(l
/2%b*xe”(-1)/abs(d)))) "3 + 3*(4%(d"2)"(3/4)*d"2%e”~ (13/2) - b™2x(d"2)"(3/4)*e
~(9/2) - sqrt(-4xd"2xe”2 + b~2)*bx(d"2) " (3/4)*e”(9/2))*cos(5/4*pi + 1/2*rea
1 part(arcsin(1/2*xbxe~(-1)/abs(d))))*e*sin(5/4*pi + 1/2%real part(arcsin(1/
2%bxe” (-1) /abs(d)))) "2*sinh(1/2*imag_part(arcsin(1/2*b*e~(-1)/abs(d))))"3 -
(4%(d72)"(1/4)*d"3*e~(15/2) - b~2x(d"2) " (1/4)*d*e”(11/2) - sqrt(-4*d~2%e~2
+ b72)*xbx(d"2) 7 (1/4)*d*e” (11/2) ) *cos(5/4*pi + 1/2xreal_part(arcsin(1/2x*bx*e
~(-1)/abs(d))))*cosh(1/2*imag_part(arcsin(1l/2*b*xe~(-1)/abs(d)))) + (4x(d"2)
~(1/4)*d"3%e~(15/2) - b~2%(d"2) " (1/4)*d*e”(11/2) - sqrt(-4*d~2%e"2 + b~2)*b
*x(d72) " (1/4) *d*e~(11/2) ) *cos(5/4*pi + 1/2*real part(arcsin(1l/2xb*xe~(-1)/abs
(d))))*sinh(1/2*imag part(arcsin(1/2xb*xe”(-1)/abs(d)))))*log(-2*(d~2)~(1/4)
xx*xcos (5/4*pi + 1/2*arcsin(1/2*b*e”(-1)/abs(d)))*e”(-1/2) + x~2 + sqrt(d~2)
xe”(-1))/(4xd"4%e”8 - b"2xd"2%e"6) + 1/4%((4*%(d"2)"(3/4)*d"2%e~(13/2) - b~2
*x(d"2)7(3/4)*e~(9/2) - sqrt(-4*d~2xe”2 + b~2)*b*(d"2)~(3/4)*e~(9/2))*cos(1/
4xpi + 1/2*real part(arcsin(1/2xb*e”(-1)/abs(d)))) "3*cosh(1/2ximag part(arc
sin(1/2*xbxe”~(-1)/abs(d))))"3*e - 3*(4*x(d"2)"(3/4)*d"2*e~(13/2) - b~2*(d"2)~
(8/4)*%e~(9/2) - sqrt(-4xd~2*e”2 + b~2)*b*(d"2)~(3/4)*e~(9/2))*cos(1/4*pi +
1/2*real_part(arcsin(1/2%bxe~(-1)/abs(d))))*cosh(1/2*imag_part(arcsin(1/2*b
xe”(-1)/abs(d)))) " 3*e*xsin(1/4*pi + 1/2*real_part(arcsin(1/2xb*e”(-1)/abs(d)
)))72 = 3x(4%(d72)7(3/4)*d"2%e”(13/2) - b™2x(d"2)7(3/4)*e”(9/2) - sqrt(-4x*d
“2xe”2 + b72)*b*x(d”2) " (3/4)*e~(9/2))*cos(1/4xpi + 1/2%real_part(arcsin(1/2x
bxe” (-1)/abs(d)))) "3*cosh(1/2*imag_part(arcsin(1/2*b*xe~(-1)/abs(d)))) "2*e*s
inh(1/2*imag_part(arcsin(1/2*b*e”(-1)/abs(d)))) + 9*(4%(d~2)~(3/4)*d"2*e~ (1
3/2) - b™2x(d"2)"(3/4)*e~(9/2) - sqrt(-4*d~2*e”2 + b~2)*bx(d”~2)~(3/4)*e”~(9/
2))*cos(1/4*pi + 1/2*xreal part(arcsin(1/2*bxe~(-1)/abs(d))))*cosh(1/2*imag_
part(arcsin(1/2*b*xe”(-1)/abs(d)))) "2*exsin(1/4*pi + 1/2*real part(arcsin(1/
2xbxe” (-1)/abs(d)))) "2*sinh(1/2*imag_part(arcsin(1/2*b*e~(-1)/abs(d)))) + 3
*x (4% (d"2) " (3/4)*d"2%e~(13/2) - b72*x(d"2)~(3/4)*e”(9/2) - sqrt(-4*d~2*xe"2 +
b~2) *b* (d"2) " (3/4)*e~(9/2) ) *cos(1/4*xpi + 1/2xreal part(arcsin(1/2*xbxe~(-1)/
abs(d)))) ~3*cosh(1/2*imag part(arcsin(1/2*bxe”(-1)/abs(d))))*e*sinh(1/2*ima
g_part(arcsin(1/2*b*xe~(-1)/abs(d)))) "2 - 9% (4*x(d~2)~(3/4)*d"2*e~(13/2) - b~
2%(d"2)"(3/4)*%e~(9/2) - sqrt(-4xd~2*%e”2 + b~2)*b*(d~2)~(3/4)*e”(9/2))*cos(1
/4*xpi + 1/2%real part(arcsin(1/2*b*e”(-1)/abs(d))))*cosh(1/2*imag part(arcs
in(1/2%b*e”(-1)/abs(d))))*e*xsin(1/4*pi + 1/2%real_part(arcsin(1l/2xb*xe~(-1)/
abs(d)))) "2*xsinh(1/2*imag part(arcsin(1/2*bxe~(-1)/abs(d))))"2 - (4*x(d~2)"(
3/4)*d"2*xe~(13/2) - b™2x(d"2)"(3/4)*e~(9/2) - sqrt(-4xd~2*xe”2 + b~2)*b*x(d"2
)~ (3/4)*e~(9/2))*cos(1/4xpi + 1/2%real part(arcsin(1/2*b*xe~(-1)/abs(d))))"3
xexsinh (1/2*imag part(arcsin(1/2xbxe~(-1)/abs(d)))) "3 + 3% (4x(d~2)~(3/4)*d"
2%e~(13/2) - b72x(d"2)"(3/4)*e~(9/2) - sqrt(-4xd~2*xe”2 + b~2)*b*x(d~2)~(3/4)
xe”(9/2))*cos(1/4*xpi + 1/2xreal part(arcsin(1/2*bxe~(-1)/abs(d))))*e*xsin(1/
4xpi + 1/2*real part(arcsin(1/2xb*e”(-1)/abs(d)))) "2*sinh(1/2*imag part(arc
sin(1/2*b*e~(-1)/abs(d)))) "3 - (4x(d~2)~(1/4)*d"3*e~(15/2) - b~2x(d"2)"(1/4
)*dxe~(11/2) - sqrt(-4*d~2*xe”2 + b~2)*bx(d"2)~(1/4)*d*e~(11/2))*cos(1/4*pi
+ 1/2*real_part(arcsin(1/2*b*e”(-1)/abs(d))))*cosh(1/2*imag part(arcsin(1/2
*bxe~(-1)/abs(d)))) + (4x(d"2)"(1/4)*d"3*e~(15/2) - b~2%(d"2) " (1/4)*d*e” (11
/2) - sqrt(-4xd~2*xe”2 + b~2)*bx(d~2)~(1/4)*d*e~(11/2))*cos(1/4*pi + 1/2*rea
1 part(arcsin(1/2*bxe~(-1)/abs(d))))*sinh(1/2*imag part(arcsin(1/2*bxe~(-1)
/abs(d)))))*log(-2*%(d~2) " (1/4)*x*cos(1/4*pi + 1/2%arcsin(1/2xbxe”(-1)/abs(d
)))*xe”(-1/2) + x72 + sqrt(d~2)*e”(-1))/(4*d"4*e”8 - b~2xd"2xe”6)
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331 [ iy

d2+ fx2+e2x*
Optimal. Leaf size=78

log (xw/Zde —f+d+ exz) log (—x«/Zde —f+d+ exz)

2\2de- f B 2\2de- f

[Out] -Logld - Sqrt[2*xd*e - flxx + exx”2]/(2*Sqrt[2*d*e - f]) + Logld + Sqrt[2*d*
e - flxx + e*xx”2]/(2xSqrt[2*xd*xe - f])

Rubi [A] time = 0.0480425, antiderivative size = 78, normalized size of antiderivative
. . f rul
1., number of steps used = 3, number of rules used = 2, integrand size = 27, number of rules_

0.074, Rules used = {1164, 628}

log (x\/2de —f+d+ exz) log (—x\/Zde —f+d+ exz)

242de - f 24/2de—f

integrand size

Antiderivative was successfully verified.

[In] Int[({d - exx"2)/(d"2 + f*x~2 + e"2%x"4),x]

[Out] -Logld - Sqrt[2*xd*e - f]lxx + e*xx”2]/(2xSqrt[2*d*e - f]) + Logld + Sqrt[2*d*
e - flxx + e*xx”2]/(2xSqrt[2xd*xe - f])

Rule 1164

Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2%d)/e - b/c, 2]}, Dist[e/(2*cxq), Int[(q - 2*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2*c*xq), Int[(q + 2*x)/Simp[d/e - gq*x - x~
2, x], x], x]1]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQl[c
*d"2 - a*xe”2, 0] && !'GtQ[b~2 - 4x*axc, 0]

Rule 628

Int[((d) + (e_)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
Wﬂx —W—Z
[ g [ g
_ex _d_Nefx o L e L
d _ e e _ e e
fd2+fx2+e2x4 2+/2de - f 2+f2de - f
log (d —\2de — fx + exz) log (d +4/2de — fx + exz)
= - +
24/2de - f 2y/2de - f

Mathematica [B] time = 0.129162, size = 182, normalized size = 2.33

_ \/iex -1 \ﬁex
(-Vf2-ad2e?+2de+ f) tan™ | ————|  (Vf2-4d2e2+2de+f)tan —]
f— f2-4d2¢2 ~ A\ f2-4d2e2+ f
f-Vf2-ad2e? VF2-4d2e+ f

V2P —ade
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Antiderivative was successfully verified.

[In] Integrate[(d - exx"2)/(d"2 + f*x72 + e"2*x"4),x]

[Out] (((2xd*e + f - Sqrt[-4*d~2xe”2 + £72])*ArcTan[(Sqrt[2]*e*xx)/Sqrt[f - Sqrt[-
4xd~2xe~2 + £72]1])/Sqrt[f - Sqrt[-4xd~2xe”2 + £72]] - ((2xd*e + f + Sqrt[-
4xd"2xe”2 + £72])*ArcTan[(Sqrt[2]*e*xx)/Sqrt[f + Sqrt[-4*xd~2*xe”2 + £72]]1]1)/S
qrt[f + Sqrt[-4*xd~2*e”2 + £72]])/(Sqrt[2]*Sqrt [-4*xd"2xe"2 + £72])

Maple [A] time = 0.173, size = 69, normalized size = 0.9

1

1 1
—In(d+ex® +xy2de- f) ———— =~ In(-ex? + x/2de — f —d) —
2 ( f)\/Zde—f 2 ( / )\/Zde—f
Verification of antiderivative is not currently implemented for this CAS.
[In] int((-e*x"2+d)/ (e~ 2xx"4+f*x"2+d"2) ,x)

[Out] 1/2*1n(d+exx~2+x*(2%d*e-f)~(1/2))/(2*xd*xe-f)~(1/2)-1/2/(2*xd*e-f)~(1/2)*1n(-e
*x " 2+x*x (2xd*e-f) " (1/2)-d)

Maxima [F] time = 0., size = 0, normalized size = 0.

f ex? —d P
e2xt + fx? + d? x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx~2+d)/(e"2*x"4+f*x"2+d"2),x, algorithm="maxima"

[Out] -integrate((e*xx”2 - d)/(e”2*x"4 + f*x72 + d72), x)

Fricas [A] time = 1.28469, size = 379, normalized size = 4.86

2.4 A\ 2142 3 - - 233 _(de— Z
log e“x +(4de f)x +d°+2 (ex +dx)w/2de f) \/Warctan (_ \/Eex) _ \/marctan (_ (e x (dzedfe)iczi}/ 2 de+f

e2xi+ fx2+d2

2y2de-f ' 2de~f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-exx~2+d)/(e”2*x"4+f*x"2+d"2),x, algorithm="fricas")

[Out] [1/2%1log((e”2*x"4 + (4xdxe - £)*x72 + d72 + 2*(e*x”3 + dxx)*sqrt(2xdxe - f)
)/ (e72xx™4 + f*x72 + d72))/sqrt(2xd*e - f), (sqrt(-2xd*e + f)*arctan(-sqrt(
-2*%d*e + f)xe*xx/(2*dxe - f)) - sqrt(-2*d*e + f)*arctan(-(e"2%x"3 - (d*e - f
)*x)*sqrt (-2*d*e + f)/(2*%d"2%e - d*f)))/(2xd*xe - f)]
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Sympy [A] time = 0.599116, size = 110, normalized size = 1.41

\/; log[ o2y x(—zde\/; Ftf 2,16 ] \/; log[ L2 x(Zde\/Z f Zde )

+
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx**2+d)/ (e**2*x *4+f*x**2+d**2) ,x)

[Out] -sqrt(1/(2*d*xe - f))*log(d/e + x**2 + x*(-2*d*exsqrt(1/(2xd*e - f)) + fxsqr
t(1/(2xd*xe - £)))/e)/2 + sqrt(1/(2xd*e - f))*log(d/e + x**2 + x*(2*d*exsqrt
(1/(2%d*e - £f)) - fxsqrt(1/(2xd*e - £)))/e)/2

Giac [C] time = 1.63378, size = 5779, normalized size = 74.09

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx~2+d)/(e”2xx"4+f*x"2+d"2),x, algorithm="giac")

[Out] -1/2%(3%(4x(d"2)~(3/4)*d"2xe”~(13/2) - (d72)"(3/4)*f72%e~(9/2) - sqrt(-4xd~2
*xe”2 + £72)*(d"2)"(3/4)*f*e”(9/2))*cos(5/4*pi + 1/2xreal_part(arcsin(1/2x*fx
e~ (-1)/abs(d)))) "2*cosh(1/2*imag part(arcsin(1/2*xf*xe~(-1)/abs(d)))) "3*e*sin
(6/4%pi + 1/2*real_part(arcsin(1l/2xfxe~(-1)/abs(d)))) - (4x(d~2)7(3/4)*d"2x
e~ (13/2) - (d72)7(3/4)*f"2xe~(9/2) - sqrt(-4*d~2%e”2 + £72)x(d"2)~(3/4)*f*e
~(9/2))*cosh(1/2*imag_part(arcsin(1/2xfxe~(-1)/abs(d)))) "3*e*sin(5/4*pi + 1
/2*real_part(arcsin(1/2xf*e”(-1)/abs(d)))) "3 - 9x(4x(d~2)"(3/4)*d"2*e~(13/2
) = (d72)7(3/4)*£72%e”~(9/2) - sqrt(-4*xd~2xe”2 + £72)*(d"2) " (3/4)*f*e~(9/2))
xcos(5/4*pi + 1/2*xreal part(arcsin(1l/2*fxe~(-1)/abs(d)))) 2xcosh(1/2*imag p
art (arcsin(1/2*xfxe~(-1)/abs(d)))) "2*e*xsin(5/4*pi + 1/2*real part(arcsin(1/2
xfxe”(-1)/abs(d))))*sinh(1/2*imag part(arcsin(1l/2xfxe~(-1)/abs(d)))) + 3*(4
*(d72) 7 (3/4)*d"2%e” (13/2) - (d72)7(3/4)*f72%e”(9/2) - sqrt(-4xd~2*e”2 + £72
)*x(d~2)"(3/4)*f*e~(9/2) ) *cosh(1/2*imag part(arcsin(1/2xf*e”~(-1)/abs(d)))) "2
xe*xsin(5/4*pi + 1/2%real_part(arcsin(1/2xf*e”(-1)/abs(d)))) "3*sinh(1/2*imag
_part(arcsin(1/2xf*e~(-1)/abs(d)))) + 9x(4x(d"2)~(3/4)*d"2*e~(13/2) - (d72)
~(3/4)*£72xe~(9/2) - sqrt(-4*d~2%e”2 + £72)x(d72) " (3/4)*f*e~(9/2))*cos(5/4x*
pi + 1/2xreal_part(arcsin(1/2*xfxe”(-1)/abs(d)))) "2*cosh(1/2*imag_part(arcsi
n(1/2+fxe~(-1)/abs(d))))*e*sin(5/4*pi + 1/2%real part(arcsin(1/2*fxe~(-1)/a
bs(d))))*sinh(1/2*imag part(arcsin(1/2xf*xe”~(-1)/abs(d)))) "2 - 3*(4*(d"2)"(3
/4)*%d"2%e~(13/2) - (d~2)7(3/4)*£f72%e”(9/2) - sqrt(-4*d~2*e”2 + £72)*(d"2)"(
3/4)*f*xe~(9/2))*cosh(1/2*imag_part(arcsin(1/2xfxe~(-1)/abs(d))))*e*xsin(5/4x*
pi + 1/2*real_part(arcsin(1/2*f*e”(-1)/abs(d)))) "3*sinh(1/2*imag_part(arcsi
n(1/2xfxe~(-1)/abs(d)))) "2 - 3x(4*(d"2)"(3/4)*d"2*e~(13/2) - (d~2)~(3/4)*£f"
2%xe~(9/2) - sqrt(-4xd~2xe”2 + £72)*(d"2) 7 (3/4)*f*e”~(9/2))*cos(5/4*pi + 1/2%
real part(arcsin(1/2xf*e”~(-1)/abs(d)))) "2*exsin(5/4*pi + 1/2*real part(arcs
in(1/2xf*e”(-1)/abs(d))))*sinh(1/2*imag _part(arcsin(1/2xf*e”~(-1)/abs(d))))~
3 + (4%x(d"2)"(3/4)*d"2xe~(13/2) - (d72)"(3/4)*f72xe~(9/2) - sqrt(-4*xd~2xe"2
+ £72)%x(d"2) 7 (3/4) *f*xe~(9/2) ) *exsin(5/4*pi + 1/2*real part(arcsin(1/2*xfx*e”
(-1)/abs(d)))) "3*sinh(1/2*imag part(arcsin(1/2xf*e”~(-1)/abs(d)))) "3 - (4x(d
72)7(1/4)*%d"3%e”(15/2) - (d"2)7(1/4)*d*f"2%e” (11/2) - sqrt(-4xd™2xe”2 + 72
)*(d”2) " (1/4)*d*f*e~(11/2) ) *cosh(1/2*imag part(arcsin(1/2*fxe~(-1)/abs(d)))
)*sin(5/4*pi + 1/2*real_part(arcsin(1/2xfxe~(-1)/abs(d)))) + (4x(d~2)~(1/4)
xd"3%e”(15/2) - (d72)7(1/4)*d*f~2*xe~(11/2) - sqrt(-4*xd~2xe”2 + £72)*(d"2)"(
1/4) *dxfxe” (11/2))*sin(6/4*pi + 1/2*xreal_part(arcsin(1/2*xfxe”(-1)/abs(d))))
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*sinh(1/2*imag part(arcsin(1/2xf*e”(-1)/abs(d)))))*arctan(-((d~2)~(1/4)*cos
(6/4*xpi + 1/2%arcsin(1/2*xf*xe”(-1)/abs(d)))*e”(-1/2) - x)*e~(1/2)/((d~2)"(1/
4)*sin(5/4*pi + 1/2*%arcsin(1/2*f*xe~(-1)/abs(d)))))/(4*d"4*e”8 - d~2xf"2%e"6
) — 1/2%(3%(4%(d"2) " (3/4)*d"2%e~ (13/2) - (d72)7(3/4)*f72xe”(9/2) - sqrt(-4*
d™2xe”2 + £72)*(d"2)"(3/4)*f*e~(9/2))*cos(1/4*pi + 1/2%real_part(arcsin(1/2
*xfxe~(-1)/abs(d)))) "2*cosh(1/2*imag part(arcsin(1/2xf*e”~(-1)/abs(d)))) "3*ex
sin(1/4*pi + 1/2%real part(arcsin(1/2*f*e”(-1)/abs(d)))) - (4x(d"2)"(3/4)*d
“2%e”(13/2) - (d72)7(3/4)*f72%e”(9/2) - sqrt(-4*d~2xe”2 + £72)*(d”2)7(3/4)*
fxe~(9/2))*cosh(1/2*imag part(arcsin(1/2xf*e”(-1)/abs(d)))) "3*exsin(1/4*pi
+ 1/2*real_part(arcsin(1/2xfxe”~(-1)/abs(d)))) "3 - 9% (4*(d~2)"(3/4)*d"2*e" (1
3/2) - (d72)7(3/4)*£72xe~(9/2) - sqrt(-4xd~2xe”2 + £72)*(d"2)~(3/4)*f*e~(9/
2))*cos(1/4*pi + 1/2*real part(arcsin(1/2xfxe~(-1)/abs(d)))) 2*cosh(1/2*ima
g_part(arcsin(1/2*f*xe~(-1)/abs(d)))) "2xe*sin(1/4*pi + 1/2xreal part(arcsin(
1/2xfxe~(-1)/abs(d))))*sinh(1/2*imag part(arcsin(1/2*xf*e~(-1)/abs(d)))) + 3
*x(4x(d72) " (3/4)*d"2%e~ (13/2) - (d72)7(3/4)*f"2xe~(9/2) - sqrt(-4*d~2*e”2 +
£72)x(d72) " (3/4) *f*e~(9/2) ) *xcosh(1/2*imag part(arcsin(1/2xf*e”(-1)/abs(d)))
) "2xexsin(1/4xpi + 1/2*real_part(arcsin(1/2*f*e”~(-1)/abs(d)))) "3*sinh(1/2*i
mag_part(arcsin(1/2xf*xe”~(-1)/abs(d)))) + 9x(4x(d~2)~(3/4)*d"2*e~(13/2) - (d
"2)7(3/4)*£72%e~(9/2) - sqrt(-4xd"2xe”2 + £72)*(d"2)"(3/4)*f*e”(9/2))*cos(1
/4*pi + 1/2*real part(arcsin(1l/2*f*e~(-1)/abs(d)))) 2*cosh(l/2*imag part(ar
csin(1/2*f*e~(-1)/abs(d))))*exsin(1/4*pi + 1/2*real part(arcsin(1l/2*f*e~ (-1
)/abs(d))))*sinh(1/2*imag_part(arcsin(1l/2*f*xe~(-1)/abs(d)))) "2 - 3*(4x(d"2)
~(3/4)*d"2xe~(13/2) - (d72)7(3/4)*f"2%e~(9/2) - sqrt(-4*d"2xe”2 + £72)*(d"2
)~ (3/4)xfxe”(9/2) ) *cosh(1/2*imag_part(arcsin(1l/2*f*e~(-1)/abs(d))))*e*xsin(1
/4*pi + 1/2*real part(arcsin(1l/2*f*e~(-1)/abs(d)))) " 3*sinh(1/2*imag part(ar
csin(1/2*f*e”(-1)/abs(d)))) "2 - 3*(4*(d"2)"(3/4)*d"2%e~(13/2) - (d72)7(3/4)
*f72%e”(9/2) - sqrt(-4*d"2xe”2 + £72)*%(d72) 7 (3/4)*f*e~(9/2))*cos(1/4*pi + 1
/2xreal part(arcsin(1/2*f*e~(-1)/abs(d)))) "2*e*sin(1/4*pi + 1/2xreal part(a
rcsin(1/2*fxe~(-1)/abs(d))))*sinh(1/2*imag part(arcsin(1/2*xfxe~(-1)/abs(d))
))73 + (4x(d”2)7(3/4)*d"2xe~(13/2) - (d72)7(3/4)*f72%e~(9/2) - sqrt(-4xd~2x
e”2 + £72)x(d"2) " (3/4)*xfxe~(9/2) ) *exsin(1/4*pi + 1/2*real_part(arcsin(1/2xf
*e”~(-1)/abs(d)))) "3*sinh(1/2*imag_part(arcsin(1/2+f*e~(-1)/abs(d))))"3 - (4
*x(d"2) 7 (1/4)*d"3%e”(15/2) - (d72)7(1/4)*d*f~2*%e~(11/2) - sqrt(-4xd~2*e"2 +
£72)*x(d72) " (1/4) *d*xf*e” (11/2))*cosh(1/2*imag part(arcsin(1/2xf*e”(-1)/abs(d
))))*sin(1/4*pi + 1/2*real part(arcsin(1/2xf*e”~(-1)/abs(d)))) + (4x(d~2)" (1
/4)*d"3%e”(15/2) - (d72)7(1/4)*d*f"2xe~(11/2) - sqrt(-4xd~2xe”2 + £72)*(d"2
)7 (1/4) *d*xf*xe”(11/2))*sin(1/4*pi + 1/2*real part(arcsin(1/2*f*xe”(-1)/abs(d)
)))*sinh(1/2*imag part(arcsin(1/2xf*xe”(-1)/abs(d)))))*arctan(-((d~2)~(1/4)*
cos(1/4xpi + 1/2*arcsin(1/2xfxe”~(-1)/abs(d)))*e~(-1/2) - x)*e”(1/2)/((d"2)"
(1/4)*sin(1/4*pi + 1/2%arcsin(1/2xfxe~(-1)/abs(d)))))/(4xd~4*e”8 - d~2*f~2x
e"6) + 1/4x((4x(d~2)7(3/4)*d"2*xe~(13/2) - (d~2)~(3/4)*f~2*xe~(9/2) - sqrt(-4
*d"2%e”2 + £72)*(d"2) " (3/4)*xfxe”(9/2))*cos(5/4*pi + 1/2*real_part(arcsin(1/
2+fxe”~(-1)/abs(d)))) "3*cosh(1/2+imag part(arcsin(1/2*f*e~(-1)/abs(d)))) 3*e
- 3%(4x(d"2)"(3/4)*d"2*e”(13/2) - (d72)"(3/4)*f72%e”(9/2) - sqrt(-4*xd~2*e”
2 + £72)*%(d"2)7(3/4)*xf*xe”(9/2) ) *cos(5/4*pi + 1/2*real part(arcsin(1/2xf*e”(
-1)/abs(d))))*cosh(1/2*imag part(arcsin(1/2xf*e”~(-1)/abs(d)))) "3*exsin(5/4x
pi + 1/2%real_part(arcsin(1l/2*xf*xe”(-1)/abs(d)))) "2 - 3x(4*x(d"2)~(3/4)*d"2x*e
~(13/2) - (d72)7(3/4)*f72%e~(9/2) - sqrt(-4xd~2xe”2 + £72)*(d"2)"(3/4)*f*e”
(9/2))*cos(5/4*pi + 1/2+real_part(arcsin(1/2*f*e”(-1)/abs(d)))) "3*cosh(1/2%
imag part(arcsin(1/2*xfxe~(-1)/abs(d)))) "2*e*xsinh(1/2*imag part(arcsin(1/2x*f
*xe”(-1)/abs(d)))) + 9%(4%(d~2)"(3/4)*d"2*%e”(13/2) - (d72)~(3/4)*f"2xe~(9/2)
- sqrt(-4*xd~2*xe”2 + £72)*(d"2) " (3/4)*f*e”~(9/2))*cos(5/4*pi + 1/2xreal_part
(arcsin(1/2*fxe~(-1)/abs(d))))*cosh(1/2*ximag part(arcsin(1/2*fxe~(-1)/abs(d
)))) "2*xe*xsin(5/4*pi + 1/2xreal part(arcsin(1/2*f*e”(-1)/abs(d)))) " 2*sinh(1/
2ximag_part(arcsin(l/2*f*xe~(-1)/abs(d)))) + 3*x(4x(d"2)~(3/4)*d"2*e”(13/2) -
(d72)~(3/4)*f72%e~(9/2) - sqrt(-4xd~2xe”2 + £72)*(d"2)"(3/4)*f*e~(9/2))*co
s(5/4*pi + 1/2*real part(arcsin(1/2*xf*e~(-1)/abs(d)))) 3xcosh(1/2*imag part
(arcsin(1/2*fxe~(-1)/abs(d))))*e*xsinh(1/2*imag part(arcsin(1/2xf*e”~(-1)/abs
(d))))72 - 9%(4%(d72)~(3/4)*d"2%e” (13/2) - (d72)7(3/4)*f72xe”(9/2) - sqrt(-
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4xd"2xe”2 + £72)*(d72) 7 (3/4)*f*e”(9/2))*cos(5/4*pi + 1/2*real_part(arcsin(1
/2xfxe~(-1)/abs(d))))*cosh(1/2ximag part(arcsin(1/2*xfxe~(-1)/abs(d))))*e*si
n(5/4xpi + 1/2%real part(arcsin(1/2xfxe”(-1)/abs(d)))) "2*sinh(1/2*imag_part
(arcsin(1/2xf*e~(-1)/abs(d)))) "2 - (4x(d"2)"(3/4)*d"2xe~(13/2) - (d~2)~(3/4
)*£72%e~(9/2) - sqrt(-4*xd~2*%e”2 + £72)*(d"2)~(3/4)*f*e”(9/2))*cos(5/4*pi +
1/2*real_part(arcsin(1/2*xf*e~(-1)/abs(d)))) “3*e*xsinh(1/2*imag part(arcsin(l
/2xf*xe”(-1)/abs(d)))) "3 + 3*(4%(d"2)~(3/4)*d"2xe”~ (13/2) - (d72)7(3/4)*f"2*e
~(9/2) - sqrt(-4xd"2xe”2 + £72)*(d"2)7(3/4)*f*e”(9/2))*cos(5/4*pi + 1/2*rea
1 part(arcsin(1/2*xfxe~(-1)/abs(d))))*e*sin(5/4*pi + 1/2%real part(arcsin(1/
2%fxe”~(-1)/abs(d)))) "2*sinh(1/2*imag_part(arcsin(1/2*f*e~(-1)/abs(d))))"3 -
(4% (d"2)"(1/4)*d"3*e”~(15/2) - (d"2)7(1/4)*d*f~2*e~(11/2) - sqrt(-4*d~2*xe"2
+ £72)*%(d"2) " (1/4)*dxf*xe”(11/2))*cos(5/4*pi + 1/2%real_part(arcsin(1/2xfx*e
~(-1)/abs(d))))*cosh(1/2*imag_part(arcsin(l/2*xf*xe~(-1)/abs(d)))) + (4x(d"2)
~(1/4)*d"3*e~(15/2) - (d72)7(1/4)*d*f~2xe~(11/2) - sqrt(-4*d~2xe”2 + £72)*(
d~2)~(1/4)*d*xfxe~(11/2))*cos(5/4*pi + 1/2*real part(arcsin(l/2*f*e~(-1)/abs
(d))))*sinh(1/2*imag part(arcsin(1/2xf*e”(-1)/abs(d)))))*log(-2x(d~2)~(1/4)
xx*xcos (5/4*pi + 1/2*arcsin(1/2*xf*e”(-1)/abs(d)))*e”(-1/2) + x~2 + sqrt(d~2)
*xe”(-1))/(4xd"4xe”8 - d™2+f"2%e"6) + 1/4*%((4*(d"2)"(3/4)*d"2*e~(13/2) - (d~
2)7(3/4)*£72xe”(9/2) - sqrt(-4*d~2*xe”2 + £72)*(d"2) " (3/4)*fxe~(9/2))*cos(1/
4xpi + 1/2*real part(arcsin(1/2xf*e”~(-1)/abs(d)))) "3*cosh(1/2ximag part(arc
sin(1/2*xf*xe~(-1)/abs(d)))) "3*e - 3%(4*(d”2)7(3/4)*d"2*e~(13/2) - (d"2)"(3/4
)*¥£72%e7(9/2) - sqrt(-4xd~2xe”2 + £72)*(d72)"(3/4)*f*e”(9/2))*cos(1/4*pi +
1/2*real_part(arcsin(1/2*xf*e~(-1)/abs(d))))*cosh(1/2*imag_part(arcsin(1/2x*f
xe”(-1)/abs(d)))) " 3*e*xsin(1/4*pi + 1/2*real_part(arcsin(1/2xf*xe”(-1)/abs(d)
)))72 - 3%(4%(d72) " (3/4)*d"2xe”(13/2) - (d72)7(3/4)*f72%e”(9/2) - sqrt(-4x*d
“2xe”2 + £72)*%(d"2) " (3/4)*f*xe~(9/2))*cos(1/4*pi + 1/2%real_part(arcsin(1/2x
fxe~(-1)/abs(d)))) " 3*cosh(1/2*imag part(arcsin(1/2xf*xe”(-1)/abs(d)))) ~2*ex*s
inh(1/2*imag_part(arcsin(1/2*f*xe”(-1)/abs(d)))) + 9*(4%(d~2)~(3/4)*d"2*e~ (1
3/2) - (d72)7(3/4)*£72%e”(9/2) - sqrt(-4*xd™2*e”2 + £72)*(d"2) " (3/4)*f*e~(9/
2))*cos(1/4*pi + 1/2*xreal part(arcsin(1/2*fxe~(-1)/abs(d))))*cosh(1/2*imag_
part(arcsin(1/2xf*e”(-1)/abs(d)))) "2*exsin(1/4*pi + 1/2*real part(arcsin(1/
2xfxe”(-1)/abs(d)))) "2*sinh(1/2*imag_part(arcsin(1/2*f*e~(-1)/abs(d)))) + 3
*x (4% (d"2) " (3/4)*d"2%e~(13/2) - (d72)7(3/4)*f"2xe”(9/2) - sqrt(-4*d~2*e"2 +
£72)*x(d72) " (3/4) *f*xe~(9/2) ) *xcos(1/4*pi + 1/2*real _part(arcsin(1l/2*fxe~(-1)/
abs(d)))) ~3*cosh(1/2*imag part(arcsin(1/2*xfxe”(-1)/abs(d))))*e*sinh(1/2*ima
g_part(arcsin(1/2*xf*e~(-1)/abs(d)))) "2 - 9% (4*x(d"2)~(3/4)*d"2xe~(13/2) - (d
~2)7(3/4)%£72%e~(9/2) - sqrt(-4xd~2*xe”2 + £72)*(d"2)"(3/4)*f*e”(9/2))*cos(1
/4*xpi + 1/2%real part(arcsin(1/2*f*e”(-1)/abs(d))))*cosh(1/2*imag part(arcs
in(1/2%f*e”(-1)/abs(d))))*e*xsin(1/4*pi + 1/2%real_part(arcsin(l/2xf*xe”(-1)/
abs(d)))) "2*xsinh(1/2*imag part(arcsin(1/2*fxe~(-1)/abs(d))))"2 - (4*x(d~2)"(
3/4)*d"2xe~(13/2) - (d72)7(3/4)*f~2xe~(9/2) - sqrt(-4*d~2xe”2 + £72)*(d"2)"
(3/4)*fxe~(9/2))*cos(1/4xpi + 1/2*real part(arcsin(1l/2xfxe~(-1)/abs(d))))"3
xexsinh (1/2*imag part(arcsin(1/2xfxe~(-1)/abs(d)))) "3 + 3% (4*x(d"2)~(3/4)*d"~
2xe”~(13/2) - (d72)7(3/4)*£72%e~(9/2) - sqrt(-4*xd~2xe”2 + £72)*(d"2)~(3/4)*f
xe”(9/2))*cos(1/4*xpi + 1/2xreal part(arcsin(1/2*xfxe”(-1)/abs(d))))*e*xsin(1/
4xpi + 1/2*real part(arcsin(1/2xf*e”~(-1)/abs(d)))) "2*sinh(1/2*imag part(arc
sin(1/2*f*xe~(-1)/abs(d)))) "3 - (4%(d"2)"(1/4)*d"3xe~(15/2) - (d72)~(1/4)*dx
£72%xe~(11/2) - sqrt(-4xd~2xe”2 + £72)x(d"2) 7 (1/4)*d*f*e”(11/2))*cos(1/4*pi
+ 1/2xreal_part(arcsin(1/2*fxe”~(-1)/abs(d))))*cosh(1/2*imag_part(arcsin(1/2
*xfxe”(-1)/abs(d)))) + (4x(d"2)7(1/4)*d"3*e”(15/2) - (d72)7(1/4)*d*f~2xe” (11
/2) - sqrt(-4xd~2*xe”2 + £72)*(d"2) " (1/4)*d*f*e~(11/2))*cos(1/4*pi + 1/2*rea
1 part(arcsin(1/2*xfxe~(-1)/abs(d))))*sinh(1/2*imag part(arcsin(1/2*f*e~(-1)
/abs(d)))))*log(-2*%(d~2) " (1/4)*x*cos(1/4*pi + 1/2%arcsin(1/2xf*e”(-1)/abs(d
)))*e”(=1/2) + x72 + sqrt(d™2)*e”(-1))/(4xd"4*e”8 - d~2*f"2%e”6)
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332 [y

d2—bx2+e2x*
Optimal. Leaf size=70

log (x\/b +2de +d + exz) log (—x\/b +2de+d + exz)
2Vb + 2de 2Vb + 2de

[Out] -Logld - Sqrt[b + 2xdxel*x + e*x~2]/(2+Sqrt[b + 2*d*e]) + Logl[d + Sqrt([b +
2xd*e] *x + exx~2]/(2xSqrt[b + 2xdx*e])

Rubi [A] time = 0.0436809, antiderivative size = 70, normalized size of antiderivative

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 28, e e -

integrand size
0.071, Rules used = {1164, 628}

log (x\/b +2de+d + exz) log (—x\/b +2de+d + exz)
2Vb + 2de 2Vb + 2de

Antiderivative was successfully verified.

[In] Int[({d - exx"2)/(d"2 - b*x"2 + e"2%x"4),x]

[Out] -Logld - Sqrt[b + 2*xdxe]l*x + e*x”2]/(2xSqrt[b + 2*d*xe]) + Logld + Sqrt[b +
2xdxe]*x + e*xx”2]/(2xSqrt[b + 2*dxe])

Rule 1164

Int[((d_) + (e_)*x(x_)"2)/((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2%d)/e - b/c, 2]}, Dist[e/(2*cxq), Int[(q - 2*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2%c*xq), Int[(q + 2*x)/Simp[d/e - gq*x - x~
2, x], x], x1]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*xc, 0] && EqQl[c
*d"2 - a*e”2, 0] && !'GtQ[b~2 - 4x*axc, 0]

Rule 628

Int[((d_) + (e_)*(x))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps
Vb+2de Vb+2de
f B +2x T—ZX d
—F— ax f —F— ax
2 d  Vb+2dex 2 _g+\/b+2dex 2
[4 [4

d—ex e
- dx - — e e
f d? — bx* + e%x* 2vb + 2de 2vb + 2de
log (d — Vb + 2dex + exz) log (d + Vb + 2dex + exz)
- +
2Vb + 2de 2Vb + 2de

Mathematica [B] time = 0.133923, size = 190, normalized size = 2.71

(—Vb2—4d262+b—2d€) tan_l[ﬁ] (\/ b2—4d2€2+b—2d€) tan_l[ﬁ]
\ Vb2-4d2¢2-p v -Vi2-4d22-b

N VP-4P3-b
V2VB2 - 4d2e2
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Antiderivative was successfully verified.

[In] Integrate[(d - exx"2)/(d"2 - b*x"2 + e"2*x"4),x]

[Out] (-(((b - 2*d*e + Sqrt[b~2 - 4xd~2xe~2])*ArcTan[(Sqrt[2]*e*x)/Sqrt[-b - Sqrt
[b72 - 4*d~2*e~2]]1])/Sqrt[-b - Sqrt[b~2 - 4xd~2*e~2]]) + ((b - 2*dxe - Sqrt

[b72 - 4xd~2*e”2])*ArcTan[(Sqrt[2]*e*x)/Sqrt[-b + Sqrt[b~2 - 4xd~2xe"2]]])/
Sqrt[-b + Sqrt[b~2 - 4*d~2xe~2]])/(Sqrt[2]*Sqrt[b~2 - 4*d~2xe~2])

Maple [A] time = 0.18, size = 61, normalized size = 0.9

1 1 1
Eln(d+ex2+x\/2de+b) ——1n(—ex2+xv2de+b—d)

1
V2de+b 2 V2de+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-e*xx"2+d)/(e”2*xx"4-b*x~2+d"2) ,x)

[Out] 1/2*%1n(d+exx~2+x*(2%d*e+b)~(1/2))/(2*xd*xe+b) " (1/2)-1/2/(2*xd*e+b) " (1/2)*1n(-e
*x " 2+x* (2%d*e+b) ~(1/2) -d)

Maxima [F] time = 0., size = 0, normalized size = 0.

ex? —d
- f A s 2™
e?xt —bx* +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx~2+d)/(e"2*x"4-b*x"2+d"2),x, algorithm="maxima"

[Out] -integrate((e*x”2 - d)/(e”2%x"4 - b*x"2 + d~2), x)

Fricas [A] time = 1.40936, size = 378, normalized size = 5.4

234+ (4 de+b)x2+d%+2 (ex3+dx) V2 de+b 5 Ao 233 —(de+b)x) V-2 de—b
log 2t + (4 de+b)x2+d2+2 (ex3+dx) V2 de+ ) 570 b arctan (—\/Zdebex) e vy barctan((e 3—(de+b)x) V-2 de )

e2x4—bx2+d? 2de+b 2 d2e+bd

2vV2de+b ’ 2de+Db

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-exx~2+d)/(e”2*x"4-b*x"2+d"2),x, algorithm="fricas")

[Out] [1/2x1log((e”2*x"4 + (4*xdxe + b)*x"2 + d72 + 2*(exx”3 + dxx)*sqrt(2xd*e + b)
)/(e72%x™4 - b*x"2 + d”2))/sqrt(2xd*e + b), -(sqrt(-2xd*e - b)*arctan(sqrt(
-2%d*e - b)*exx/(2*d*e + b)) - sqrt(-2*d*e - b)*arctan((e”2xx"3 - (d*e + b)

*xx) *sqrt (-2*%d*xe - b)/(2xd"2*%e + bxd)))/(2*d*e + b)]
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Sympy [A] time = 0.606013, size = 112, normalized size = 1.6

1 1 1 1
A ~b proge 240 5oz A O gae 240 proe
1 d 1 i
—— log|- +x + —— log|- +x +
b+2de e e e e

b+2de

+
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx**2+d)/(e**2*x**4-b*x**2+d**2) ,x)

[Out] -sqrt(1/(b + 2xd*e))*log(d/e + x**2 + x*(-b*sqrt(1/(b + 2%d*e)) - 2*d*exsqr
t(1/(b + 2%dxe)))/e)/2 + sqrt(1/(b + 2+dxe))*log(d/e + x**2 + x*(b*sqrt(1/(
b + 2xd*e)) + 2xd*exsqrt(1/(b + 2*d*xe)))/e)/2

Giac [C] time = 1.60893, size = 5387, normalized size = 76.96

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx~2+d)/(e”2*x"4-b*x~2+d"2),x, algorithm="giac")

[Out] -1/2%(3%(4%(d"2)7(3/4)*d"2*e~(13/2) - b™2%(d"2)"(3/4)*e~(9/2) + sqrt(-4*d~2
xe”2 + b72)*bx(d"2) " (3/4)*e”(9/2))*cos(1/2*real_part (arccos(1/2xb*xe”(-1)/ab
s(d))))"2*cosh(1/2*imag_part(arccos(1/2*b*xe~(-1)/abs(d)))) "3*e*sin(1/2*real
_part(arccos(1/2xb*xe~(-1)/abs(d)))) - (4x(d~2)~(3/4)*d"2xe~(13/2) - b~2*(d”
2)7(3/4)*%e~(9/2) + sqrt(-4xd~2xe”2 + b~2)*bx(d~2)~(3/4)*e”(9/2))*cosh(1/2*1
mag_part(arccos(1/2xbxe~(-1)/abs(d)))) “3*e*sin(1/2*real_part (arccos(1/2*b*e
“(-1)/abs(d)))) "3 - 9%(4%x(d"2)"(3/4)*d"2%e” (13/2) - b~2*x(d"2)"(3/4)*e~(9/2)
+ sqrt(-4*d"2%e”2 + b72)*b*x(d"2) " (3/4)*e~(9/2))*cos(1/2*real_part(arccos(1
/2%¥bxe~(-1)/abs(d)))) "2xcosh(1/2*imag part(arccos(1/2xb*e”(-1)/abs(d)))) "2
exsin(1/2*real part(arccos(1/2xb*xe”(-1)/abs(d))))*sinh(1/2*imag_part(arccos
(1/2%bxe”(-1)/abs(d)))) + 3%(4*(d"2)~(3/4)*d"2xe~(13/2) - b™2x(d"2)"(3/4)*e
~(9/2) + sqrt(-4xd”"2xe”2 + b72)*bx(d"2) " (3/4)*e”(9/2))*cosh(1/2*ximag part(a
rccos (1/2*b*xe” (-1) /abs(d)))) "2xexsin(1/2*xreal part(arccos(1/2*b*xe” (-1)/abs(
d))) ) "3*sinh(1/2*imag part(arccos(1/2xb*xe”~(-1)/abs(d)))) + 9x(4x(d~2)~(3/4)
xd"2%e~(13/2) - b72x(d"2)"(3/4)*e~(9/2) + sqrt(-4xd~2*e”2 + b~2)*b*x(d"2)"(3
/4)*e”~(9/2))*cos(1/2*xreal_part(arccos(1/2xb*xe~(-1)/abs(d)))) "2*cosh(1/2*ima
g_part(arccos(1/2*b*xe~(-1)/abs(d))))*exsin(1/2*real_part(arccos(1/2xb*e” (-1
)/abs(d))))*sinh(1/2*imag part(arccos(1/2xb*e~(-1)/abs(d))))"2 - 3*(4x(d"2)
~(3/4)*d"2xe”(13/2) - b~2x(d"2)"(3/4)*e~(9/2) + sqrt(-4xd~2xe”2 + b~2)*b*(d
~2)7(3/4)*e”(9/2) ) *cosh(1/2*ximag_part(arccos(1/2*b*xe~(-1)/abs(d))))*exsin(1
/2*real_part(arccos(1/2xbxe”(-1)/abs(d)))) "3*sinh(1/2*imag_part (arccos(1/2%
bxe”(-1)/abs(d)))) "2 - 3%(4%(d"2)7(3/4)*d"2%e~(13/2) - b™2*x(d"2)"(3/4)*e” (9
/2) + sqrt(-4*d~2%e”2 + b~2)*b*x(d"2) 7 (3/4)*e”(9/2))*cos(1/2*real_part(arcco
s(1/2*bxe~(-1)/abs(d)))) "2xe*sin(1/2*real part(arccos(1/2*bxe~(-1)/abs(d)))
)*sinh(1/2*imag _part(arccos(1/2*b*xe~(-1)/abs(d))))~3 + (4*(d~2)~(3/4)*d"2x*e
~(13/2) - b72x(d"2)"(3/4)*e”(9/2) + sqrt(-4xd~2*xe”2 + b~2)*b*x(d"2)~(3/4)*e”
(9/2))*exsin(1/2*real part(arccos(1/2*b*e~(-1)/abs(d)))) "3*sinh(1/2*imag pa
rt(arccos(1/2*b*e” (1) /abs(d)))) "3 - (4x(d"2)~(1/4)*d"3%e~(15/2) - b~2*(d"2
)~ (1/4)*dxe~(11/2) + sqrt(-4*xd~2*%e”~2 + b~2)*b*(d"2)~(1/4)*d*e”~(11/2))*cosh(
1/2*imag_part(arccos(1/2*b*xe~(-1)/abs(d))))*sin(1/2*real part(arccos(1/2*b*
e~ (-1)/abs(d)))) + (4x(d"2)"(1/4)*d"3%e~(15/2) - b~2*x(d~2)"(1/4)*d*e~(11/2)
+ sqrt(-4*d~2*e”2 + b~2)xb*(d"2) " (1/4)*d*e”(11/2))*sin(1/2*real part(arcco
s(1/2xb*e”(-1)/abs(d))))*sinh(1/2*imag_part (arccos(1/2*bxe”~(-1)/abs(d)))))*
arctan(((d~2)~(1/4)*cos(1/2*arccos(1/2*¥b*e”(-1) /abs(d)))*e~(-1/2) + x)*e~ (1
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/2)/((d72)~(1/4)*sin(1/2*arccos(1/2xbxe”(-1) /abs(d)))))/(4*xd"4*e™8 - b72*d"
2%e”6) - 1/2%(3%(4x(d"2)"(3/4)*d"2%e”(13/2) - b72%(d"2)"(3/4)*e”(9/2) + sqr
t(-4%d"2xe”2 + b~2)*bx(d"2) " (3/4)*e”(9/2))*cos(1/2*real_part(arccos(1/2xbx*e
~(-1)/abs(d)))) "2*xcosh(1/2ximag part (arccos(1/2*xbxe~(-1)/abs(d)))) ~3*e*xsin(
1/2*real_part(arccos(1/2xbxe~(-1)/abs(d)))) - (4x(d~2)~(3/4)*d"2*e~(13/2) -
b~2%x(d72) " (3/4)*e”(9/2) + sqrt(-4*d~2*e”2 + b~2)*b*(d"2) " (3/4)*e~(9/2))*co
sh(1/2*ximag_part(arccos(1/2*b*e~(-1)/abs(d)))) "3*e*sin(1/2*real_part(arccos
(1/2%bxe” (-1)/abs(d)))) "3 - 9*(4*(d~2)~(3/4)*d"2xe”(13/2) - b~2%(d"2)~(3/4)
xe”(9/2) + sqrt(-4*d~2%e”2 + b"2)*b*x(d"2)~(3/4)*e~(9/2))*cos(1/2*real part(
arccos(1/2xb*xe”(-1) /abs(d)))) “2*cosh(1/2*imag part(arccos(1/2*b*e~(-1)/abs(
d)))) "2xe*xsin(1/2*real_part (arccos(1/2*xb*e”(-1)/abs(d))))*sinh(1/2*imag par
t(arccos(1/2xb*xe”(-1)/abs(d)))) + 3*(4x(d"2)~(3/4)*d"2xe~(13/2) - b™2x(d"2)
~(3/4)*e”(9/2) + sqrt(-4*d~2*e”2 + b~2)*b*(d"2)7(3/4)*e~(9/2))*cosh(1/2*ima
g_part(arccos(1/2*b*xe~(-1)/abs(d)))) "2*xe*sin(1/2*real part(arccos(1/2*b*xe”(
-1)/abs(d)))) "3*sinh(1/2*imag part(arccos(1/2*b*e~(-1)/abs(d)))) + 9*(4*(d”
2)~(3/4)*d"2%e” (13/2) - b~ 2x(d"2)"(3/4)*e~(9/2) + sqrt(-4*d~2*e”2 + b~2)*bx*
(d72)"(3/4)*e~(9/2) ) *cos(1/2*real _part(arccos(1/2xbxe~(-1)/abs(d)))) "2*cosh
(1/2*imag_part(arccos(1/2*b*xe~(-1)/abs(d))))*exsin(1/2*real_part(arccos(1/2
xb*xe” (-1) /abs(d))))*sinh(1/2*imag_part(arccos(1/2*b*e~(-1)/abs(d))))"2 - 3x
(4%x(d~2)7(3/4)*d"2%e” (13/2) - b™2x(d"2)"(3/4)*e~(9/2) + sqrt(-4xd™2*xe”2 + b
~2)*bx(d”2) " (3/4)*e~(9/2) ) *cosh(1/2*imag_part(arccos(1/2xb*xe~(-1)/abs(d))))
*xe*xsin(1/2*xreal_part(arccos(1/2*bxe”(-1)/abs(d)))) ~3*sinh(1/2*imag part(arc
cos(1/2xbxe~(-1)/abs(d)))) "2 - 3*%(4*x(d"2)~(3/4)*d"2xe~(13/2) - b~2*x(d"2) (3
/4)*xe”(9/2) + sqrt(-4*d~2*e”2 + b~2)*b*(d~2)~(3/4)*e~(9/2))*cos(1/2*real pa
rt(arccos(1/2*b*e~(-1)/abs(d)))) "2*e*xsin(1/2*real part(arccos(1/2*bxe~(-1)/
abs(d))))*sinh(1/2*imag part(arccos(1/2*b*e~(-1)/abs(d)))) "3 + (4*(d~2)"(3/
4)*d"2%e~(13/2) - b"2*%(d"2)"(3/4)*e”(9/2) + sqrt(-4*d~2%e”2 + b~2)*b*(d"2)"
(3/4)*%e7(9/2) ) *exsin(1/2*real_part(arccos(1/2*b*xe~(-1)/abs(d)))) ~3*sinh(1/2
ximag part(arccos(1/2*bxe”(-1)/abs(d))))~3 - (4x(d"2)~(1/4)*d"3*e~(15/2) -
b~2%(d"2) " (1/4)*d*e” (11/2) + sqrt(-4*d~2*e”2 + b~2)*b*(d~2)~(1/4)*d*e”(11/2
))*cosh(1/2*imag_part(arccos(1/2xb*e~(-1)/abs(d))))*sin(1/2*real part(arcco
s(1/2%b*xe”(-1)/abs(d)))) + (4%x(d"2)"(1/4)*d"3xe”(15/2) - b~2*(d"2) " (1/4)*d*
e~ (11/2) + sqrt(-4*d~2*xe”2 + b~2)*b*x(d"2)~(1/4)*d*e~(11/2))*sin(1/2*real pa
rt(arccos(1/2*b*xe~(-1)/abs(d))))*sinh(1/2*imag_part(arccos(1/2*b*xe~(-1)/abs
(d)))))*arctan(-((d~2)~(1/4)*cos(1/2*arccos(1/2xbxe~(-1) /abs(d)))*e~(-1/2)
- x)*e”(1/2)/((d"2)~(1/4)*sin(1/2*arccos(1/2xbxe~(-1) /abs(d)))))/(4*d"4xe~8
- b72*%d"2%e”6) - 1/4x((4%x(d"2)7(3/4)*d"2*%e”(13/2) - b~2x(d"2)~(3/4)*e”~(9/2
) + sqrt(-4xd~2xe”2 + b~2)*b*(d"2)"(3/4)*e”(9/2))*cos(1/2xreal_part(arccos(
1/2%b*e~(-1) /abs(d)))) ~3xcosh(1/2*imag_part(arccos(1/2xb*e”(-1)/abs(d))))"3
xe — 3x(4x(d72)7(3/4)*d"2%e~(13/2) - b"2*%(d"2)"(3/4)*e”(9/2) + sqrt(-4*d~2x
e”2 + b~2)xb*(d"2) " (3/4)*e~(9/2))*cos(1/2*real part(arccos(1l/2xb*xe~(-1)/abs
(d))))*cosh(1/2*imag_part(arccos(1/2xbxe”(-1)/abs(d)))) "3*e*sin(1/2*real pa
rt(arccos(1/2+bxe”~(-1)/abs(d)))) "2 - 3%(4%(d"2)~(3/4)*d"2*e~(13/2) - b~2%(d
~2)7(3/4)*e”(9/2) + sqrt(-4xd~2%e”2 + b~2)*bx(d"2)"(3/4)*e”(9/2))*cos(1/2*r
eal _part(arccos(1/2*b*xe~(-1)/abs(d)))) "3*cosh(1/2*imag part(arccos(1/2xb*e”
(-1)/abs(d)))) "2xe*sinh(1/2*imag_part(arccos(1l/2xb*xe~(-1)/abs(d)))) + 9*(4x
(d72)7(3/4)*d"2*%e~(13/2) - b™2%(d"2)"(3/4)*e~(9/2) + sqrt(-4*d~2%e”2 + b72)
*xb* (d~2) " (3/4)*e”~(9/2) ) *cos(1/2xreal_part(arccos(1/2xb*e~(-1)/abs(d))))*cos
h(1/2*imag_part(arccos(1/2*b*e~(-1)/abs(d)))) "2*e*sin(1/2*real_part(arccos(
1/2%bxe”(-1) /abs(d)))) "2*sinh(1/2*imag_part(arccos(1/2*b*xe~(-1)/abs(d)))) +
3% (4%(d72) 7 (3/4)*d"2xe” (13/2) - b™2x(d"2)"(3/4)*e”(9/2) + sqrt(-4*d™2%e"2
+ b72)*b*x(d~2) " (3/4)*e~(9/2) ) *cos(1/2*real_part(arccos(1/2*bxe”~(-1)/abs(d))
)) "3xcosh(1/2*imag_part(arccos(1/2xbxe~(-1)/abs(d))))*e*sinh(1/2*imag part(
arccos(1/2xbxe” (-1)/abs(d)))) "2 - 9% (4*(d"2)"(3/4)*d"2%e~(13/2) - b~2x(d"2)
~(3/4)*e”(9/2) + sqrt(-4*d~2*e”2 + b~2)*b*(d"2) 7" (3/4)*e”(9/2))*cos(1/2*real
_part(arccos(1/2*b*e”~(-1) /abs(d))))*cosh(1/2*imag_part(arccos(1/2*b*xe~(-1)/
abs(d))))*e*xsin(1/2*real_part(arccos(1/2xb*xe”(-1)/abs(d)))) "2*sinh(1/2*imag
_part(arccos(1/2%b*xe”(-1)/abs(d)))) "2 - (4%(d"2)"(3/4)*d"2*e”(13/2) - b~2x%(
d~2)"(3/4)*e~(9/2) + sqrt(-4*xd~2xe”2 + b~2)*b*(d~2)~(3/4)*e”(9/2))*cos(1/2%
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real_part(arccos(1/2xbxe~(-1)/abs(d)))) "3*e*sinh(1/2*imag_part(arccos(1/2*b
*xe"(-1)/abs(d)))) "3 + 3x(4x(d"2)"(3/4)*d"2*e”(13/2) - b~2*(d"2)~(3/4)*e~(9/
2) + sqrt(-4*xd"2%e”2 + b"2)*bx(d"2) " (3/4)*e~(9/2))*cos(1/2*real_part(arccos
(1/2%bxe~(-1) /abs(d))))*e*sin(1/2*real part(arccos(1/2*b*e~(-1)/abs(d))))"2
*sinh(1/2*imag_part(arccos(1/2*b*e~(-1)/abs(d)))) "3 - (4x(d"2)"(1/4)*d"3*e"
(15/2) - b72x(d"2) " (1/4)*d*e”(11/2) + sqrt(-4*d~2*xe"2 + b72)*b*(d"2) ~(1/4)*
d*e” (11/2))*cos(1/2*real_part(arccos(1/2*bxe”~(-1)/abs(d))))*cosh(1/2*imag p
art(arccos(1/2*b*e”(-1)/abs(d)))) + (4*%(d"2)~(1/4)*d"3*e~(15/2) - b™2*x(d"2)
~(1/4)*d*e”(11/2) + sqrt(-4*d~2*e”2 + b~2)*b*(d~2) " (1/4)*d*e”(11/2))*cos(1/
2xreal part(arccos(1/2*b*xe~(-1)/abs(d))))*sinh(1/2*imag part(arccos(1l/2*b*e
~(-1)/abs(d)))))*1log(2%(d~2) "~ (1/4) *x*cos(1/2*arccos(1/2*b*e” (1) /abs(d)) ) *e
“(-1/2) + x72 + sqrt(d”2)*xe”(-1))/(4xd"4*e”8 - b~2xd"2%e”"6) + 1/4x((4%(d”2)
~(3/4)*d"2xe” (13/2) - b~2x(d"2)"(3/4)*e~(9/2) + sqrt(-4xd~2xe”2 + b~2)*b*(d
~2)7(3/4)*e~(9/2) ) *cos(1/2xreal _part(arccos(1/2*xbxe”(-1)/abs(d)))) "3*cosh(1l
/2*imag _part(arccos(1/2xb*xe”(-1)/abs(d)))) "3*e - 3*%(4*x(d~2)~(3/4)*d"2*e~ (13
/2) - ©72%(d72)7(3/4)*e”(9/2) + sqrt(-4*d"2xe”2 + b72)*b*(d"2) " (3/4)*e”(9/2
))*cos(1/2*real part(arccos(1/2xbxe”~(-1)/abs(d))))*cosh(1/2*imag part(arcco
s(1/2*bxe~(-1)/abs(d)))) "3*e*sin(1/2*real _part(arccos(1/2*bxe~(-1)/abs(d)))
)72 - 3x(4%(d72)7(3/4)*d"2%e”(13/2) - b™2x(d"2)7(3/4)*e”(9/2) + sqrt(-4*d~2
xe”2 + b72)*bx(d"2) " (3/4)*e”(9/2))*cos(1/2*real part(arccos(1/2xbxe”~(-1)/ab
s(d))))"3*cosh(1/2*imag part(arccos(1/2xbxe~(-1)/abs(d)))) "2*e*sinh(1/2*ima
g_part(arccos(1/2*b*e”~(-1)/abs(d)))) + 9*(4x(d~2)~(3/4)*d"2*e~(13/2) - b~2%
(d~2)"(3/4)*%e~(9/2) + sqrt(-4xd~2*xe”2 + b~2)*b*x(d"2)~(3/4)*e”(9/2))*cos(1/2
xreal part(arccos(1/2*xbxe”(-1)/abs(d))))*cosh(1/2*imag part(arccos(1/2xb*e”
(-1)/abs(d)))) "2xe*sin(1/2xreal part(arccos(1/2*xbxe~(-1)/abs(d)))) "2*sinh(1
/2*imag_part (arccos(1/2*bxe~(-1)/abs(d)))) + 3*(4x(d"2)~(3/4)*d"2*e”(13/2)
- b72%(d"2)7(3/4)*e~(9/2) + sqrt(-4*d"2%e”2 + b72)*b*x(d"2) " (3/4)*e~(9/2))*c
os(1/2*real part(arccos(1/2*b*e~(-1)/abs(d)))) 3*cosh(1/2*imag part (arccos(
1/2%bxe”(-1) /abs(d))))*e*sinh(1/2*imag_part(arccos(1/2*b*xe~(-1)/abs(d)))) "2
- 9% (4%(d"2)"(3/4)*d"2*e” (13/2) - b™2x(d"2)"(3/4)*e”(9/2) + sqrt(-4*d~2*e”
2 + b72)*b*x(d~2) " (3/4)*e~(9/2)) *cos(1/2xreal_part(arccos(1/2*b*e”(-1)/abs(d
))))*cosh(1/2*ximag_part(arccos(1/2*b*e~(-1)/abs(d))))*exsin(1/2*real_part(a
rccos(1/2*b*e” (1) /abs(d)))) "2*sinh(1/2*imag part(arccos(1/2*b*e”(-1)/abs(d
))))72 - (4x(d72)7(3/4)*d"2%e”(13/2) - b72%(d"2)7(3/4)*e”(9/2) + sqrt(-4*d~
2%e”2 + b~2)*b*x(d"2)~(3/4)*e”(9/2))*cos(1/2xreal _part(arccos(1/2*bxe~(-1)/a
bs(d)))) "3*exsinh(1/2*imag part(arccos(1/2xbxe~(-1)/abs(d)))) "3 + 3*(4*(d"2
)~ (3/4)*d"2xe~(13/2) - b"2%(d"2)"(3/4)*e”(9/2) + sqrt(-4*d~2%e”2 + b~2)*b*(
d~2)~(3/4)*e~(9/2) ) *cos(1/2*real_part(arccos(1/2xbxe”(-1)/abs(d))))*e*sin(1
/2*real_part(arccos(1/2xb*e”(-1)/abs(d)))) "2*sinh(1/2*imag part(arccos(1/2x
bxe”(-1)/abs(d)))) "3 - (4%(d”2)7(1/4)*d"3*e~(15/2) - b~2*(d"2)~(1/4)*dxe” (1
1/2) + sqrt(-4*d~2xe”2 + b~2)*bx(d~2)~(1/4)*d*e~(11/2))*cos(1/2*real part(a
rccos(1/2*b*e~(-1)/abs(d))))*cosh(1/2ximag part(arccos(1/2*bxe~(-1)/abs(d))
)) + (4%(d72)"(1/4)*d"3%e~(15/2) - b™2%(d"2)~(1/4)*d*e”~ (11/2) + sqrt(-4*d~2
*xe”2 + b72)*bx(d"2) " (1/4)*d*e~(11/2))*cos(1/2*real_part(arccos(1/2xb*xe” (-1)
/abs(d))))*sinh(1/2*imag part(arccos(1/2xb*xe”(-1)/abs(d)))))*Llog(-2*x(d~2)"(
1/4) *x*cos(1/2*arccos (1/2xb*xe” (-1) /abs(d)))*e~(-1/2) + x72 + sqrt(d~2)*e” (-
1))/ (4*%d"4*e”8 - b~2*d"2*e"6)
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333 [ iy

d2— fx2+e2x*
Optimal. Leaf size=70

log (xVZde +f+d+ exz) log (—x«/Zde +f+d+ exz)

2+/2de + f 2y/2de + f

[Out] -Logld - Sqrt[2*xd*e + f]lxx + exx”2]/(2*Sqrt[2*d*e + f]) + Logld + Sqrt[2*d*
e + flxx + e*x”2]/(2xSqrt[2xd*e + f])

Rubi [A] time = 0.0472136, antiderivative size = 70, normalized size of antiderivative
. . f rul
1., number of steps used = 3, number of rules used = 2, integrand size = 28, number of rules_

0.071, Rules used = {1164, 628}

log (x\/2de +f+d+ exz) log (—x\/Zde +f+d+ exz)

242de + f 24/2de + f

integrand size

Antiderivative was successfully verified.

[In] Int[({d - exx"2)/(d"2 - f*x~2 + e"2%x"4),x]

[Out] -Logld - Sqrt[2*xd*e + f]lxx + exx”2]/(2xSqrt[2*xd*e + f]) + Logld + Sqrt[2*d*
e + flxx + e*x”2]/(2xSqrt[2xd*e + f])

Rule 1164

Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2%d)/e - b/c, 2]}, Dist[e/(2*cxq), Int[(q - 2*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2*c*xq), Int[(q + 2*x)/Simp[d/e - gq*x - x~
2, x], x], x]1]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQl[c
*d"2 - a*xe”2, 0] && !'GtQ[b~2 - 4x*axc, 0]

Rule 628

Int[((d) + (e_)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
\/21::3+f +2x ; \/Zie+f W
2 f d +2de+fx 2 x f B \/Zde+fx_x2 x

d—ex o 24
d - e 4 _ e 4
J &= f2 vt 2\2de + 2\2de +
log (d —\2de + fx + exz) log (d ++/2de + fx + exz)
=- +

242de + f 242de + f

Mathematica [B] time = 0.133033, size = 190, normalized size = 2.71

(F2aBE 2o f) tan | 25| ((FEdBR-2de+f) tan"I| 22
\f2-4d2e2—f —/f2-4d2e2-f
aa-f Va2 f

V2P —ade
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Antiderivative was successfully verified.

[In] Integrate[(d - exx"2)/(d"2 - f*x72 + e"2*x"4),x]

[Out] (-(((-2xdxe + f + Sqrt[-4*d~2xe”2 + £72])*ArcTan[(Sqrt[2]*e*x)/Sqrt[-f - Sq
rt[-4*d"2*e"2 + £72]]1]1)/Sqrt[-f - Sqrt[-4*d~2*e"2 + £72]]) + ((-2*d*e + f -

Sqrt [-4xd~2*xe~2 + £72])*ArcTan[(Sqrt[2]*e*x)/Sqrt[-f + Sqrt[-4*d"2xe"2 + f
~2111)/8qrt[-f + Sqrt[-4xd~2+e”2 + £72]]1)/(Sqrt[2]*Sqrt[-4*d~2*xe~2 + £72])

Ma—ple [A] time = 0.171, size = 61, normalized size = 0.9
—%1n(—ex2 +x\/2dei+f—d); + 1111(d+ex2 +x\/2dei+f);
Ny Ny,
Verification of antiderivative is not currently implemented for this CAS.
[In] int((-e*x"2+d)/ (e 2xx"4-f*x~2+d"2) ,x)

[Out] -1/2/(2*d*xe+f) " (1/2)*1n(—e*x"2+x* (2*xd*e+f) " (1/2)-d)+1/2*1n(d+e*xx”2+x* (2*d*e
+£)7(1/2)) / (2*d*e+f)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

ex? —d
[,
e2xt — fx? + d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-exx~2+d)/(e”2*x"4-f*x"2+d"2),x, algorithm="maxima"

[Out] -integrate((e*xx”2 - d)/(e”™2*x"4 - f*x"2 + d72), x)

Fricas [A] time = 1.28894, size = 378, normalized size = 5.4

2.4 2, 42 3 Y. 213 2 de
log e“x +(4de+f)x +d+2 (ex +dx)\/2de+f) \/marctan(%ex) B marctan ( x (dze:l—i)i)i}/ 2de f)

e2x4— f X2+d2

2\2de+ f ' 2de+ f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-exx~2+d)/(e"2*x"4-f*x"2+d"2),x, algorithm="fricas")

[Out] [1/2%1log((e”2*x"4 + (4xdxe + £)*x72 + d72 + 2*(e*x”3 + dxx)*sqrt(2xdxe + f)
)/ (e72xx™4 - f*x72 + d72))/sqrt(2*xd*e + f), —-(sqrt(-2*xd*e - f)*arctan(sqrt(
-2xd*e - f)*xexx/(2*dxe + f)) - sqrt(-2*dxe - f)*arctan((e”2*x"3 - (d*e + f)
*xx)*sqrt (-2xdxe - f)/(2xd"2*xe + dxf)))/(2*d*xe + £f)]
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Sympy [A] time = 0.600291, size = 112, normalized size = 1.6

1 1 1 1
L loel? 42 x(_Zde\/ saerf | 2de+f) L ool 42 X(Zde\/ aderf I\ 2er f)
2de+f 08 e R e 2de+f 08 e tatt e

+
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx**2+d)/ (e**2*xxx*4-f*x**2+d**2) ,x)

[Out] -sqrt(1/(2*d*xe + f))*log(d/e + x**2 + x*(-2*d*exsqrt(1/(2xd*e + f)) - fxsqr
t(1/(2*xd*xe + £)))/e)/2 + sqrt(1/(2xd*e + f))xlog(d/e + x**2 + x*(2*d*exsqrt
(1/(2%d*e + £)) + fxsqrt(1/(2xd*e + £)))/e)/2

Giac [C] time = 1.58361, size = 5387, normalized size = 76.96

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx~2+d)/(e”2*x"4-f*x"2+d"2),x, algorithm="giac")

[Out] -1/2%(3%(4x(d"2)~(3/4)*d"2xe”~(13/2) - (d72)~(3/4)*f72%e~(9/2) + sqrt(-4xd~2
xe”2 + £72)*(d"2)"(3/4)*f*e~(9/2))*cos(1/2xreal_part(arccos(1/2*xf*e”~(-1)/ab
s(d))))"2*cosh(1/2*imag_part(arccos(1/2*xf*e~(-1)/abs(d)))) "3*e*xsin(1/2*real
_part(arccos(1/2xf*xe~(-1)/abs(d)))) - (4x(d~2)~(3/4)*d"2xe~(13/2) - (d"2)7(
3/4)x£72%xe~(9/2) + sqrt(-4xd~2xe”2 + £72)*(d"2)~(3/4)*f*e”(9/2))*cosh(1/2*1
mag_part(arccos(1/2xfxe~(-1)/abs(d)))) "3*e*sin(1/2*real_part(arccos(1/2xf*e
“(-1)/abs(d)))) "3 - 9%(4x(d"2)7(3/4)*d"2*%e”(13/2) - (d72)7(3/4)*f"2%e”(9/2)
+ sqrt(-4*d"2%e”2 + £72)*(d"2) " (3/4)*f*e~(9/2))*cos(1/2*real_part(arccos(1
/2*xfxe~(-1)/abs(d)))) "2xcosh(1/2*imag part(arccos(1/2xf*e”(-1)/abs(d)))) ~2x
exsin(1/2*real part(arccos(1/2xf*e”(-1)/abs(d))))*sinh(1/2*imag_part(arccos
(1/2xf*xe~(-1)/abs(d)))) + 3x(4x(d"2)7(3/4)*d"2%e~(13/2) - (d"2)7(3/4)*f"2xe
~(9/2) + sqrt(-4xd”"2xe”2 + £72)*(d72)7(3/4)*f*e”(9/2))*cosh(1/2*ximag part(a
rccos(1/2*xf*e~(-1)/abs(d)))) "2xexsin(1/2*xreal part(arccos(1/2*f*e”(-1)/abs(
d)))) " 3*sinh(1/2*imag part(arccos(1/2xf*xe”~(-1)/abs(d)))) + 9*(4x(d~2)~(3/4)
xd"2%xe~(13/2) - (d72)7(3/4)*f~2*%e~(9/2) + sqrt(-4xd~2*xe”2 + £72)*(d"2)~(3/4
)*xf*e”(9/2))*cos(1/2*real_part(arccos(1l/2xf*xe”(-1)/abs(d)))) "2*cosh(1/2*ima
g_part(arccos(1/2*f*xe~(-1)/abs(d))))*exsin(1/2*real_part(arccos(1/2xf*xe” (-1
)/abs(d))))*sinh(1/2*imag part(arccos(1/2xf*e”(-1)/abs(d))))"2 - 3*(4x(d"2)
~(3/4)*d"2xe” (13/2) - (d72)7(3/4)*f72%e~(9/2) + sqrt(-4xd~2xe”2 + £72)*(d"2
)~ (3/4)*fxe”(9/2) ) *cosh(1/2*imag_part(arccos(1/2xf*e~(-1)/abs(d))))*e*xsin(1
/2*real_part(arccos(1/2xf*e”(-1)/abs(d)))) "3*sinh(1/2*imag_part (arccos(1/2*
fxe”(-1)/abs(d)))) "2 - 3%(4x(d"2)7(3/4)*d"2*%e”~(13/2) - (d72)7(3/4)*f~2*xe” (9
/2) + sqrt(-4*d~2xe”2 + £72)*(d"2) " (3/4)*f*e~(9/2))*cos(1/2*real_part(arcco
s(1/2*xfxe~(-1)/abs(d)))) "2xe*sin(1/2xreal part(arccos(1/2*xfxe~(-1)/abs(d)))
)*sinh(1/2*imag _part(arccos(1/2*f*e~(-1)/abs(d))))~3 + (4*(d~2)~(3/4)*d"2x*e
~(13/2) - (@72)"(3/4)*f72%e”(9/2) + sqrt(-4xd~2*xe”2 + £72)*(d"2)~(3/4)*fxe”
(9/2))*exsin(1/2*real part(arccos(1/2*f*e~(-1)/abs(d)))) "3*sinh(1/2*imag pa
rt(arccos(1/2xf*e”(-1)/abs(d)))) "3 - (4x(d"2)"(1/4)*d"3*e~(15/2) - (d"2)~(1
/4)*d*x£72xe” (11/2) + sqrt(-4*d~2xe”2 + £72)*(d"2) " (1/4)*d*fxe~(11/2))*cosh(
1/2*imag_part(arccos(1/2*xf*e~(-1)/abs(d))))*sin(1/2*real part(arccos(1/2*fx*
e~ (-1)/abs(d)))) + (4x(d"2)"(1/4)*d"3%e~(15/2) - (d72)"(1/4)*d*f~2*e”(11/2)
+ sqrt(-4*d~2*e”2 + £72)x(d72) " (1/4) *d*xf*xe”(11/2))*sin(1/2*real part(arcco
s(1/2xf*e~(-1)/abs(d))))*sinh(1/2*imag_part(arccos(1/2*fxe~(-1)/abs(d)))))*
arctan(((d~2)~(1/4)*cos(1/2*arccos(1/2*xf*e”(-1) /abs(d)))*e~(-1/2) + x)*e~(1
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/2)/((d"2)~(1/4)*sin(1/2*arccos (1/2*f*xe~(-1)/abs(d)))))/(4*d"4*e™8 - d"2*f~
2%e”6) - 1/2%(3%(4*x(d"2)7(3/4)*d"2*%e~(13/2) - (d"2)"(3/4)*f72*%e~(9/2) + sqr
t(-4%d"2xe”2 + £72)*%(d"2) " (3/4)*xf*e”(9/2))*cos(1/2*real_part(arccos(1/2xfx*e
~(-1)/abs(d)))) "2*xcosh(1/2ximag part (arccos(1/2*xfxe”(-1)/abs(d)))) ~3*e*xsin(
1/2*real_part(arccos(1/2xfxe~(-1)/abs(d)))) - (4x(d~2)~(3/4)*d"2*e~(13/2) -
(d72)7(3/4)*£72*%e~(9/2) + sqrt(-4*xd~2*xe~2 + £72)*(d~2)~(3/4)*f*e”(9/2))*co
sh(1/2*imag _part(arccos(1/2xfxe~(-1)/abs(d)))) "3*e*sin(1/2*real_part(arccos
(1/2xf*xe”(-1)/abs(d)))) "3 - 9*(4*(d"2)"(3/4)*d"2*e” (13/2) - (d72)7(3/4)*f"2
xe”(9/2) + sqrt(-4*xd~2%e”2 + £72)*(d72)~(3/4)*f*e~(9/2))*cos(1/2*real part(
arccos(1/2xf*xe”(-1)/abs(d)))) “2*cosh(1/2*imag part(arccos(1/2*xf*e~(-1)/abs(
d)))) "2xe*xsin(1/2*real_part(arccos(1/2xf*xe”(-1)/abs(d))))*sinh(1/2*imag par
t(arccos(1/2xf*xe”(-1)/abs(d)))) + 3*(4*x(d~2)7(3/4)*d"2*e~(13/2) - (d~2)~(3/
4)x£72%e~(9/2) + sqrt(-4xd~2xe”2 + £72)*(d"2)7(3/4)*f*e”(9/2))*cosh(1/2*ima
g_part(arccos(1/2+f*xe~(-1)/abs(d)))) "2xe*xsin(1/2*real part(arccos(1/2*f*xe"(
-1)/abs(d))))"3*sinh(1/2*imag part(arccos(1/2*f*e~(-1)/abs(d)))) + 9*(4*(d”
2)7(3/4)*d"2%e” (13/2) - (d72)"(3/4)*£72%e~(9/2) + sqrt(-4*d~2*e"2 + £72)*(d
~2)7(3/4)xf*e”(9/2) ) *cos (1/2*real _part(arccos(1/2xfxe~(-1)/abs(d)))) "2*cosh
(1/2*imag_part(arccos(1/2*xf*e~(-1)/abs(d))))*exsin(1/2*real_part(arccos(1/2
xf*xe”(-1)/abs(d))))*sinh(1/2*imag_part(arccos(1l/2xf*e~(-1)/abs(d))))"2 - 3x
(4%x(d"2)7(3/4)*d"2*e”(13/2) - (d72)7(3/4)*f"2%e~(9/2) + sqrt(-4xd~2*e”2 + f
~2)*%(d"2) " (3/4)*fxe~(9/2) ) *cosh(1/2*imag part(arccos(1l/2xf*xe~(-1)/abs(d))))
xexsin(1/2*xreal_part(arccos(1/2*f*e”(-1)/abs(d)))) " 3*sinh(1/2*imag_part (arc
cos(1/2xfxe”(-1)/abs(d)))) "2 - 3*(4x(d"2)7(3/4)*d"2%e”(13/2) - (d72)~(3/4)*
£72%e7(9/2) + sqrt(-4*xd~2*xe”2 + £72)*(d"2) " (3/4)*f*e~(9/2))*cos(1/2*real _pa
rt(arccos(1/2*xf*e~(-1)/abs(d)))) "2*e*xsin(1/2*real part(arccos(1/2*xf*e~(-1)/
abs(d))))*sinh(1/2*imag part(arccos(1/2*f*e~(-1)/abs(d)))) "3 + (4*(d~2)"(3/
4)*d"2%e~(13/2) - (d72)7(3/4)*f"2xe”(9/2) + sqrt(-4*d~2*xe”2 + £72)*(d"2)"(3
/4)*f*xe~(9/2))*exsin(1/2*real part(arccos(1/2+f*e~(-1)/abs(d)))) " 3*sinh(1/2
ximag part(arccos(1/2*xfxe”(-1)/abs(d))))~3 - (4x(d"2)~(1/4)*d"3*e~(15/2) -
(d72) " (1/4) *d*x£~2*xe~(11/2) + sqrt(-4xd~2*xe~2 + £72)*(d"2) " (1/4)*d*f*e”~(11/2
))*cosh(1/2*imag_part(arccos(1/2xf*e~(-1)/abs(d))))*sin(1/2*real part(arcco
s(1/2*f*xe”(-1)/abs(d)))) + (4%x(d"2)7(1/4)*d"3xe”(15/2) - (d72)~(1/4)*d*f~2x
e~ (11/2) + sqrt(-4*d~2*xe”2 + £72)*(d"2)~(1/4)*dxf*e~(11/2))*sin(1/2*real pa
rt(arccos(1/2*xf*xe~(-1)/abs(d))))*sinh(1/2*imag_part(arccos(1/2*xf*e~(-1)/abs
(d)))))*arctan(-((d~2)~(1/4)*cos(1/2*arccos(1/2xfxe~(-1) /abs(d)))*e~(-1/2)
- x)*e”(1/2)/((d"2)~(1/4)*sin(1/2*arccos(1/2xfxe~(-1) /abs(d)))))/(4*d"4xe~8
- d72%f72%e”6) - 1/4x((4x(d"2)7(3/4)*d"2*%e”(13/2) - (d~2)~(3/4)*f"2xe”~(9/2
) + sqrt(-4xd~2xe”2 + £72)*(d"2)7(3/4)*f*e”(9/2))*cos(1/2xreal_part(arccos(
1/2*xf*e~(-1)/abs(d)))) ~3xcosh(1/2*imag_part(arccos(1/2xf*e”(-1)/abs(d))))"3
xe — 3x(4x(d72)7(3/4)*d"2xe~(13/2) - (d72)"(3/4)*f"2%e”(9/2) + sqrt(-4*d~2x
e”2 + £72)x(d72) " (3/4)*f*e~(9/2))*xcos(1/2*real part(arccos(1l/2*xf*e~(-1)/abs
(d))))*cosh(1/2*imag_part(arccos(1/2xfxe”~(-1)/abs(d)))) "3*e*sin(1/2*real pa
rt(arccos(1/2+fxe~(-1)/abs(d)))) "2 - 3%(4%(d"2)"(3/4)*d"2*e~(13/2) - (d"2)~
(3/4)*£72%e~(9/2) + sqrt(-4*d~2xe"2 + £72)*(d"2) " (3/4)*fxe~(9/2))*cos(1/2*r
eal _part(arccos(1/2*xf*xe~(-1)/abs(d)))) "3*cosh(1l/2*imag part(arccos(1/2xfx*e”
(-1)/abs(d)))) "2xe*sinh(1/2*imag_part(arccos(1l/2*xf*e~(-1)/abs(d)))) + 9* (4%
(d72)~(3/4)*d"2%e~(13/2) - (d72)7(3/4)*f"2%e~(9/2) + sqrt(-4*d~2%e”2 + £72)
*(d"2) " (3/4)*xf*xe”(9/2) ) *cos(1/2*real part(arccos(1/2xf*e~(-1)/abs(d))))*cos
h(1/2*imag_part(arccos(1/2xfxe~(-1)/abs(d)))) "2*e*sin(1/2*real_part (arccos(
1/2xfxe~(-1)/abs(d)))) "2*sinh(1/2*imag_part(arccos(1l/2*xf*e~(-1)/abs(d)))) +
3% (4% (d"2)7(3/4)*d"2xe” (13/2) - (d72)7(3/4)*f72%e~(9/2) + sqrt(-4*d~2%xe”2
+ £72)*%(d"2) " (3/4)*xfxe~(9/2) ) *cos(1/2*real_part (arccos(1/2*xf*xe~(-1)/abs(d))
)) "3xcosh(1/2*imag_part(arccos(1/2xfxe~(-1)/abs(d))))*e*sinh(1/2*imag part(
arccos(1/2xfxe”(-1)/abs(d)))) "2 - 9% (4%(d"2)~(3/4)*d"2%e” (13/2) - (d72)"(3/
4)x£72%e~(9/2) + sqrt(-4xd~2xe”2 + £72)*(d"2)7(3/4)*f*e”(9/2))*cos(1/2*real
_part(arccos(1/2xf*e~(-1)/abs(d))))*cosh(1/2*imag_part(arccos(1/2xf*e~(-1)/
abs(d))))*e*xsin(1/2*real_part(arccos(1/2xf*e”~(-1)/abs(d)))) "2*sinh(1/2*imag
_part(arccos(1/2*f*xe”(-1)/abs(d)))) "2 - (4%(d"2)~(3/4)*d"2*e~(13/2) - (d"2)
~(3/4)*%f72xe~(9/2) + sqrt(-4*d”"2*xe”2 + £72)*(d"2) " (3/4)*f*e”(9/2))*cos(1/2x*
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real_part(arccos(1/2xfxe”(-1)/abs(d)))) "3*e*sinh(1/2*imag_part(arccos(1/2x*f
*xe"(-1)/abs(d)))) "3 + 3x(4x(d"2)"(3/4)*d"2*e~(13/2) - (d72)"(3/4)*f"2%e~(9/
2) + sqrt(-4*xd"2xe”2 + £72)*(d"2)~(3/4)*f*e~(9/2))*cos(1/2*real_part(arccos
(1/2*xfxe~(-1)/abs(d))))*e*xsin(1/2*real part(arccos(1/2*f*e~(-1)/abs(d))))"2
*sinh(1/2*imag part(arccos(1/2*xf*e~(-1)/abs(d)))) "3 - (4x(d"2)"(1/4)*d"3*e"
(15/2) - (d72)7(1/4)*d*xf~2%e~ (11/2) + sqrt(-4xd~2xe”2 + £72)*(d72) " (1/4)*d*
fxe~(11/2))*cos(1/2*real _part(arccos(1/2xfxe~(-1)/abs(d))))*cosh(1/2*imag p
art(arccos(1/2*f*xe”(-1)/abs(d)))) + (4*x(d~2)~(1/4)*d"3*e~(15/2) - (d~2)~(1/
4)xd*f"2xe” (11/2) + sqrt(-4xd~2xe”2 + £72)*(d"2) " (1/4)*d*f*e~(11/2))*cos(1/
2xreal part(arccos(1/2*f*e~(-1)/abs(d))))*sinh(1/2*imag part(arccos(1l/2*fx*e
~“(-1)/abs(d)))))*1log(2%(d~2) ~(1/4) *x*cos(1/2*arccos(1/2*f*e~ (1) /abs(d)) ) *e
“(-1/2) + x72 + sqrt(d”2)*xe”"(-1))/(4xd"4xe”8 - d"2xf"2%e”6) + 1/4x((4%x(d"2)
~(3/4)*d"2xe”(13/2) - (d72)7(3/4)*f72%e~(9/2) + sqrt(-4xd~2xe”2 + £72)*(d"2
)~ (3/4)xfxe”(9/2) ) *cos(1/2*xreal _part(arccos(1/2*f*e~(-1)/abs(d)))) "3*cosh(1l
/2*imag _part(arccos(1/2xf*xe”~(-1)/abs(d)))) "3*e - 3*(4*x(d~2)~(3/4)*d"~2*e~ (13
/2) - (d72)7(3/4)*£72%e”(9/2) + sqrt(-4*d™2xe”2 + £72)*(d"2) "~ (3/4)*f*e~(9/2
))*cos(1/2*real part(arccos(1/2xf*e”(-1)/abs(d))))*cosh(1/2*imag part(arcco
s(1/2*xfxe~(-1)/abs(d)))) "3*e*sin(1/2*real _part(arccos(1/2*xfxe~(-1)/abs(d)))
)72 - 3%(4%(d72)7(3/4)*d"2xe” (13/2) - (d72)7(3/4)*£72*%e~(9/2) + sqrt(-4*d~2
xe”2 + £72)*%(d"2) " (3/4)*xf*xe”(9/2))*cos(1/2*real part(arccos(1/2xfxe”(-1)/ab
s(d))))"3*cosh(1/2*imag part(arccos(1/2xfxe~(-1)/abs(d)))) "2*e*sinh(1/2*ima
g_part(arccos(1/2*fxe”(-1)/abs(d)))) + 9*(4*(d"2)~(3/4)*d"2xe”(13/2) - (d"2
)" (3/4)*£72%e7(9/2) + sqrt(-4*xd~2xe”2 + £72)*(d"2)~(3/4)*fxe~(9/2))*cos(1/2
xreal part(arccos(1/2*xfxe”(-1)/abs(d))))*cosh(1/2*imag part(arccos(1/2xfx*e”
(-1)/abs(d)))) "2xe*sin(1/2xreal part(arccos(1/2*xfxe~(-1)/abs(d)))) "2*sinh(1
/2ximag_part(arccos(1/2*xf*xe~(-1)/abs(d)))) + 3*(4x(d~2)~(3/4)*d"2*e~(13/2)
- (d72)7(3/4)*£"2%e~(9/2) + sqrt(-4xd~2xe”2 + £72)*(d"2)"(3/4)*f*e”(9/2))*c
os(1/2*real part(arccos(1/2+f*e~(-1)/abs(d)))) 3*cosh(1/2*imag part (arccos(
1/2xfxe”(-1)/abs(d))))*e*sinh(1/2*imag_part(arccos(1/2*f*xe~(-1)/abs(d)))) "2
- 9% (4%(d"2)"(3/4)*d"2*e” (13/2) - (d72)"(3/4)*£72%e~(9/2) + sqrt(-4*d~2*e”
2 + £72)*%(d"2) " (3/4)*fxe~(9/2)) *cos(1/2xreal_part(arccos(1/2*xf*e”(-1)/abs(d
))))*cosh(1/2*ximag_part(arccos(1/2*f*xe~(-1)/abs(d))))*exsin(1/2*real_part(a
rccos(1/2*xf*e” (1) /abs(d)))) "2*sinh(1/2*imag part(arccos(1/2*f*e”(-1)/abs(d
))))72 - (4x(d72)7(3/4)*d"2%e” (13/2) - (d72)7(3/4)*f72xe~(9/2) + sqrt(-4*d”
2xe”2 + £72)*(d"2) " (3/4)*fxe”(9/2))*cos(1/2xreal _part(arccos(1/2*xfxe~(-1)/a
bs(d)))) "3*exsinh(1/2*imag part(arccos(1/2xfxe~(-1)/abs(d)))) "3 + 3*(4x(d"2
)~ (3/4)*d"2%e” (13/2) - (d72)"(3/4)*£72%e~(9/2) + sqrt(-4*d~2*e”2 + £72)*(d"
2)~(3/4)xf*xe”(9/2) ) *cos (1/2*real_part(arccos(1/2*f*e”(-1)/abs(d))))*exsin(1
/2*real_part(arccos(1/2xf*e”~(-1)/abs(d)))) "2*sinh(1/2*imag part(arccos(1/2x
fxe”(-1)/abs(d)))) "3 - (4%(d"2)"(1/4)*d"3*e~(15/2) - (d~2)~(1/4)*d*xf~2*xe™ (1
1/2) + sqrt(-4xd~2xe”2 + £72)*(d"2) " (1/4)*d*f*e~(11/2))*cos(1l/2*real part(a
rccos(1/2*xfxe~(-1)/abs(d))))*cosh(1/2ximag part(arccos(1/2*xfxe~(-1)/abs(d))
)) + (4%(d”2)"(1/4)*d"3*e~(15/2) - (d~2)~(1/4)*d*f~2%e~(11/2) + sqrt(-4*d~2
xe”2 + £72)*%(d72) 7 (1/4)*xd*f*xe~(11/2))*cos(1/2*real_part(arccos(1/2xf*xe”(-1)
/abs(d))))*sinh(1/2*imag part(arccos(1/2xf*e”(-1)/abs(d)))))*Llog(-2*x(d~2)"(
1/4) *x*cos(1/2*arccos (1/2xf*xe”(-1) /abs(d)))*e~(-1/2) + x72 + sqrt(d~2)*e” (-
1))/ (4*%d"4*e~8 - d~2*xf"2*e”6)



217

334 [ gy

d
E§—+bx2+cx4
e

Optimal. Leaf size=134

e log (\/Ex\/2cd —be + +Jcd + \/Eexz) e log (—\/Ex\/2cd —be + +Jed + \/Eexz)
2+/cV2cd — be 2+/cV2cd - be

[Out] -(e~(3/2)*Logl[Sqrtlcl*d - Sqrtlel*Sqrt[2*c*d - bxe]l*x + Sqrtlc]xexx~2])/(2x*
Sqrt [c]*Sqrt [2xc*d - bxel) + (e7(3/2)*Logl[Sqrt[cl*d + Sqrtlel*Sqrt[2*cxd -
bxe]*x + Sqrt[c]l*exx~2])/(2+Sqrt[c]*Sqrt[2*cxd - bxe])

Rubi [A] time = 0.100717, antiderivative size = 134, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 30, ~————— =

0.067, Rules used = {1164, 628}

e log (\/Ex\/ZCd —be + +Jcd + \/Eexz) e log (—\/Ex\/2cd —be + +Jed + \/Eexz)
2+/cV2cd — be 2+/cV2cd - be

integrand size

Antiderivative was successfully verified.

[In] Int[(d - exx"2)/((c*d"2)/e”2 + b*x"2 + c*x74),x]

[Out] -(e~(3/2)*Logl[Sqrtlcl*d - Sqrtlel*Sqrt[2*c*d - bxe]l*x + Sqrtlclxexx~2])/(2x*
Sqrt [c]*Sqrt[2*c*d - bxe]) + (e~ (3/2)*Logl[Sqrtlcl*d + Sqrtlel*Sqrt[2*c*xd -
bxel*x + Sqrt[cl*exx~2])/(2+Sqrt[c]*Sqrt[2*c*d - bxel)

Rule 1164

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2*d)/e - b/c, 2]}, Dist[e/(2xcxq), Int[(q - 2*x)/Simp[d/e
+ g*x - x72, x], x], x] + Distl[e/(2%c*xq), Int[(q + 2*x)/Simpl[d/e - q*x - x~
2, x], x], x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~™2 - 4*axc, 0] && EqQ[c
*d~2 - a*e”2, 0] && !GtQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps
\/2cd be +ox \/ZCd be oy
32 e3/2
5 f d \/25171 bex 2 f d \/ZCd bex 2 x
f d-ex® TV Ve
_dx = — —_
i L2+ ox 2+/cV2cd - be 2+/cV2cd - be

32 log (\/Ed — eV2cd — bex + \/Eexz) e log (\/Ed ++/eV2cd — bex + \/Eexz)
- +
2+/cV2cd - be 2+/cV2cd - be
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Mathematica [A] time = 0.164182, size = 250, normalized size = 1.87

(V322020 tan—l[—ﬁﬁﬁx J zzrr e tan—l{—ﬁwx ]

6'3/2 \be-Vb2e2-4c242 \ Vb2e2-4c2d2 1 e

NG NN
V24/eVb2e? — 4242

Antiderivative was successfully verified.

[In] Integrate[(d - exx"2)/((c*d”2)/e”2 + b*x"2 + c*x~4),x]

[Out] (e7(3/2)*(-(((-2%cxd - bxe + Sqrt[-4*c™2%d"2 + b~ 2%e”2])*ArcTan[(Sqrt[2]*Sq
rt [c]*Sqrt[e]*x)/Sqrt[bxe - Sqrt[-4*xc~2+*d"2 + b~2%e”2]]1])/Sqrt[b*e - Sqrt[-
4xc”2xd"2 + b™2%xe”2]]) - ((2xc*d + b*e + Sqrt[-4*c”2*d"2 + b~2*e~2])*ArcTan
[(Sqrt[2]*Sqrt [c]*Sqrt[el*x)/Sqrt[b*e + Sqrt[-4*c”2*d"2 + b~2*xe~2]]])/Sqrt[

bke + Sqrt[-4*c”2xd"2 + b"2xe”2]]1))/(Sqrt[2]*Sqrt [c]*Sqrt [-4*c™2*d"2 + b~2x

e™2])

Maple [B] time = 0.275, size = 582, normalized size = 4.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-e*x"2+d)/(c*xd~2/e"2+b*x"2+c*x"4) ,x)

[Out] -1/2*e”4/(e”2*x(b*xe-2*c*d) * (b*xe+2*c*d)) ~(1/2)*27(1/2)/ ((-b*xe"2+(e"2*x (b*e-2*c
*d) * (bxe+2*c*d) ) ~(1/2) ) *c) ~(1/2)*arctanh (cxe*xx*2~ (1/2) / ((-b*e"2+(e"2*x (b*xe-2
*c*d) * (b*xe+2*xc*xd) ) ~(1/2) )*c) ~(1/2)) ¥b-e~3*c/ (e 2% (bxe-2*xc*xd) * (bxe+2*c*d) ) ~(
1/2)*27(1/2) / ((-b*xe" 2+ (e" 2% (b*e-2*xc*xd) * (bxe+2*c*d) ) ~(1/2) ) *c) ~(1/2) *arctanh
(cxexx*x27(1/2) / ((-b*e" 2+ (e 2*x (bxe-2*c*d) * (b*e+2%c*d) ) ~(1/2) ) *c) ~(1/2) ) *d+1/
2%e"2%27(1/2) / ((-b*e~ 2+ (e~ 2* (b*xe-2*c*d) * (b*e+2*xc*d) ) ~(1/2) ) *c) ~(1/2) *arctan
h(cxexx*x27(1/2) / ((-b*e”2+ (e 2% (bxe-2*c*d) * (bxe+2*c*d) ) ~(1/2))*c)~(1/2))-1/2
xe~4/ (e” 2% (bxe-2*xc*d) * (bxe+2xc*d) ) ~(1/2)*27(1/2) / ((b*e~2+ (e~ 2*x (b*e-2*cxd) * (
bxe+2*cxd)) " (1/2))*c) "~ (1/2)*xarctan(cxexx*x2~(1/2)/ ((bxe~2+ (e 2% (bxe—2*c*d) * (
bxe+2xcxd) )~ (1/2))*c) " (1/2)) *b-e"3*xc/ (e"2x (b*xe-2*c*d) * (bxe+2*xc*xd) ) ~(1/2) %2~
(1/2)/ ((bxe"2+(e" 2% (b*e-2*xc*xd) * (b*xe+2*c*d) ) ~(1/2) ) *c) ~(1/2) *arctan (cxe*x*2"
(1/2)/ ((bxe~2+(e" 2% (b*xe-2*xc*xd) * (b¥xe+2xc*xd) ) ~(1/2) ) *c) ~(1/2) ) *d-1/2*e"2x2" (1
/2)/ ((b*xe~2+(e” 2% (bxe-2*xc*xd) * (b*xe+2*c*d) ) ~(1/2) ) *c) ~(1/2) *arctan (c*xe*xx*2~ (1
/2)/ ((b*xe™ 2+ (e~ 2% (bxe-2xc*xd) * (b*xe+2*c*d)) ~(1/2))*c)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

2

exc —d
—f—@dx

cxt + bx? + —
e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx~2+d)/(c*d~2/e”2+b*x"2+c*x"4) ,x, algorithm="maxima"

[Out] -integrate((e*x”2 - d)/(c*x"4 + b*x"2 + c*xd~2/e"2), x)
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Fricas [A] time = 1.40643, size = 494, normalized size = 3.69

, F ce®x* + cd® + (4 cde — bez)x2 +2 ((2 c*de - bcez)x3 + (2 c2d® - bcde)x)v #;bce
2\ 2c2d — bee log

—e
2 ce?x* + be?x? + cd? !

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx~2+d)/(c*d~2/e"2+b*x~2+c*x"4),x, algorithm="fricas")

[Out] [1/2xexsqrt(e/(2%c”2*%d - bxc*e))*log((cxe™2%x"4 + cxd”2 + (4*c*xd*e - b*e”2)
*x"2 + 2% ((2%c72xd*e - bkcxe2)*x"3 + (2%c”2%d"2 - bkxckdxe)*x)*sqrt(e/(2%c”

2*%d - bxcxe)))/(cxe”2%x74 + bxe 2%x”2 + c*d"2)), -exsqrt(-e/(2*c”2xd - b*cx
e))*arctan(c*x*xsqrt(-e/(2*%c™2%d - b*cxe))) + exsqrt(-e/(2xc”2*d - b*cxe))*a
rctan((cxe*xx”™3 - (c*d - b*e)*x)*sqrt(-e/(2*c”2xd - b*cxe))/d)]

Sympy [A] time = 0.795899, size = 158, normalized size = 1.18

€3 €3
x| ~ber = spemaed 290\~ Cemzed) 3

log| 2 +x2 + —~
e €2 c(be—2cd)

83 83
X\ ber| = Coezedy 290~ iezed)

e d 2
log| = +x°+ =

" c(be—2cd)

2 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-exx**2+d)/(ckd**2/ex*2+b*x**2+ckx**4) ,x)

[Out] sqrt(-ex*3/(c*(b*xe - 2*xcxd)))*log(d/e + x*x*2 + x*(-bkexsqrt(-e**3/(cx(b*xe -
2xc*d))) + 2*cxdksqrt(-ex*3/(cx(bxe - 2%c*d))))/ex*2)/2 - sqrt(-e**3/(c*(b

xe — 2xcxd)))*log(d/e + x**2 + x*(b¥exsqrt(-ex*3/(cx(b*e - 2%c*d))) - 2xcxd

xsqrt (—e*x*3/ (cx(bxe — 2xc*d))))/ex*2)/2

Giac [C] time = 2.44361, size = 6884, normalized size = 51.37

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-e*xx~2+d)/(c*d~2/e”2+b*x~2+c*x"4) ,x, algorithm="giac")

[Out] -1/2%(3*(4*c™3x(d"2)"(3/4)*d"2*e~(9/2) - b~ 2*xcx(d"2)~(3/4)*e~(13/2) - sqrt(
—4*c”2%d"2%xe”2 + b72xe”4)*bxc*(d"2) " (3/4)*e~(9/2))*cos(5/4*pi + 1/2*real_pa
rt(arcsin(1/2*b*e/(c*abs(d))))) "2*cosh(1/2*imag_part(arcsin(1/2*b*e/(c*abs(
d))))) "3*xexsin(5/4*pi + 1/2xreal part(arcsin(1/2*bxe/(c*abs(d))))) - (4*c~3
*x(d72) " (3/4)*d"2xe~(9/2) - b~ 2*xc*x(d"2)~(3/4)*e~(13/2) - sqrt(-4*c~2*d"2%e"2
+ b~2%e"4) *xb*xcx(d"2) " (3/4) *e”(9/2) ) *cosh(1/2*imag_part(arcsin(1/2*b*e/(c*a
bs(d))))) "3xexsin(5/4*pi + 1/2x%real_part(arcsin(1/2*b*e/(c*abs(d)))))~3 - 9
*x(4%c™3%(d72) " (3/4)*d"2%e~(9/2) - b~ 2xcx(d"2)"(3/4)*e~(13/2) - sqrt(-4*c™2x
d"2%e”2 + b72xe”4)*bxc*(d"2) " (3/4)*e~(9/2))*cos(5/4*pi + 1/2*xreal part(arcs
in(1/2xb*e/(c*abs(d))))) "2*xcosh(1/2*imag part(arcsin(1/2*bxe/(c*abs(d)))))~
2%exsin(5/4*pi + 1/2%real_part(arcsin(1/2xbxe/(c*abs(d)))))*sinh(1/2*imag_p
art(arcsin(1/2xb*e/(c*abs(d))))) + 3*(4*c™3%(d"2) " (3/4)*d"2*%e~(9/2) - b™2*c
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*x(d"2)7(3/4)*e~(13/2) - sqrt(-4xc™2xd"2*e”2 + b~ 2%e~4)*b*xc*x(d~2)~(3/4)*e~ (9
/2))*cosh(1/2ximag part(arcsin(1/2*bxe/(c*abs(d))))) "2*exsin(5/4*pi + 1/2*r
eal _part(arcsin(1/2xb*e/(c*abs(d))))) " 3*sinh(1/2*imag_part(arcsin(1/2xbx*e/(
cxabs(d))))) + 9% (4xc™3x(d"2)"(3/4)*d"2xe”~(9/2) - b~ 2*xc*x(d~2)~(3/4)*e”(13/2
) - sqrt(-4*c”2*xd"2xe”2 + b"2xe"4)*bxc*x(d"2)~(3/4)*e”(9/2))*cos(5/4*pi + 1/
2xreal_part(arcsin(1/2*bxe/(c*abs(d))))) "2*cosh(1/2*imag_part(arcsin(1/2x*bx
e/(cxabs(d)))))*e*xsin(5/4*pi + 1/2*real part(arcsin(1/2xbxe/(c*abs(d)))))*s
inh(1/2*%imag_part(arcsin(1/2*b*xe/(c*abs(d))))) "2 - 3*x(4*c~3%(d"2)~(3/4)*d"2
xe”(9/2) - b7™2xcx(d"2)"(3/4)*e~(13/2) - sqrt(-4*c™2*d"2%e”2 + b~ 2%e”4)*b*c*
(d72)~(3/4)*e~(9/2) ) *cosh(1/2ximag_part (arcsin(1/2*b*e/(c*abs(d)))))*e*sin(
5/4xpi + 1/2*real part(arcsin(1/2xb*e/(c*abs(d))))) 3*sinh(1/2*imag part(ar
csin(1/2*bkxe/ (c*abs(d))))) "2 - 3*(4xc™3%(d"2) " (3/4)*d"2%e”~(9/2) - b~ 2*c*(d”
2)7(3/4)*e”~(13/2) - sqrt(-4xc™2+d"2%e”2 + b~ 2xe"4)*b*xc*x(d~2) " (3/4)*e~(9/2))
xcos(5/4*pi + 1/2*xreal part(arcsin(1/2*bxe/(c*abs(d))))) 2*e*xsin(5/4*pi + 1
/2*real part(arcsin(1/2xb*e/(c*abs(d)))))*sinh(1/2*imag part(arcsin(1/2*bx*e
/(cxabs(d))))) "3 + (4*c~3%(d"2)"(3/4)*d"2*e”~(9/2) - b~ 2*c*(d"2)~(3/4)*e~ (13
/2) - sqrt(-4*c”2*xd"2xe”2 + b"2xe”4)*xb*xcx(d"2)"(3/4)*e”(9/2))*exsin(5/4xpi

+ 1/2*real_part(arcsin(1/2*b*e/(c*abs(d))))) "3*sinh(1/2*imag_part(arcsin(1l/
2xbxe/(cxabs(d))))) "3 - (4*xc™3%(d"2) " (1/4)*d"3*e”(11/2) - b~ 2xcx(d"2)~(1/4)
xd*xe” (15/2) - sqrt(-4*c~2*xd"2xe”2 + b~2xe”4)*bxc*(d~2) " (1/4)*d*e”(11/2))*co
sh(1/2*imag_part(arcsin(1/2xbxe/(c*abs(d)))))*sin(5/4*pi + 1/2*real_part(ar
csin(1/2*bkxe/(c*abs(d))))) + (4*c™3x(d72)"(1/4)*d"3xe~(11/2) - b™2xcx(d"2)~
(1/4)*d*xe~(15/2) - sqrt(-4*c™2xd"2*e”2 + b~ 2*e"4)*b*c*x(d"2)~(1/4)*d*e”(11/2
))*sin(5/4*pi + 1/2xreal part(arcsin(1/2*bxe/(c*abs(d)))))*sinh(1/2*imag pa
rt(arcsin(1/2*b*e/(c*xabs(d))))))*arctan(-((d~2)~(1/4)*cos(5/4*pi + 1/2*arcs
in(1/2*b*e/(c*abs(d))))*e~(-1/2) - x)*e~(1/2)/((d"2)~(1/4)*sin(5/4*pi + 1/2
xarcsin(1/2xbxe/ (c*xabs(d))))))/(dxc”4*xd"4*e™4 - b~ 2*c™2%d"2%xe”6) - 1/2%(3%(
4%c”3*%(d72) " (3/4)*d"2%e7(9/2) - b7 2*c*x(d"2)7(3/4)*e”(13/2) - sqrt(-4xc~2*d~
2%e”2 + b72%e"4)*b*xcx(d"2) " (3/4)*e”(9/2))*cos(1/4*pi + 1/2*real_part(arcsin
(1/2%bxe/ (c*abs(d))))) “2*cosh(1/2*imag part(arcsin(1/2*b*e/(c*abs(d))))) " 3*
exsin(1/4*pi + 1/2*real_part(arcsin(1/2xbxe/(c*abs(d))))) - (4*c™3x(d"2)"(3
/4)*d"2%e~(9/2) - b~ 2xc*x(d"2) " (3/4)*e”(13/2) - sqrt(-4*c~2*d"2*xe”2 + b~ 2%e”
4)xb*xc*x(d"2) 7 (3/4)*e”(9/2) ) *cosh(1/2*imag_part(arcsin(1/2*b*e/(c*abs(d)))))
“3%exsin(1/4*pi + 1/2*real_part(arcsin(1/2xb*e/(c*abs(d))))) "3 - 9 (4xc~3%(
d~2)7(3/4)*d"2xe~(9/2) - b~2*xcx(d"2)"(3/4)*e~(13/2) - sqrt(-4*c™2*d"2*e”2 +
b~2%e”4) *b*xc* (d~2) ~(3/4)*e”~(9/2))*xcos(1/4*pi + 1/2xreal_part(arcsin(1/2*bx
e/ (c*xabs(d))))) "2xcosh(1/2*imag_part(arcsin(1/2xbx*e/(c*abs(d))))) "2*exsin(1
/4xpi + 1/2¥real_part(arcsin(1/2*b*e/(c*abs(d)))))*sinh(1/2ximag part(arcsi
n(1/2xbxe/(c*abs(d))))) + 3*%(4xc™3x(d”~2)~(3/4)*d"2xe~(9/2) - b~ 2xcx(d"2)~(3
/4)*xe”(13/2) - sqrt(-4*c”2xd"2xe”2 + b~2*xe”4)*bxc*x(d"2)~(3/4)*e~(9/2))*cosh
(1/2*imag_part(arcsin(1/2*b*e/(c*abs(d))))) "2%e*xsin(1/4*pi + 1/2*real part(
arcsin(1/2xb*e/(c*abs(d))))) "3*sinh(1/2*imag part(arcsin(1/2xb*e/(c*abs(d))
))) + 9% (4*c”3%(d72) " (3/4)*d"2%e”(9/2) - b7 2*c*x(d72)"(3/4)*e~(13/2) - sqrt(
—-4xc72*%d"2%e"2 + b72*%e"4)*bxcx(d"2) " (3/4)*xe”(9/2) ) *cos(1/4*pi + 1/2*real pa
rt(arcsin(1/2*b*e/(c*abs(d))))) "2*cosh(1/2*imag _part(arcsin(1/2*b*e/(c*abs(
d)))))*exsin(1/4*pi + 1/2*real part(arcsin(1/2xb*e/(cxabs(d)))))*sinh(1/2%i
mag_part(arcsin(1/2xbxe/(cxabs(d)))))~2 - 3x(4*xc~3x(d~2)~(3/4)*d"2*xe”~(9/2)

- b72%cx(d72) 7 (3/4)*e” (13/2) - sqrt(-4*c™2%d"2%xe”2 + b"2%e”4)*b*xcx(d~2) "~ (3/
4)*e~(9/2))*cosh(1/2+imag_part(arcsin(1/2*b*e/(cxabs(d)))))*e*sin(1/4*pi +

1/2*xreal_part(arcsin(1/2*b*e/(c*abs(d))))) "3*sinh(1/2*imag part(arcsin(1/2x%
bxe/(c*xabs(d))))) "2 - 3*%(4xc™3x(d"2)~(3/4)*d"2xe~(9/2) - b~ 2*xc*x(d~2)~(3/4)*
e~ (13/2) - sqrt(-4*c”™2xd"2%e”2 + b~ 2xe”4)*b*xc*(d~2) ~(3/4)*e”(9/2))*cos(1/4x
pi + 1/2xreal part(arcsin(1/2*xb*e/(c*abs(d))))) 2xe*xsin(1/4xpi + 1/2%real p
art(arcsin(1/2*b*e/(c*abs(d)))))*sinh(1/2*imag_part(arcsin(1/2*b*e/(c*abs(d
))))) 73 + (4%c”3%(d72)7(3/4)*d"2%e” (9/2) - b™2%c*(d"2) " (3/4)*e~(13/2) - sqr
t(-4%c™2xd"2*%e"2 + b~2%e"4) *xb*xcx(d"2) " (3/4)*e”(9/2) ) *exsin(1/4*pi + 1/2*rea
1_part(arcsin(1/2*b*e/(c*abs(d))))) "3*sinh(1/2ximag_part(arcsin(1/2*bxe/ (c*
abs(d))))) "3 - (4xc™3*%(d"2)7(1/4)*d"3*%e~(11/2) - b™2xc*(d"2) " (1/4)*d*e” (15/
2) - sqrt(-4*c”2xd"2xe”2 + b72xe”4)*bxc*(d"2) " (1/4)*d*e”(11/2))*cosh(1/2*im
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ag_part(arcsin(1/2*bxe/(c*abs(d)))))*sin(1/4*pi + 1/2*xreal_part(arcsin(1/2x
bkxe/(c*kabs(d))))) + (4xc™3*%(d72)7(1/4)*d"3*e”(11/2) - b™2xc*x(d™2) " (1/4)*dxe
~(15/2) - sqrt(-4*c”2*d"2*e”2 + b~ 2%e”4)*b*xc*k(d"2) 7 (1/4)*d*e”(11/2))*sin(1/
4xpi + 1/2*real part(arcsin(1/2xb*e/(c*abs(d)))))*sinh(1/2*imag part(arcsin
(1/2%bxe/ (c*abs(d))))))*arctan(-((d~2)~(1/4)*cos(1/4xpi + 1/2%arcsin(1/2*b*
e/(c*xabs(d))))*e”(-1/2) - x)*e~(1/2)/((d"2)"(1/4)*sin(1/4*pi + 1/2xarcsin(l
/2%bxe/ (c*abs(d))))))/(4*c”4*d"4*e"4 - b™2xc™2+d"2%e”6) + 1/4x((4*c”3*%(d"2)
~(3/4)*d"2xe”(9/2) - b~2*xcx(d"2)"(3/4)*e”(13/2) - sqrt(-4*c™2*d"2%e”2 + b72
xe~4)*bxc*(d"2) " (3/4)*e~(9/2) )*xcos(5/4*pi + 1/2*real part(arcsin(1l/2xb*e/(c
*abs(d))))) "3xcosh(1/2*imag_part(arcsin(1/2xbxe/(c*abs(d))))) 3*e - 3*(4*c”
3% (d™2) " (3/4)*d"2%e~(9/2) - b~2*c*x(d"2) " (3/4)*e~(13/2) - sqrt(-4xc~2*d"2*e”
2 + b"2%xe"4) *bkxcx(d"2) " (3/4)*e”~(9/2) ) *cos(5/4*pi + 1/2*real_part(arcsin(1/2
xb*e/ (cxabs(d)))))*cosh(1/2ximag_part(arcsin(1/2*b*xe/(c*abs(d))))) “3*e*xsin(
5/4xpi + 1/2*real part(arcsin(1/2xb*e/(c*abs(d))))) "2 - 3*x(4*xc~3*(d"2)~(3/4
)*d"2%e”(9/2) - b™2xc*x(d"2) " (3/4)*e”(13/2) - sqrt(-4xc”2xd"2*e"2 + b~ 2*e"4)
*xbxc*(d~2) " (3/4)*e~(9/2) ) *cos(5/4*pi + 1/2*real_part(arcsin(1/2xb*e/ (c*abs(
d))))) "3*cosh(1/2*imag_part(arcsin(1/2xb*xe/(c*abs(d))))) 2*e*xsinh(1/2*imag_
part(arcsin(1/2xb*e/(c*xabs(d))))) + 9% (4*xc~3x(d"2) "~ (3/4)*d"2%e”(9/2) - b™2x%
c*x(d"2)"(3/4)*e~(13/2) - sqrt(-4*c™2*d"2*e”2 + b~2*e”4)*bxc*x(d~2) " (3/4)*e"(
9/2))*cos(5/4xpi + 1/2*real part(arcsin(1/2xb*e/(c*abs(d)))))*cosh(1/2*imag
_part(arcsin(1/2*b*e/(c*abs(d))))) "2*e*sin(5/4*pi + 1/2*real part(arcsin(l/
2xbxe/ (c*abs(d))))) "2*xsinh(1/2*imag_part(arcsin(1/2*bxe/(c*abs(d))))) + 3*(
4xc”3%(d72) " (3/4)*d"2%xe”(9/2) - b~2xcx(d"2) " (3/4)*e”(13/2) - sqrt(-4*xc~2*d~
2%e”2 + b~2%e"4)*bxcx(d"2)~(3/4)*e”(9/2))*cos(5/4*pi + 1/2*real_part(arcsin
(1/2%bxe/ (c*abs(d))))) ~3*cosh(1/2*imag part(arcsin(1/2*b*e/(c*abs(d)))))*ex
sinh(1/2*imag part(arcsin(1/2xbxe/(c*abs(d))))) "2 - 9*(4xc~3%(d~2)~(3/4)*d"~
2%e~(9/2) - b7 2*cx(d72)7(3/4)*e”(13/2) - sqrt(-4*c™2+d"2xe”2 + b"2xe”4)*b*c
*(d"2)"(3/4)*e~(9/2) ) *cos(5/4xpi + 1/2*real part(arcsin(1/2xbxe/(cxabs(d)))
))*cosh(1/2*imag_part(arcsin(1/2xb*e/(c*abs(d)))))*exsin(5/4*pi + 1/2%real _
part(arcsin(1/2*xb*e/(c*abs(d))))) "2*sinh(1/2ximag part(arcsin(1/2*bxe/(c*ab
s(d)))))"2 - (4xc™3%(d"2)"(3/4)*d"2%e~(9/2) - b~ 2xcx(d~2)~(3/4)*e~(13/2) -
sqrt (-4*c™2*xd"2%e”2 + b~ 2%e”4)*b*xc*k(d"2) " (3/4)*e”(9/2))*cos(5/4*xpi + 1/2xre
al_part(arcsin(1/2*bxe/(c*abs(d))))) “3*e*xsinh(1/2*imag_part (arcsin(1/2*b*e/
(cxabs(d))))) "3 + 3% (4*c™3*%(d"2) " (3/4)*d"2*e~(9/2) - b~ 2*c*(d"2)~(3/4)*e~ (1
3/2) - sqrt(-4xc”2xd"2*e”2 + b~ 2*e~4)xb*xc*x(d"2)~(3/4)*e”(9/2))*cos(5/4xpi +
1/2*real part(arcsin(1/2xb*e/(cxabs(d)))))*exsin(5/4*pi + 1/2*real part(ar
csin(1/2%bxe/(c*abs(d))))) "2*sinh(1/2*imag_part(arcsin(1/2*b*e/(c*abs(d))))
)73 - (4*%c”3*(d"2) " (1/4)*d"3*e”(11/2) - b~ 2*c*(d"2)~(1/4)*d*e~(15/2) - sqrt
(=4xc™2xd"2%e”2 + b~ 2%e”"4)xb*xckx(d"2) " (1/4)*d*e”~(11/2))*cos(5/4*pi + 1/2%rea
1 part(arcsin(1/2*xbxe/(c*abs(d)))))*cosh(1/2*imag_part(arcsin(1l/2*b*e/(c*ab
s(d))))) + (4*xc™3x(d"2)"(1/4)*d"3*e”(11/2) - b~ 2*c*(d"2)~(1/4)*d*e~(15/2) -
sqrt (-4xc™2*xd"2*%e”2 + b~2%e”"4)*bxcx(d"2) " (1/4)*d*e”(11/2))*cos(5/4*pi + 1/
2*real_part(arcsin(1/2%b*e/(c*abs(d)))))*sinh(1/2*imag_part (arcsin(1/2*b*e/
(c*abs(d))))))*log(-2*%(d~2) " (1/4)*x*cos(5/4*pi + 1/2%arcsin(1/2xbxe/ (c*abs(
d))))*e”(-1/2) + x72 + sqrt(d~2)*e”(-1))/(4*c”4xd"4*xe"4 - b~2xc"2*d"2%e”6)
+ 1/4%((4*c™3%(d"2) " (3/4)*d"2%e~(9/2) - b~ 2xc*(d"2)~(3/4)*e~(13/2) - sqrt(-
4xc”2%d"2%e”2 + bT2%e”4)*bxcx(d"2) " (3/4)*e”(9/2) ) *cos(1/4*pi + 1/2*real_par
t(arcsin(1/2*b*e/(c*abs(d))))) "3*cosh(1/2*ximag_part(arcsin(1/2*xb*e/(c*abs(d
)))))"3xe — 3x(4*c”3%(d72)7(3/4)*d"2%e”(9/2) - b~ 2*c*x(d"2)"(3/4)*e~(13/2) -
sqrt (-4*%c™2*xd"2%e”2 + b7 2%e”4)*b*xc*x(d72) " (3/4)*e”(9/2)) *cos(1/4*pi + 1/2%r
eal part(arcsin(1/2xb*e/(c*abs(d)))))*cosh(1/2ximag part(arcsin(1/2*xbxe/ (c*
abs(d))))) "3*exsin(1/4*pi + 1/2%real_part(arcsin(1/2*bxe/(c*abs(d)))))"2 -
3% (4*xc™3%(d"2) " (3/4)*d"2%e~(9/2) - b~ 2*xcx(d"2)~(3/4)*e~(13/2) - sqrt(-4*c~2
xd"2%e”2 + b72*xe~4) *xb*xcx(d"2) " (3/4)*e”(9/2) ) *cos(1/4*pi + 1/2*real part(arc
sin(1/2xbxe/(c*abs(d))))) ~3*cosh(1/2ximag part(arcsin(1/2*bxe/(c*abs(d)))))
~2%exsinh(1/2ximag part(arcsin(1/2*bxe/(c*abs(d))))) + 9x(4xc~3*(d"2)~(3/4)
xd"2%e~(9/2) - b~ 2*cx(d"2)"(3/4)*e”(13/2) - sqrt(-4*c™2*xd"2%e”2 + b"2xe”4)*
bxc*x(d™2) 7 (3/4)*e”(9/2))*cos(1/4*pi + 1/2*xreal_part(arcsin(1/2*bxe/(c*abs(d
)))))*cosh(1/2+imag part(arcsin(1/2*b*e/(c*abs(d))))) "2*e*xsin(1/4*pi + 1/2%
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real_part(arcsin(1/2xbxe/(c*abs(d))))) "2xsinh(1/2*imag_part (arcsin(1/2*b*e/
(cxabs(d))))) + 3*x(4*xc™3x(d"2)"(3/4)*d"2*%e~(9/2) - b~ 2xcx(d~2)~(3/4)*e~(13/
2) - sqrt(-4*c”2xd"2%e”2 + b~2*xe”4)*bxcx(d"2) " (3/4)*e~(9/2))*cos(1/4*pi + 1
/2*real part(arcsin(1/2xb*e/(c*abs(d))))) " 3*cosh(1l/2*imag part(arcsin(1/2*b
xe/(cxabs(d)))))*e*xsinh(1/2*ximag_part (arcsin(1/2*b*e/(c*abs(d))))) "2 - 9% (4
*Cc73*(d"2) 7 (3/4)*d"2%e”(9/2) - b"2*c*x(d"2) " (3/4)*e” (13/2) - sqrt(-4xc~2xd"2
xe”2 + b72xe”4)*¥b*xc*x(d"2) " (3/4)*e~(9/2) )*cos(1/4*pi + 1/2*real part(arcsin(
1/2%bxe/ (c*abs(d)))))*cosh(1/2*imag_part(arcsin(1/2xb*e/(c*abs(d)))))*e*xsin
(1/4*%pi + 1/2*xreal part(arcsin(1/2*bxe/(c*abs(d))))) "2*sinh(1/2*imag part(a
rcsin(1/2*b*e/ (cxabs(d))))) "2 - (4xc™3%(d"2) " (3/4)*d"2*%e”(9/2) - b~ 2*c*(d"2
)7 (3/4)*%e7(13/2) - sqrt(-4*c™2xd"2xe”2 + b7"2xe”4)*bxc*(d"2)~(3/4)*e”(9/2))*
cos(1/4*pi + 1/2*real part(arcsin(1/2xbxe/(c*abs(d))))) "3*exsinh(1/2*imag p
art (arcsin(1/2xbxe/(c*abs(d))))) "3 + 3*(4*c~3%(d"2)~(3/4)*d"2%e”(9/2) - b~2
xc*x(d™2) 7 (3/4)*%e~(13/2) - sqrt(-4xc™2xd"2*e”2 + b~ 2%e~4)xb*xcx(d~2)~(3/4)*e”
(9/2))*cos(1/4*pi + 1/2*xreal part(arcsin(1/2*b*e/(c*abs(d)))))*e*sin(1/4*pi
+ 1/2*real part(arcsin(1/2*b*e/(c*abs(d))))) "2*sinh(1/2*imag _part(arcsin(l
/2%b*e/(c*abs(d))))) "3 - (4*c™3x(d"2)"(1/4)*d"3*e”(11/2) - b"2*cx(d"2)"(1/4
)*dxe”(15/2) - sqrt(-4*c”2*d"2*e”2 + b7 2*e”4)*bxc*x(d~2) " (1/4)*d*e” (11/2))*c
os(1/4*pi + 1/2*real_part(arcsin(1/2x*b*e/(c*abs(d)))))*cosh(1/2*ximag part(a
rcsin(1/2*bxe/(c*xabs(d))))) + (4*c™3%(d"2)~(1/4)*d"3*e”~(11/2) - b™2*xc*x(d"2)
~(1/4)*d*e”(15/2) - sqrt(-4*c™2*d"2%e”2 + b~ 2%e”4)*bxc*(d"2) " (1/4)*d*e” (11/
2))*cos(1/4*pi + 1/2*real part(arcsin(1/2xbxe/(c*abs(d)))))*sinh(1/2*imag p
art(arcsin(1/2xb*e/(c*abs(d))))))*log(-2x(d"2) ~(1/4) *x*cos (1/4*pi + 1/2*arc
sin(1/2xbxe/(c*xabs(d))))*e~(-1/2) + x72 + sqrt(d~2)*e~(-1))/(4*xc”4xd"4*e"4

- b72xc”2%d"2%e”6)
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335 [y

d
E§—+bx2+cx4
e

Optimal. Leaf size=130

63/2 tan_l (Vch—be+2\/E\/Ex) 63/2 tan_l (Vch—be—Z\/E\/Ex)
Voered ) Voeracd

\JcVbe + 2cd \JcVbe + 2cd

[Out] -((e~(3/2)*ArcTan[(Sqrt[2*xc*d - b*xe] - 2xSqrt[c]l*Sqrt[e]*x)/Sqrt[2*c*xd + bx
e]])/(Sqrt[c]*Sqrt[2xc*xd + b*xel)) + (e~ (3/2)*ArcTan[(Sqrt[2*c*d - b*xe] + 2%
Sqrt [c]*Sqrt[el *x)/Sqrt[2*cxd + bxe]])/(Sqrtlcl*Sqrt[2*cxd + bxe])

Rubi [A] time = 0.166098, antiderivative size = 130, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 29, e .

integrand size
0.103, Rules used = {1161, 618, 204}

32 tan1 ( VZCd—beJrZ\/E\/EX) 32 tanL (Vch—be—Z\/E\/Ex)
Vbe+2cd Vbe+2cd

\JcVbe + 2cd B \JcVbe + 2cd

Antiderivative was successfully verified.

[In] Int[({d + e*x"2)/((c*d"2)/e"2 + b*x"2 + c*x74),x]

[Out] -((e~(3/2)*ArcTan[(Sqrt[2*c*d - bxe] - 2xSqrt[c]l*Sqrt[e]*x)/Sqrt[2*c*xd + b*
e]])/(Sqrt[c]*Sqrt[2xc*xd + b*xel)) + (e~ (3/2)*ArcTan[(Sqrt[2*c*d - b*xe] + 2%
Sqrt [c]*Sqrt [e]*x) /Sqrt [2xcxd + bxel]l)/(Sqrt[cl*Sqrt[2*c*d + b*el)

Rule 1161

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2xc), Int[1/Simpl[d/e + g*x + x~2
, x], x], x] + Dist[e/(2*c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQ[c*d™2 - a*e”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRtl[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Substl[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps
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1 1
2 € f E_ V2cd—bex 2 dx € f §+ V2cd—bex X dx
f d+ ex d e oye e Veve

cd? 2 4 *= 2c * 2c
-+ bx? + cx

1 V2cd—be 1 V2cd—be
e Subst (f SR dx,x,——\/E\/E +2x) e Subst (f T, dx, x, v +2x)

c
ewatanfl(iﬁﬁtﬁtiféff) eyztan‘l(iﬂf:%iiﬂééf)
V2cd+be focd+be

+
\eV2ed + be \eV2ced + be

Mathematica [A] time = 0.121889, size = 248, normalized size = 1.91

(V b262—4c2d2—be+2cd) tanl[—\fzﬁ\/&x ] (m+be—2cd) tan™! [ Ve ]

63 /2 \be-Vb2¢2 4242 + \ Vb2e2-4c2d2 +be

\be—Vb2e2—4c2 2 \V2e2—42 @ +be
\/5\/2\/ b2e? — 4c242

Antiderivative was successfully verified.

[In] Integratel[(d + e*xx"2)/((cxd"2)/e”2 + b*x"2 + c*x74),x]

[Out] (e~ (3/2)*(((2*c*xd - bxe + Sqrt[-4*c™2xd"2 + b~2%e”2])*ArcTan[(Sqrt[2]*Sqrt[
c]*Sqrt[e]l*x)/Sqrt[b*e - Sqrt[-4xc”2xd"2 + b~2xe”2]]])/Sqrt[b*e - Sqrt[-4x*c
“2xd"2 + b72xe"2]] + ((-2%cxd + b*e + Sqrt[-4*c”2xd"2 + b~2*xe~2])*ArcTan[(S
qrt [2]*Sqrt [c]*Sqrt [e]l*x) /Sqrt [bxe + Sqrt[-4*c™2*d"2 + b~2*e”2]]1])/Sqrt [bxe

+ Sqrt [-4*c”2*d"2 + b"2*e~2]]))/(Sqrt[2]1*Sqrt [c]*Sqrt [-4*c~2*d"2 + b~ 2*e”2
D

Maple [B] time = 0.223, size = 582, normalized size = 4.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx~2+d)/(c*d~2/e"2+b*xx~2+c*x~4) ,x)

[Out] 1/2*e"4/(e”2*x(bxe-2xc*d) * (b*xe+2*c*d)) ~(1/2)*27(1/2)/ ((-b*xe"2+(e”2* (b*e-2*cx*
d) * (bxe+2xc*d)) ~(1/2))*c) "~ (1/2) *arctanh (cxexx*2~ (1/2) / ((-b*xe” 2+ (e" 2% (b*xe-2%
cxd) * (bxe+2*c*d)) ~(1/2))*c) " (1/2) ) *b-e~3*c/ (e”2* (b*xe-2*c*d) * (bxe+2*c*d) ) ~ (1
/2)*27(1/2)/ ((-bxe"2+ (e 2% (b*e-2*c*d) * (b*e+2xc*d) ) ~(1/2) )*c) ~(1/2) *arctanh (
cxexx*27 (1/2)/ ((~b*xe~2+ (e 2% (b*xe-2xc*xd) * (b*xe+2xc*xd) ) ~(1/2) ) *c) ~(1/2) )*d-1/2
*e72%27(1/2) / ((-b*e~ 2+ (e~ 2x (b*xe-2*c*d) * (b*e+2*c*d) ) ~(1/2) )*c) ~(1/2) *arctanh
(cxexx*x27(1/2) / ((-b*e~ 2+ (e~ 2x (bxe-2*c*d) * (b*xe+2*xc*d) ) ~(1/2) )*xc) ~(1/2))+1/2%
e~ 4/ (e” 2% (bxe-2*xc*xd) * (bxe+2*xc*d) ) ~(1/2)*27(1/2) / ((b*xe~2+ (e~ 2% (b*xe-2*c*d) * (b
xe+2%c*d)) " (1/2))*c) " (1/2)*arctan(c*xe*xx*2”(1/2) / ((b*xe~2+ (e~ 2* (b*xe-2*c*d) * (b
xe+2%cxd) ) ~(1/2))*c)~(1/2) ) *b-e~3*c/ (e 2% (b*e-2*xc*d) * (bxe+2*cxd) ) ~(1/2) *x27(
1/2) / ((bxe~2+(e" 2% (bxe-2*c*d) * (bxe+2*xc*d) ) ~(1/2) ) *c) ~(1/2) *arctan (cxexx*2~ (
1/2)/ ((bxe~2+ (e" 2% (b*xe-2*c*d) * (bxe+2*xc*xd) ) ~(1/2) ) *c) ~(1/2) ) *d+1/2*xe”2x2"(1/
2)/ ((b*xe™ 2+ (e 2% (bxe—-2*xc*xd) * (b*xe+2*c*d) ) ~(1/2) ) *c) ~(1/2) *arctan (cxe*x*2~ (1/
2)/ ((b*xe™2+(e" 2% (b*xe-2*xc*xd) * (b*xe+2*c*d) ) ~(1/2) ) *c) ~(1/2))
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Maxima [F] time = 0., size = 0, normalized size = 0.

ex? +d
f—dde

C
cxt + bx? + —
e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx~2+d)/(c*d~2/e”2+bxx"2+c*x"4) ,x, algorithm="maxima")

[Out] integrate((exx~2 + d)/(c*x”4 + b*x~2 + c*d"2/e"2), x)

Fricas [A] time = 1.3234, size = 490, normalized size = 3.77

1 [ P . ce®x* + cd? - (4 cde + bez)x2 +2 ((2 c2de + bcez)x3 — (2 c2d? + bccle)x)1 /—w
N 2¢2d + bee &

—e e
2 ce?x4 + be2x? + cd? "N 23

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx~2+d)/(c*d~2/e”2+bxx~2+c*x"4) ,x, algorithm="fricas")

[Out] [1/2%e*xsqrt(-e/(2%c”2xd + bxc*e))*log((c*xe™2xx"4 + c*d™2 - (4xc*d*xe + bxe”2
)*x72 + 2x((2%xc”2*%d*e + bxc*ke"2)*xx"3 - (2%c72xd"2 + bkcxd*e)*x)*sqrt(-e/ (2%

c"2xd + bxcxe)))/(cxe”2*x"4 + b*e”2xx"2 + c*d"2)), exsqrt(e/(2xc”2*xd + bxcx
e))*arctan(cxx*xsqrt(e/(2%xc™2%d + bkcke))) + exsqrt(e/(2%c”2xd + bxcxe))*arc
tan((cxexx™3 + (c*d + bxe)*x)*sqrt(e/(2*%c™2xd + bxc*e))/d)]

Sympy [A] time = 0.777016, size = 160, normalized size = 1.23

83 33
x| ~ber| ~ cperzeay "2~ erzed) 3

log S -
e e2 c(be+2cd)

[’3 1’3 )
X\ ber| = Seracdy T2 " cperzed)

e3 d
log|—= +x? +
08 e * 2

" c(be+2cd)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**2+d)/(ckdx*2/e**2+bxx**2+ckx**4) ,X)

[Out] -sqrt(-ex*3/(cx(b*xe + 2*c*xd)))*log(-d/e + x**x2 + x*(-bxe*xsqrt(-ex*3/(c*(bxe
+ 2%c*xd))) - 2xckdxsqrt(-e**3/(cx(bxe + 2xc*xd))))/ex*2)/2 + sqrt(-ex*3/(c*

(bxe + 2%cxd)))*log(-d/e + x**2 + x*(b*xe*xsqrt(-e*x*3/(cx(b*e + 2%c*xd))) + 2%
ckdxsqrt (—e*x*3/ (cx(bxe + 2xc*d))))/ex*2)/2

Giac [C] time = 2.41465, size = 6884, normalized size = 52.95

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx~2+d)/(c*d~2/e”2+b*x"2+c*x"4) ,x, algorithm="giac")

[Out] 1/2%(3%(4*c™3%(d"2)"(3/4)*d"2*e”(9/2) - b~ 2*c*(d"2)~(3/4)*e~(13/2) - sqrt(-
4xc”2xd"2%e"2 + b~ 2%e"4)xb*xcx(d"2) " (3/4)*e”(9/2))*cos(5/4xpi + 1/2%real par
t(arcsin(1/2*bxe/ (c*abs(d))))) "2*cosh(1/2ximag part(arcsin(1/2*bxe/ (c*abs(d
))))) "3xexsin(5/4xpi + 1/2*real_part(arcsin(1/2*b*e/(c*abs(d))))) - (4xc™3x
(d72)7(3/4)*d"2*%e~(9/2) - b™2xc*x(d"2)"(3/4)*e~(13/2) - sqrt(-4*c~2xd"2*e"2
+ b72%e~4) xb*xcx(d~2) ~(3/4) *e”(9/2) ) *cosh(1/2*imag_part(arcsin(1/2*bxe/(c*ab
s(d))))) "3xe*xsin(5/4*pi + 1/2xreal part(arcsin(1/2*bxe/(c*abs(d)))))~3 - 9%
(4xc™3%(d"2)"(3/4)*d"2xe~(9/2) - b~ 2xc*x(d~2)~(3/4)*e~(13/2) - sqrt(-4*c~2xd
T2%e”2 + b72xe"4)*bxc*(d"2) " (3/4)*e”(9/2))*cos(5/4*pi + 1/2*real_part(arcsi
n(1/2*b*e/ (cxabs(d))))) ~2*cosh(1/2*imag_part(arcsin(1/2xb*e/(c*abs(d))))) "2
xe*xsin(5/4*pi + 1/2xreal_part(arcsin(1/2*xb*e/(c*abs(d)))))*sinh(1/2*imag pa
rt(arcsin(1/2xbxe/(cxabs(d))))) + 3*x(4*c™3x(d"2)7(3/4)*d"2*e”(9/2) - b~ 2*cx
(d"2)"(3/4)*e~(13/2) - sqrt(-4*c™2*d"2%e”2 + b~ 2xe”4)*bxc*(d~2)~(3/4)*e~(9/
2))*cosh(1/2*imag part(arcsin(1/2xb*e/(c*abs(d))))) 2xe*sin(5/4*pi + 1/2%re
al_part(arcsin(1/2*b*e/(c*abs(d))))) " 3*sinh(1/2*imag_part(arcsin(1/2*bx*e/(c
*xabs(d))))) + 9% (4xc”™3%(d"2) " (3/4)*d"2*%e”(9/2) - b~ 2*c*(d"2) " (3/4)*e”(13/2)
- sqrt(-4*c”2xd"2xe”2 + b7"2xe”4)*b*xc*(d"2)~(3/4)*e~(9/2))*cos(5/4*pi + 1/2
xreal part(arcsin(1/2*bxe/(c*abs(d))))) "2*cosh(1/2*imag part(arcsin(1l/2*b*e
/(c*xabs(d)))))*e*xsin(5/4*pi + 1/2xreal_part(arcsin(1/2*bxe/(c*abs(d)))))*si
nh(1/2*imag_part(arcsin(1/2*b*e/(c*abs(d))))) "2 - 3*(4xc~3*(d"2) " (3/4)*d"2x%
e~ (9/2) - b™2xc*x(d"2)7(3/4)*%e~(13/2) - sqrt(-4*c™2xd"2*e”2 + b~ 2%e~4)xb*cx*(
d~2)~(3/4)*e~(9/2))*cosh(1/2*imag _part(arcsin(1/2*b*e/(c*abs(d)))))*e*sin(b
/4xpi + 1/2*real part(arcsin(1/2*b*e/(c*abs(d))))) " 3*sinh(1/2*imag part(arc
sin(1/2%b*e/(c*abs(d))))) "2 - 3%(4*c™3x(d"2) " (3/4)*d"2%e~(9/2) - b~ 2*xc*x(d"2
)" (3/4)*e”(13/2) - sqrt(-4*c™2*xd"2*e”2 + b~ 2%e”4)*bxc*x(d~2) " (3/4)*e”(9/2))*
cos(5/4*xpi + 1/2xreal_part(arcsin(1/2*bxe/(c*abs(d))))) "2*exsin(5/4*pi + 1/
2xreal part(arcsin(1l/2xb*e/(c*abs(d)))))*sinh(1/2ximag part(arcsin(1/2*bxe/
(cxabs(d))))) "3 + (4*c™3*%(d"2)"(3/4)*d"2%e”(9/2) - b~ 2*c*x(d"2)~(3/4)*e~(13/
2) - sqrt(-4xc”2*xd"2*%e"2 + b~2%e"4)*bxcx(d"2) " (3/4)*e”(9/2) ) *e*xsin(5/4*pi +
1/2*xreal_part(arcsin(1/2*b*e/(c*abs(d))))) "3*sinh(1/2*imag_part(arcsin(1/2
xbxe/(c*abs(d))))) "3 + (4xc”3*%(d"2)"(1/4)*d"3*e”~(11/2) - b~ 2*c*x(d"2)~(1/4)*
dxe”(15/2) - sqrt(-4*c™2xd"2*%e”2 + b~ 2%e~4)xb*xcx(d~2) " (1/4)*d*e~(11/2))*cos
h(1/2*imag part(arcsin(1/2*bxe/(c*abs(d)))))*sin(5/4*pi + 1/2xreal part(arc
sin(1/2*bxe/(cxabs(d))))) - (4*c™3*%(d"2)"(1/4)*d"3*e”(11/2) - b~ 2*xc*x(d"2) " (
1/4)*d*xe~(15/2) - sqrt(-4*c™2*xd"2*e”2 + b~ 2%e”4)*b*xcx(d~2) " (1/4)*d*e”~(11/2)
)*sin(5/4*pi + 1/2*real_part(arcsin(1/2xbxe/(c*abs(d)))))*sinh(1/2*imag_par
t(arcsin(1/2*xbxe/ (c*abs(d))))))*arctan(-((d~2)~(1/4)*cos(5/4*pi + 1/2*arcsi
n(1/2xbxe/(c*xabs(d))))*e~(-1/2) - x)*e~(1/2)/((d"2)"(1/4)*sin(5/4*pi + 1/2%
arcsin(1/2xbxe/(cxabs(d))))))/(4xc™4*xd"4*e"4 - b~2%c™2xd"2*e”6) + 1/2x(3*%(4
*xc73%(d"2)7(3/4)*d"2*%e~(9/2) - b"2xc*x(d"2)7(3/4)*e”(13/2) - sqrt(-4*c~2xd"2
xe”2 + bT2xe”4)*b*xc*x(d"2) " (3/4)*e~(9/2) )*cos(1/4*pi + 1/2*real part(arcsin(
1/2%bxe/ (c*abs(d))))) “2*cosh(1/2ximag part(arcsin(1/2*b*xe/(c*abs(d))))) ~3x*e
xsin(1/4*pi + 1/2*real part(arcsin(1/2*bxe/(c*abs(d))))) - (4*c”~3x(d~2)~(3/
4)*d"2*%e~(9/2) - b72*c*x(d"2)7(3/4)*e”(13/2) - sqrt(-4*c”2xd"2*e”2 + b~ 2*xe"4
) *¥b*xc*x (d”2) ~(3/4)*e~(9/2) ) *cosh(1/2*imag_part(arcsin(1/2xb*e/(c*abs(d)))))”
3*xe*xsin(1/4*pi + 1/2*real_part(arcsin(1/2*bxe/(c*abs(d))))) "3 - 9x(4*c~3*(d
"2)7(3/4)*%d"2xe”(9/2) - b72xcx(d"2)"(3/4)*%e”(13/2) - sqrt(-4*c”2*xd"2*e”2 +
b~2%e”~4) xb*xc*x(d"2) " (3/4)*e~(9/2) ) *cos(1/4xpi + 1/2*real part(arcsin(1/2xbxe
/(cxabs(d))))) " 2xcosh(1/2*imag part(arcsin(1/2xb*e/(c*abs(d))))) 2*e*xsin(1/
4xpi + 1/2*real part(arcsin(1/2xb*e/(c*abs(d)))))*sinh(1/2*imag part(arcsin
(1/2%bxe/ (c*kabs(d))))) + 3x(4xc™3*x(d"2)~(3/4)*d"2xe~(9/2) - b~2*cx(d~2)~(3/
4)*xe~(13/2) - sqrt(-4xc”2xd"2*e”2 + b~ 2*e"4)*xb*xc*x(d~2) " (3/4)*e”(9/2))*cosh(
1/2*imag_part(arcsin(1/2xb*e/(c*xabs(d))))) 2*e*sin(1/4*pi + 1/2*real part(a
rcsin(1/2*bxe/ (c*abs(d))))) “3*sinh(1/2*imag part(arcsin(1l/2*b*e/(c*abs(d)))
)) + 9% (4xc”3%(d"2)"(3/4)*d"2xe~(9/2) - b~2xc*(d"2)~(3/4)*e~(13/2) - sqrt(-
4xc”2xd"2%e"2 + b"2%e"4)*xb*xcx(d72) " (3/4)*e”(9/2))*cos(1/4xpi + 1/2%real_par
t(arcsin(1/2xb*xe/(c*abs(d))))) "2*xcosh(1/2*imag_part(arcsin(1/2*b*e/(c*abs(d
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)))))*exsin(1/4*pi + 1/2xreal part(arcsin(1/2*bxe/(c*abs(d)))))*sinh(1/2*im
ag_part(arcsin(1/2*bxe/(c*abs(d))))) "2 - 3*(4*c~3x(d"2) " (3/4)*d"2%e~(9/2) -
b~ 2*xcx(d"2) " (3/4) %~ (13/2) - sqrt(-4*c™2*d"2%e”2 + b~ 2%e”4)*bxc*(d"2)~(3/4
)*e”~(9/2))*cosh(1/2ximag part(arcsin(1/2*bxe/(c*abs(d)))))*e*sin(1/4xpi + 1
/2xreal_part(arcsin(1/2*b*e/(c*abs(d))))) "3*sinh(1/2*imag_part(arcsin(1/2*b
*xe/(cxabs(d))))) "2 - 3x(4*xc™3x(d72) 7 (3/4)*d"2*%e”(9/2) - b™2xcx(d"2) 7 (3/4)*e
~(13/2) - sqrt(-4xc™2*xd"2*e”2 + b 2*xe"4)*bxcx(d"2) " (3/4)*e”(9/2))*cos(1/4x*p
i + 1/2%real_part(arcsin(1/2*b*e/(c*abs(d))))) " 2*e*xsin(1/4*pi + 1/2*real_pa
rt(arcsin(1/2*b*e/(c*abs(d)))))*sinh(1/2ximag part (arcsin(1/2*bxe/(c*abs(d)
)))) 73 + (4xc™3%(d"2)7(3/4)*d"2xe”(9/2) - b~2%cx(d"2)~(3/4)*e~(13/2) - sqrt
(-4%c™2*%d"2*%e"2 + b~ 2%e"4)*xb*xcx(d"2) " (3/4)*e~(9/2) ) *e*xsin(1/4*pi + 1/2xreal
_part(arcsin(1/2*bxe/(cxabs(d))))) "3*sinh(1/2*imag part(arcsin(1/2xb*xe/(c*a
bs(d))))) 73 + (4xc™3x(d72)7(1/4)*d"3*%e”(11/2) - b~2*c*x(d"2) ~(1/4)*d*e~(15/2
) - sqrt(-4*c”2xd"2xe”2 + b72xe"4)*bxc*x(d"2)~(1/4)*d*e”(11/2))*cosh(1/2*ima
g_part(arcsin(1/2*b*xe/(c*abs(d)))))*sin(1/4*pi + 1/2*real part(arcsin(1/2xb
*xe/(c*xabs(d))))) - (4xc™3%(d"2)"(1/4)*d"3xe~(11/2) - b~ 2*c*(d"2) " (1/4)*d*e”
(15/2) - sqrt(-4xc™2xd"2%e”2 + b~2%e"4)*b*cx(d~2)~(1/4)*d*e~(11/2))*sin(1/4
xpi + 1/2%real_part(arcsin(1/2*xb*e/(c*abs(d)))))*sinh(1/2*imag_part(arcsin(
1/2%bxe/ (c*abs(d))))))*arctan(-((d~2)~(1/4)*cos(1/4xpi + 1/2*arcsin(1/2xbx*e
/(cxabs(d))))*xe~(-1/2) - x)*e~(1/2)/((d"2)~(1/4)*sin(1/4*pi + 1/2%arcsin(1/
2xbxe/(cxabs(d))))))/(4d*c™4*d"4*e”4 - b~2xc"2xd"2xe"6) - 1/4%((4*c~3%(d"2)"
(3/4)*d"2%e”(9/2) - b™2*cx(d"2)7(3/4)*e~(13/2) - sqrt(-4*c™2xd"2%e”2 + b~2%
e~4)xb*xc*x(d"2) 7 (3/4)*e”(9/2))*cos(5/4*xpi + 1/2xreal part(arcsin(1/2xbxe/ (cx*
abs(d)))))"3*cosh(1/2*imag_part(arcsin(l/2*b*e/(c*xabs(d))))) " 3xe - 3*(4*c”3
*x(d72) " (3/4)*d"2xe”(9/2) - b~ 2xcx(d"2)"(3/4)*e~(13/2) - sqrt(-4*c~2*d"2*e"2
+ b72%e”4) *b*xc* (d~2) ~(3/4)*e~(9/2))*cos(5/4*pi + 1/2%real_part(arcsin(1/2x
b*xe/(c*abs(d)))))*cosh(1/2*imag_part(arcsin(1/2xb*e/(c*abs(d))))) "3*e*xsin(5
/4xpi + 1/2*real part(arcsin(1/2*b*e/(c*xabs(d))))) "2 - 3*(4xc~3*(d~2)~(3/4)
xd"2%e~(9/2) - b~ 2*cx(d"2)"(3/4)*e”(13/2) - sqrt(-4*c™2*xd"2%e”2 + b"2xe”4)*
bxc*(d™2) 7 (3/4)*e~(9/2))*cos(5/4*pi + 1/2xreal part(arcsin(1/2*bxe/(c*abs(d
))))) " 3*cosh(1/2*imag_part(arcsin(1/2*b*e/(c*abs(d))))) 2*exsinh(1/2*imag p
art(arcsin(1/2*bxe/(cxabs(d))))) + 9x(4*c~3*%(d"2)~(3/4)*d"2*e~(9/2) - b~ 2x*c
*x(d"2)7(3/4)*e~(13/2) - sqrt(-4xc™2xd"2*e"2 + b~ 2*e~4)*bxc*x(d"2)~(3/4)*e~ (9
/2))*cos(5/4*pi + 1/2*real_part(arcsin(1/2*b*e/(c*xabs(d)))))*cosh(1/2*imag_
part(arcsin(1/2*xb*e/(c*abs(d))))) "2xe*xsin(5/4*pi + 1/2xreal part(arcsin(1/2
xbxe/(cxabs(d))))) "2*xsinh(1/2*imag part(arcsin(1/2*bxe/(c*abs(d))))) + 3x(4
*xc73%(d"2) 7 (3/4)*d"2*%e~(9/2) - b"2xc*(d"2)7(3/4)*e~(13/2) - sqrt(-4*c~2xd"2
xe”2 + b72xe”4)xbxc*x(d"2) " (3/4)*e”(9/2))*cos(5/4*pi + 1/2*real part(arcsin(
1/2%bxe/ (c*abs(d))))) “3*cosh(1/2*ximag_part(arcsin(1/2*b*xe/(c*abs(d)))))*e*s
inh(1/2*imag_part(arcsin(1/2*b*e/(c*abs(d))))) "2 - 9x(4xc~3*(d"2)~(3/4)*d"2
xe”(9/2) - b72xcx(d"2)"(3/4)*e”(13/2) - sqrt(-4*c™2*d"2%e”2 + b~ 2%e”4)*b*c*
(d~2)~(3/4)*e~(9/2) ) *xcos(5/4*pi + 1/2*real_part(arcsin(1/2xb*e/(c*abs(d))))
)*cosh(1/2*imag_part(arcsin(1/2xbxe/(c*abs(d)))))*exsin(5/4*pi + 1/2*real_p
art (arcsin(1/2xbxe/(c*abs(d))))) "2*sinh(1/2*imag_part(arcsin(1/2*b*e/(c*abs
(d)))))72 - (4%c™3x(d"2)"(3/4)*d"2%e~(9/2) - b™2xc*x(d"2)7(3/4)*e~(13/2) - s
qrt (-4*c”2xd"2%e”2 + b~2xe”4) *b*xcx(d"2) ~(3/4)*e”~(9/2) ) *cos(5/4*pi + 1/2*rea
1 part(arcsin(1/2*bxe/(c*abs(d))))) "3xexsinh(1/2*imag_part(arcsin(1/2*b*e/(
c*xabs(d))))) "3 + 3% (4xc”3%(d"2)"(3/4)*d"2xe~(9/2) - b~2xc*(d"2)~(3/4)*e” (13
/2) - sqrt(-4*c”2xd"2%e"2 + b~2%e~4)*b*xcx(d"2) " (3/4)*e”(9/2))*cos(5/4*pi +

1/2*xreal_part(arcsin(1/2*b*e/(c*abs(d)))))*e*xsin(5/4*pi + 1/2xreal part(arc
sin(1/2*xbxe/(c*abs(d))))) "2*sinh(1/2ximag part(arcsin(1/2*bxe/(c*abs(d)))))
73 + (4xc™3%(d72)7(1/4)*d"3*e~(11/2) - b~ 2*c*(d"2) " (1/4)*d*e” (15/2) - sqrt(
—4*xc"2xd"2%xe”2 + bT2xe”4)xbxc*(d72) " (1/4)*d*e”(11/2))*cos(5/4*pi + 1/2%*real
_part(arcsin(1/2*bxe/ (cxabs(d)))))*cosh(1/2*imag_part (arcsin(1/2xbxe/ (c*abs
(d))))) - (4xc™3%(d"2)"(1/4)*d"3*%e~(11/2) - b~ 2xcx(d”2)~(1/4)*d*e”~(15/2) -

sqrt (-4*c™2*%d"2%e”2 + b~ 2%e”4)*b*xc*x(d"2) " (1/4)*d*e” (11/2))*cos(5/4*pi + 1/2
xreal part(arcsin(1/2*bxe/(c*abs(d)))))*sinh(1/2*imag part(arcsin(1/2xbx*e/(
ckxabs(d))))))*log(-2*%(d~2) ~(1/4)*x*cos(5/4*pi + 1/2xarcsin(1/2*b*e/(c*abs(d
M) *e~(=1/2) + x72 + sqrt(d™2)*e”(-1))/(4*c™4*d"4*e”4 - b™2%c"2+d"2%e”6) -
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1/4%((4xc™3%(d"2) " (3/4)*d"2*%e™(9/2) - b~ 2*c*(d"2)"(3/4)*e~(13/2) - sqrt(-4
*CT2%d"2%e”2 + bT2%e”4)*bkcx(d72) " (3/4)*e”(9/2))*cos(1/4xpi + 1/2%real_part
(arcsin(1/2*bxe/ (c*abs(d))))) “3*cosh(1/2*imag part(arcsin(1l/2*b*e/(c*abs(d)
))))"3%e - 3% (4xc”3x(d"2)"(3/4)*d"2xe”(9/2) - b"2*xc*x(d"2)"(3/4)*e”(13/2) -
sqrt (-4xc”2*%d"2*%e"2 + b~2%e"4)*bxcx(d"2) " (3/4)*e”(9/2) ) *cos(1/4*pi + 1/2%re
al_part(arcsin(1/2*bxe/(c*abs(d)))))*cosh(1/2*imag _part(arcsin(1/2xb*e/(c*a
bs(d))))) " 3*xexsin(1/4*pi + 1/2%real part(arcsin(1/2*bxe/(c*abs(d)))))"2 - 3
*x(4%c™3%(d72) " (3/4)*d"2%e~(9/2) - b~ 2xcx(d"2)"(3/4)*e~(13/2) - sqrt(-4*c™2x
d"2%e”2 + b72xe”4)*bxc*(d"2) " (3/4)*e~(9/2))*cos(1/4*pi + 1/2*xreal part(arcs
in(1/2*bxe/ (c*abs(d))))) "3*cosh(1/2*imag_part(arcsin(1/2*b*e/(cxabs(d)))))"
2xexsinh(1/2*imag_part(arcsin(1/2%b*e/(c*abs(d))))) + 9% (4*c~3%(d"2)~(3/4)*
d"2%e”(9/2) - b™2xc*(d"2)7(3/4)*e~(13/2) - sqrt(-4xc™2xd"2*e”2 + b~ 2*e"4)*b
xc*(d"2) " (3/4)*%e~(9/2))*cos(1/4*pi + 1/2*xreal part(arcsin(1l/2*b*e/(c*abs(d)
))))*cosh(1/2*ximag part(arcsin(1/2*b*e/(c*abs(d))))) "2*e*xsin(1/4*pi + 1/2*r
eal part(arcsin(1/2xb*e/(c*xabs(d))))) " 2+sinh(1/2*imag part(arcsin(1/2xbx*e/(
cxabs(d))))) + 3x(4xc™3%(d"2)"(3/4)*d"2xe”(9/2) - b~2*c*x(d~2)7(3/4)*e”(13/2
) - sqrt(-4*c”2xd"2xe”2 + b7"2xe”4)*bxc*x(d"2) " (3/4)*e”(9/2))*cos(1/4*pi + 1/
2xreal_part(arcsin(1/2*bxe/(c*abs(d))))) "3*cosh(1/2*imag_part(arcsin(1/2*bx
e/(c*xabs(d)))))*exsinh(1/2*imag part(arcsin(1/2*xbxe/(c*abs(d))))) "2 - 9*(4x
c™3%(d"2)7(3/4)*d"2xe~(9/2) - b~ 2*xcx(d"2)"(3/4)*e”(13/2) - sqrt(-4*c~2*d~2x
e”2 + b~2xe”4)*b*xc*x(d”2) ~(3/4)*e~(9/2))*cos(1/4*pi + 1/2%real_part(arcsin(1
/2*%b*e/ (c*abs(d)))))*cosh(1/2*imag part(arcsin(1/2*b*e/(c*abs(d)))))*e*xsin(
1/4xpi + 1/2*real_part(arcsin(1/2*b*e/(c*abs(d))))) 2*sinh(1/2*imag_part(ar
csin(1/2%b*e/(c*xabs(d))))) "2 - (4%c™3%(d"2)"(3/4)*d"2xe~(9/2) - b~ 2*c*(d"2)
~(3/4)*e”(13/2) - sqrt(-4*c”2xd"2%e”2 + b~2*xe”4)*bkxcx(d"2) " (3/4)*e”(9/2))*c
os(1/4*pi + 1/2*real part(arcsin(1/2xbxe/(c*abs(d))))) 3*exsinh(1/2*imag pa
rt(arcsin(1/2*b*e/(cxabs(d))))) "3 + 3*(4xc™3*x(d"2) 7 (3/4)*d"2%xe”~(9/2) - b~2x
cx(d~2)"(3/4)*e~(13/2) - sqrt(-4*c™2xd"2xe”2 + b~ 2xe”4)*bxc*(d~2) "~ (3/4)*e"(
9/2))*cos(1/4xpi + 1/2*real part(arcsin(1/2xbxe/(c*abs(d)))))*exsin(1/4*pi
+ 1/2*real_part(arcsin(1/2*b*e/(c*abs(d))))) "2*sinh(1/2*imag_part(arcsin(1l/
2xb*xe/(c*abs(d))))) "3 + (4xc™3x(d"2)"(1/4)*d"3*e”(11/2) - b~ 2xc*(d"2)~(1/4)
xd*e” (15/2) - sqrt(-4xc™2xd"2*e”2 + b~ 2*e~4)*bxc*x(d~2) " (1/4)*d*xe” (11/2))*co
s(1/4xpi + 1/2*real part(arcsin(1/2*b*e/(c*abs(d)))))*cosh(1/2*imag part(ar
csin(1/2*b*e/(c*xabs(d))))) - (4%c™3%(d"2)"(1/4)*d"3*xe~(11/2) - b™2xcx(d"2)~
(1/4)*d*e~(15/2) - sqrt(-4*c™2xd"2*e”2 + b~ 2*e"4)xb*xc*x(d~2)~(1/4)*d*e”~(11/2
))*cos(1/4*pi + 1/2xreal part(arcsin(1/2*bxe/(c*abs(d)))))*sinh(1/2*imag pa
rt(arcsin(1/2*b*xe/(c*xabs(d))))))*log(-2%(d~2) " (1/4)*xxcos(1/4*pi + 1/2*arcs
in(1/2%b*e/(c*abs(d))))*e”(-1/2) + x72 + sqrt(d™2)*e”(-1))/(4*c™4*xd"4*e"4 -
b~2%c"2*d"2%e”6)
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336 [—TT gy

42
bx2+c(7§+x4)
e

Optimal. Leaf size=130

32 tan! (Vch—be+2\/E\/Ex) 2 tan~! (VZCd—he—Z\/E\/Ex)
Vbet+2cd Vbet+2cd

\JcVbe + 2cd B \JcVbe + 2cd

[Out] -((e~(3/2)*ArcTan[(Sqrt[2*cxd - bxe] - 2*Sqrt[c]*Sqrtle]l*x)/Sqrt[2*cxd + bx
el]l)/(Sqrtlc]*Sqrt[2*c*d + bxe])) + (e~ (3/2)*ArcTan[(Sqrt[2%cxd - bxe] + 2x
Sqrt [c]*Sqrt [e]*x)/Sqrt[2*xc*d + bxel])/(Sqrt[c]*Sqrt[2*c*d + bxe])

Rubi [A] time = 0.130766, antiderivative size = 130, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 29, e -

0.138, Rules used = {1990, 1161, 618, 204}
312 1 Vch—be+2\/E\/Ex) 312 1 (Vch—he—Z\/E\/Ex)
e’ tan ( Vbe+2cd _ e’ tan Vbe+2cd
\JcVbe + 2cd \JcVbe + 2cd

integrand size

Antiderivative was successfully verified.

[In] Int[(d + e*x~2)/(b*x"2 + cx(d"2/e"2 + x74)),x]

[Out] -((e~(3/2)*ArcTan[(Sqrt[2*c*d - bxe] - 2xSqrt[c]l*Sqrt[e]*x)/Sqrt[2*c*xd + b*
e]])/(Sqrt[c]*Sqrt[2xc*xd + b*el)) + (e~ (3/2)*ArcTan[(Sqrt[2*c*d - b*xe] + 2%
Sqrt [c]*Sqrt [e]l*x)/Sqrt [2xcxd + bxell)/(Sqrt[cl*Sqrt[2*c*d + b*el)

Rule 1990

Int[(u_)"(q_.)*(v_)~(p_.), x_Symbol] :> Int[ExpandToSum[u, x] gq*ExpandToSum
[v, x]17p, x] /; FreeQ[{p, q}, x] && BinomialQ[u, x] && TrinomialQ[v, x] &&
| (BinomialMatchQ[u, x] && TrinomialMatchQ[v, x])

Rule 1161

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2xd)/e - b/c, 2]}, Distl[e/(2%c), Int[1/Simpl[d/e + q*x + x72
, x], x], x] + Distl[e/(2%c), Int[1/Simp[d/e - gq*x + x~2, x], x], x]] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQlc*d™2 - axe”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRtl[a/c, 2],
o)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])
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Rubi steps

d + ex? d + ex?
f = )dx = f—ch dx

bx2+c(—2+x4 — +bx? +cxt
e e

1 1
€ f Z_ V2cd—bex ) x € f E+ V2cd—bex 2 dx
R P
2c 2c
1 V2cd-be 1 V2cd-be
e Subst (fmdx,x,—w +2.X') e Subst (f _E_Z_d_XZ dx,x, N +2.X')

C e C e

C
eyztan—l(léﬁjfjb@ﬂ%) eyztanfl(jgﬂjzibgf§)
V2cd+be \2cd+be

+
\JeV2ced + be \JeV2ced + be

Mathematica [A] time = 0.0444802, size = 248, normalized size = 1.91

( Vb262—4C2d2—be+ZCd) tan_l[—ﬁﬁ‘ﬁx ] (m+be—2cd) tan_l[ V2yeyex ]
be-Vi2e2-ac2 12 + \VE2e2-4242 + e

SR Nz a2z rte
V2+/cVb2e? — 4242

3/2

e

Antiderivative was successfully verified.

[In] Integratel[(d + e*x~2)/(b*x"2 + cx(d"2/e"2 + x74)),x]

[Out] (e~ (3/2)*(((2*c*d - bxe + Sqrt[-4*c”2xd”2 + b~2xe”2])*ArcTan[(Sqrt[2]*Sqrt[
cl*Sqrt [el*x)/Sqrt [b*e - Sqrt[-4*c”2*d"2 + b~2xe~2]]1])/Sqrt[b*e - Sqrt[-4*c
“2%d"2 + b72xe"2]] + ((-2%cxd + b*e + Sqrt[-4*c”2xd"2 + b~2*xe~2])*ArcTan[(S
qrt [2] *Sqrt [c]*Sqrt [e]l*x)/Sqrt [bxe + Sqrt[-4*c™2*d~2 + b~2*e~2]]1])/Sqrt [bxe

+ Sqrt[-4*c™2%d"2 + b"2%e”2]]))/(Sqrt [2]*Sqrt [c]*Sqrt [-4*c™2%xd"2 + b~2%xe”2
D

Maple [B] time = 0.212, size = 582, normalized size = 4.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x~2+d)/(b*x~2+c*x(d~2/e"2+x"4)),x)

[Out] 1/2*e"4/(e”2*x(bxe-2xc*d) * (b*xe+2*c*xd)) ~(1/2)*27(1/2)/ ((-b*xe"2+(e"2* (b*e-2*cx*
d) * (bxe+2*xc*xd) ) ~(1/2) ) *c) ~(1/2) *arctanh(cxexx*2~(1/2) / ((-b*e" 2+ (e” 2% (b*e—-2%
cxd) * (b*xe+2%c*xd)) ~(1/2))*c) " (1/2) ) *b-e"3*c/ (e”2* (b*xe-2*c*d) * (bxe+2*c*d) ) ~ (1
/2)*27(1/2) / ((-b*e" 2+ (e~ 2x (bxe-2*c*d) * (bxe+2*c*d) ) ~(1/2) ) *c) ~(1/2) *arctanh(
cxexx*27(1/2) / ((~b*e” 2+ (e 2x (bxe-2xc*d) * (b*xe+2*c*d) ) ~(1/2) ) *c) ~(1/2) ) *d-1/2
*e72x27(1/2) / ((-bxe~2+ (e 2% (bxe—-2*c*d) * (bxe+2xc*d) ) ~(1/2) ) *c) " (1/2) *arctanh
(cxexx*x27(1/2) / ((-b*e" 2+ (e~ 2* (bxe-2*c*d) * (bxe+2*xc*d) ) ~(1/2) )*xc) ~(1/2))+1/2%
e~ 4/ (e” 2% (bxe-2*xc*xd) * (bxe+2*xc*d) ) ~(1/2)*27(1/2) / ((b*xe~2+ (e~ 2* (b*xe-2*c*d) * (b
xe+2xc*xd) ) " (1/2))*c) " (1/2)*arctan(cxexx*x2~(1/2) / ((bxe~ 2+ (e~ 2% (b*xe-2*c*xd) * (b
*e+2%c*d)) " (1/2))*c) " (1/2) ) *b-e~3*c/ (e” 2% (b*xe-2*c*xd) * (bxe+2xcxd) ) ~(1/2) *27(
1/2)/ ((bxe~2+ (e~ 2% (bxe-2*c*xd) * (bxe+2*c*xd) ) ~(1/2) )*c) " (1/2) *arctan (cxe*xx*2~ (
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1/2)/ ((bxe~2+ (e~ 2% (b*xe-2*c*d) * (bxe+2xc*xd) ) ~(1/2) ) *c) ~(1/2) ) *d+1/2*xe~2x2~(1/
2)/ ((bxe"2+ (e~ 2% (b*e-2%c*xd) *x (bxe+2*xc*d) ) ~(1/2) ) *c) ~(1/2) xarctan (c*xexx*2~ (1/
2)/ ((bxe™ 2+ (e" 2% (b*e-2%c*xd) *x (bxe+2xc*xd) ) ~(1/2) ) *c)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

2+d
f ex? + &
bx? + (x4 + —z)c
e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)/(bxx"2+c*(d"2/e"2+x74)),x, algorithm="maxima")

[Out] integrate((exx”2 + d)/(b*x"2 + (x74 + d~2/e"2)*c), x)

Fricas [A] time = 1.35055, size = 490, normalized size = 3.77

e
1 e\/—ielo ce®x* + cd? - (4 cde + bez)x2 +2 ((2 c2de + bcez)x3 - (2 c2d? + bcde)x)1 /—m e\/:
2 2c2d + bce & ce?x* + bex? + cd? "N 23

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)/(b*x~2+c*x(d"2/e"2+x74)),x, algorithm="fricas")

[Out] [1/2%e*xsqrt(-e/(2%c”2xd + bxc*e))*log((c*xe™2xx"4 + c*d™2 - (4xc*d*xe + bxe”2
)*x72 + 2x((2%xc”2*%d*e + bxc*ke”2)*xx"3 - (2%c72xd"2 + bkcxd*e)*x)*sqrt(-e/ (2%

c"2xd + bxcxe)))/(cxe”2*x"4 + b*e”2xx"2 + c*d"2)), exsqrt(e/(2xc”2xd + bxcx
e))*arctan(c*x*xsqrt(e/(2xc™2*d + b*cxe))) + exsqrt(e/(2%c”™2xd + bx*c*e))*arc
tan((c*xe*xx~3 + (c*d + b*e)*x)*sqrt(e/(2%c™2*d + bxcxe))/d)]

Sympy [A] time = 0.783604, size = 160, normalized size = 1.23

b 2 o e
3 d ’ x| —be _C(b6+26d)_ c _c(be+2cd) 3

" c(be+2cd) log e U e2 " c(be+2cd)

83 53 \
X ber| = Serzedy T2~ cperaed)

d, 2
log -+t 2

2 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**x2+d)/ (b*xx*x*2+c* (d**2/ex*2+x**4)) ,x)

[Out] -sqrt(-ex*3/(c*x(b*e + 2%c*xd)))*log(-d/e + x**2 + x*(-bxe*xsqrt(-ex*3/(c*(b*e
+ 2xcxd))) - 2*ckdxsqrt(-e*xx3/(cx(bxe + 2%c*d))))/ex*2)/2 + sqrt(-ex*3/(c*

(bxe + 2%cxd)))*log(-d/e + x*x2 + x*(b*exsqrt(-e*x*3/(c*(b*e + 2%cxd))) + 2%
cxdxsqrt (—e*x*3/ (cx(bxe + 2xc*d))))/ex*2)/2

Giac [C] time = 2.44217, size = 6884, normalized size = 52.95

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)/(bxx~2+c*(d"2/e"2+x74)),x, algorithm="giac")

[Out] 1/2%(3*%(4*c™3%(d"2)"(3/4)*d"2*%e~(9/2) - b~ 2*c*x(d"2)~(3/4)*e~(13/2) - sqrt(-
4%c”2*%d"2%e”2 + b~ 2*xe"4)*xb*xcx(d"2) " (3/4)*e”(9/2))*cos(5/4*pi + 1/2*real par
t(arcsin(1/2xbxe/ (c*abs(d))))) "2*cosh(1/2ximag part(arcsin(1/2*bxe/ (c*abs(d
))))) "3*%exsin(5/4*pi + 1/2*xreal part(arcsin(1/2*bxe/(c*abs(d))))) - (4*c” 3%
(d72)"(3/4)*d"2%e~(9/2) - b™2xc*(d"2)7(3/4)*e~(13/2) - sqrt(-4*c™2xd"2*e”~2
+ b72xe”4) xb*xc*(d"2) " (3/4)*e”(9/2) ) *cosh(1/2*imag_part (arcsin(1/2*b*e/(c*ab
s(d))))) " 3xexsin(5/4*pi + 1/2*real part(arcsin(1/2*b*e/(c*abs(d)))))"3 - 9%
(4%xc™3%(d"2) " (3/4)*d"2%e~(9/2) - b~2%c*(d"2) 7 (3/4)*e”(13/2) - sqrt(-4*xc~2xd
T2%e72 + b72%e”4)*b*xckx(d72) " (3/4)*e”(9/2)) *cos(5/4*xpi + 1/2%real part(arcsi
n(1/2xb*e/(c*xabs(d))))) "2*xcosh(1/2*ximag part(arcsin(1/2*xbxe/(c*abs(d))))) "2
xexsin(5/4*pi + 1/2xreal_part(arcsin(1/2*b*e/(c*abs(d)))))*sinh(1/2*imag pa
rt(arcsin(1/2*b*xe/(c*abs(d))))) + 3*%(4*xc™3%(d"2) " (3/4)*d"2*%e~(9/2) - b~ 2*c*
(d72)7(3/4)*e~(13/2) - sqrt(-4*c~2xd"2*e”2 + b~ 2%e”4)*b*c*x(d~2) ~(3/4)*e~(9/
2))*cosh(1/2*imag part(arcsin(1/2xb*e/(c*abs(d))))) 2xe*xsin(5/4*pi + 1/2%re
al part(arcsin(1/2*b*e/(c*abs(d))))) "3*sinh(1/2*imag_part(arcsin(1l/2xb*e/(c
*xabs(d))))) + 9x(4*xc™3x(d"2)~(3/4)*d"2*e”(9/2) - b~ 2*xcx(d~2)~(3/4)*e~(13/2)
- sqrt(-4*c™2%d"2%xe”2 + b72xe"4)*bxc*(d"2) " (3/4)*e~(9/2))*cos(5/4*pi + 1/2
*xreal_part(arcsin(1/2*b*e/(c*abs(d))))) "2*cosh(1/2*imag_part(arcsin(1/2xbxe
/(c*xabs(d)))))*exsin(5/4*pi + 1/2xreal part(arcsin(1/2*bxe/(c*abs(d)))))*si
nh(1/2*imag_part(arcsin(1/2*b*e/(c*abs(d))))) "2 - 3*x(4xc~3*(d"2) ~(3/4)*d"2x%
e~ (9/2) - b™2xc*x(d"2)"(3/4)*%e~(13/2) - sqrt(-4xc™2xd"2*e”2 + b~ 2*e”~4)xb*c*(
d~2)~(3/4)*e~(9/2) ) *cosh(1/2*imag_part(arcsin(1/2xb*e/(c*abs(d)))))*exsin(5
/4xpi + 1/2%real_part(arcsin(1/2*b*e/(c*abs(d))))) 3*sinh(1/2*imag part (arc
sin(1/2*bxe/(cxabs(d))))) "2 - 3*(4*xc™3*%(d"2) " (3/4)*d"2*%e~(9/2) - b~ 2*c*(d"2
)7 (3/4)*e~(13/2) - sqrt(-4*c™2*d"2%e”2 + b~ 2xe”4)*bxc*x(d~2) " (3/4)*e”(9/2))*
cos(5/4*xpi + 1/2xreal part(arcsin(1/2*bxe/(c*abs(d))))) 2*exsin(5/4*pi + 1/
2xreal part(arcsin(1l/2*b*e/(c*abs(d)))))*sinh(1/2ximag part(arcsin(1/2*bxe/
(cxabs(d))))) "3 + (4*c™3x(d"2)7(3/4)*d"2*%e”(9/2) - b~2xcx(d~2)"(3/4)*e~(13/
2) - sqrt(-4*c™2xd"2xe”2 + b72xe”4)*bxc*(d"2) " (3/4)*e”(9/2)) *exsin(5/4*pi +
1/2*real_part(arcsin(1/2*b*e/(c*abs(d))))) "3*sinh(1/2*imag_part(arcsin(1/2
*xbxe/(c*xabs(d))))) "3 + (4xc™3x(d"2)"(1/4)*d"3xe~(11/2) - b~ 2*c*(d"2) " (1/4)*
dxe~(15/2) - sqrt(-4xc™2*xd"2*%e”2 + b~2%e”"4)*bxcx(d~2)~(1/4)*d*e”(11/2))*cos
h(1/2*imag_part(arcsin(1/2*bxe/(c*abs(d)))))*sin(5/4*pi + 1/2*xreal_part(arc
sin(1/2xb*xe/(c*abs(d))))) - (4xc”3%(d"2) " (1/4)*d"3xe”(11/2) - b~ 2*c*(d"2) " (
1/4)*d*e~(15/2) - sqrt(-4*c™2*xd"2*e”2 + b~ 2*e”4)*b*xcx(d~2)~(1/4)*d*e”~(11/2)
)*sin(5/4xpi + 1/2%real part(arcsin(1/2*xbxe/(c*abs(d)))))*sinh(1/2*imag par
t (arcsin(1/2*b*e/(c*abs(d))))))*arctan(-((d~2)~(1/4)*cos(5/4*pi + 1/2*arcsi
n(1/2*b*xe/(c*xabs(d))))*e~(-1/2) - x)*e~(1/2)/((d"2)"(1/4)*sin(5/4*pi + 1/2%
arcsin(1/2xb*e/(cxabs(d))))))/(4*c™4*d " 4*e”4 - b™2xc"2xd"2%e"6) + 1/2%(3*(4
*Cc73%(d"2) 7 (3/4)*d"2xe”(9/2) - b~2*xc*x(d"2) " (3/4)*e”(13/2) - sqrt(-4xc~2xd"2
xe”2 + b7"2xe”4)*bxcx(d"2) " (3/4)*e~(9/2))*cos(1/4*pi + 1/2*real part(arcsin(
1/2%bxe/ (c*abs(d))))) “2*cosh(1/2*imag part(arcsin(1/2*b*e/(c*abs(d))))) ~3x*e
*sin(1/4*pi + 1/2xreal_part(arcsin(1/2*b*e/(c*abs(d))))) - (4xc~3%(d"2)"(3/
4)*d"2%e7(9/2) - b7 2*xc*x(d"2)7(3/4)*e”(13/2) - sqrt(-4*c”™2*d"2*e”2 + b~ 2*e"4
)*¥bxc*(d~2) "~ (3/4)*e~(9/2) )*xcosh(1/2*imag part (arcsin(1/2*xbxe/(c*abs(d)))))~
3xexsin(1/4*pi + 1/2xreal part(arcsin(1/2*bxe/(c*abs(d))))) "3 - 9*(4*xc~3x(d
~2)7(3/4)*%d"2xe”(9/2) - b72xcx(d"2)"(3/4)*e~(13/2) - sqrt(-4*c”2*xd"2*e”2 +
b~2xe~4) xb*xc* (d~2) ~(3/4)*e~(9/2))*cos(1/4*pi + 1/2*xreal_part(arcsin(1/2xbx*e
/(c*xabs(d)))) ) 2*cosh(1/2*imag part(arcsin(1/2xb*e/(c*abs(d))))) 2*e*xsin(1/
4xpi + 1/2*real_part(arcsin(1/2xb*e/(c*abs(d)))))*sinh(1/2*imag part(arcsin
(1/2%bxe/ (c*abs(d))))) + 3*(4*c™3x(d"2)"(3/4)*d"2%e~(9/2) - b™2*xc*x(d"2)~(3/
4)*xe~(13/2) - sqrt(-4xc™2xd"2*e”2 + b~ 2*e"4)xb*xc*x(d"2)~(3/4)*e~(9/2))*cosh(
1/2*imag_part(arcsin(1l/2xb*e/(c*xabs(d))))) 2xe*sin(1/4*pi + 1/2*real part(a
rcsin(1/2*b*e/ (cxabs(d))))) ~3*sinh(1/2*imag_part(arcsin(1/2xb*e/(c*abs(d)))
)) + 9x(4xc™3%(d72) " (3/4)*d"2xe” (9/2) - b72%c*x(d"2)7(3/4)*e”(13/2) - sqrt(-
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4xc”2xd"2%e"2 + b7 2%e"4)*xb*xcx(d"2) " (3/4)*e”(9/2))*cos(1/4xpi + 1/2%real_par
t(arcsin(1/2*xbxe/ (c*abs(d))))) "2*cosh(1/2*ximag part (arcsin(1/2*bxe/(c*abs(d
)))))*exsin(1/4*pi + 1/2*real_part(arcsin(1/2xb*e/(c*abs(d)))))*sinh(1/2%im
ag_part(arcsin(1/2*b*xe/(c*abs(d))))) "2 - 3*(4*xc”3x(d"2)~(3/4)*d"2xe~(9/2) -
b~ 2*xcx(d"2) " (3/4)*e~(13/2) - sqrt(-4*c™2*d"2%e”2 + b~ 2%e”4)*bxc*(d~2)~(3/4
)*e”~(9/2))*cosh(1/2ximag part(arcsin(1/2*bxe/(c*abs(d)))))*e*xsin(1/4*pi + 1
/2*xreal_part(arcsin(1/2*b*e/(c*abs(d))))) "3*sinh(1/2*imag_part(arcsin(1/2*b
*xe/(cxabs(d))))) "2 - 3*(4*xc™3%(d"2) 7 (3/4)*d"2%e”(9/2) - b 2*cx(d"2) 7 (3/4)*e
~(13/2) - sqrt(-4*c~2*xd"2*e”2 + b~ 2%e”4)*b*xc*x(d"2) " (3/4)*e”(9/2))*cos(1/4*p
i + 1/2*real_part(arcsin(1/2*b*e/(c*abs(d))))) " 2%e*sin(1/4*pi + 1/2*real pa
rt(arcsin(1/2*b*e/(c*abs(d)))))*sinh(1/2*ximag part (arcsin(1/2*bxe/(c*abs(d)
)))) 73 + (4%c”3%(d"2) " (3/4)*d"2%e”(9/2) - b~ 2*c*x(d"2)"(3/4)*e~(13/2) - sqrt
(=4xc™2*xd"2%e”2 + b~ 2*e”"4)*xb*xckx(d"2) " (3/4)*e”(9/2)) *e*xsin(1/4*pi + 1/2*real
_part(arcsin(1/2*b*e/(c*xabs(d))))) " 3*sinh(1/2*imag _part(arcsin(1/2xb*e/(c*a
bs(d)))))~3 + (4*c™3%(d"2)"(1/4)*d"3*e~(11/2) - b~ 2xc*(d"2)~(1/4)*d*e~(15/2
) - sqrt(-4*c”2+xd"2xe”2 + b7"2xe"4)*b*xc*x(d"2) " (1/4)*d*e”(11/2))*cosh(1/2*ima
g_part(arcsin(1/2xbxe/(cxabs(d)))))*sin(1/4*pi + 1/2xreal part(arcsin(1/2*b
xe/(cxabs(d))))) - (4*c”3%(d"2)"(1/4)*d"3*e”(11/2) - b™2xc*x(d~2) 7 (1/4)*d*e”
(15/2) - sqrt(-4xc™2xd"2*%e”2 + b~ 2%e~4)*b*cx(d~2)~(1/4)*d*e~(11/2))*sin(1/4
xpi + 1/2%real part(arcsin(1/2*bxe/(c*abs(d)))))*sinh(1/2*imag part(arcsin(
1/2%bxe/ (c*abs(d))))))*arctan(-((d"2)~(1/4)*cos(1/4xpi + 1/2*arcsin(1/2xbx*e
/(c*xabs(d))))*e~(-1/2) - x)*e~(1/2)/((d"2)"(1/4)*sin(1/4*pi + 1/2*arcsin(1/
2xbxe/(c*xabs(d))))))/(4xc™4xd"4*e”4 - b™2%c"2*xd"2%e”6) - 1/4%((4*c™3x(d"2)~
(3/4)*%d"2xe~(9/2) - b™2xc*x(d"2)"(3/4)*e~(13/2) - sqrt(-4*c™2*d"2*e”2 + b~2%
e~4)xbxc*x(d~2) " (3/4)*e~(9/2)) *cos(5/4*xpi + 1/2xreal part(arcsin(1/2*bxe/ (c*
abs(d))))) " 3*cosh(1/2*imag part(arcsin(1/2*b*e/(c*abs(d))))) "3*e - 3*(4xc”3
*x(d"2)7(3/4)*d"2%e”(9/2) - b~2*xcx(d™2) " (3/4)*e~(13/2) - sqrt(-4*c”2*xd"2xe”2
+ b72%e"4) *xb*xcx(d"2) " (3/4)*e”(9/2) ) *cos(5/4*pi + 1/2*real_part(arcsin(1/2x%
bxe/ (c*abs(d)))))*cosh(1/2*imag_part(arcsin(1/2*b*e/(c*abs(d))))) "3*e*xsin(5
/4*pi + 1/2*real part(arcsin(1l/2xb*e/(c*xabs(d)))))~2 - 3*(4xc~3*(d"2)~(3/4)
xd"2%e~(9/2) - b~ 2*cx(d"2)"(3/4)*e”(13/2) - sqrt(-4*c™2*xd"2%e”2 + b"2xe”4)*
bxc*x(d™2) 7 (3/4)*e~(9/2))*cos(5/4*pi + 1/2*xreal_part(arcsin(1/2*bxe/(c*abs(d
))))) "3*cosh(1/2ximag_part(arcsin(1/2*bxe/(c*abs(d))))) 2*exsinh(1/2*imag p
art(arcsin(1/2*b*e/(c*abs(d))))) + 9% (4xc~3%(d"2) " (3/4)*d"2*xe~(9/2) - b™2xc
*x(d72)7(3/4)*%e”(13/2) - sqrt(-4*c™2+xd"2xe”2 + b~2xe”4)*bxc*(d~2)~(3/4)*e”~ (9
/2))*cos(5/4*pi + 1/2*real part(arcsin(1/2xb*e/(cxabs(d)))))*cosh(1/2*imag
part(arcsin(1/2xb*e/(c*abs(d))))) "2xe*sin(5/4*pi + 1/2%real_part(arcsin(1/2
*bxe/(c*abs(d))))) "2xsinh(1/2*imag part(arcsin(1/2*b*e/(c*abs(d))))) + 3*(4
*c73%(d72) 7 (3/4)*d"2%e~(9/2) - b72xc*x(d"2)7(3/4)*e”(13/2) - sqrt(-4*c™2xd"2
xe”2 + b7"2xe”4)*bxcx(d"2) " (3/4)*e~(9/2))*cos(5/4*pi + 1/2*real part(arcsin(
1/2%bxe/ (c*abs(d))))) “3*cosh(1/2*imag part(arcsin(1/2*b*e/(c*abs(d)))))*ex*s
inh(1/2*imag_part(arcsin(1/2*b*e/(c*abs(d))))) "2 - 9*(4*c~3%(d"2)~(3/4)*d"2
xe~(9/2) - b™2*xcx(d"2) " (3/4)*e~(13/2) - sqrt(-4*c™2*d"2%e”2 + b~ 2%e”4)*b*c*
(d~2)"(3/4)*e~(9/2) ) *cos(5/4*pi + 1/2*real_part(arcsin(1l/2*b*e/(c*abs(d))))
)*cosh(1/2*imag _part(arcsin(1/2*b*e/(c*abs(d)))))*e*sin(5/4*pi + 1/2%xreal p
art (arcsin(1/2xbxe/(c*abs(d))))) "2*sinh(1/2ximag part(arcsin(1/2*bxe/(c*abs
(d)))))72 - (4xc™3%(d"2) " (3/4)*d"2xe”(9/2) - b™2%cx(d"2)7(3/4)*e~(13/2) - s
qrt (-4*c”™2%d"2%e”2 + b7"2*xe"4) *bxcx(d"2) " (3/4)*e”(9/2) ) *cos(5/4*pi + 1/2*rea
1 part(arcsin(1/2*b*e/(c*abs(d))))) "3xexsinh(1/2*imag_part(arcsin(1/2*b*e/(
c¥abs(d))))) 73 + 3*(4xc”3%(d"2)"(3/4)*d"2xe~(9/2) - b~ 2*c*(d"2)~(3/4)*e” (13
/2) - sqrt(-4xc”2xd"2*%e"2 + b~2%e~4)xb*cx(d"2)~(3/4)*e”(9/2))*cos(5/4*pi +
1/2+real_part(arcsin(1/2xbxe/(c*abs(d)))))*e*xsin(5/4*pi + 1/2*real_part(arc
sin(1/2xb*e/(c*abs(d))))) "2*sinh(1/2*ximag part(arcsin(1/2*bxe/(c*abs(d)))))
"3 + (4*%c™3%(d"2)7(1/4)*d"3*%e”(11/2) - b~ 2*xc*(d"2)~(1/4)*d*e~(15/2) - sqrt(
—4*c72%d"2%e”2 + bT2xe”4) *bxc*(d"2) " (1/4)*dxe” (11/2))*cos(5/4*pi + 1/2*real
_part(arcsin(1/2xb*e/(c*xabs(d)))))*cosh(1/2ximag part(arcsin(1/2*bxe/(c*abs
(@))))) - (4%c™3x(d"2)"(1/4)*d"3*e~(11/2) - b~ 2*xcx(d"2) "~ (1/4)*d*e~(15/2) -
sqrt (-4*c™2*xd"2%e”2 + b~ 2%e”4)*b*xc*x(d"2) " (1/4)*d*e”(11/2))*cos(5/4*pi + 1/2
*real_part(arcsin(1/2*bxe/(c*abs(d)))))*sinh(1/2*imag_part (arcsin(1/2*bxe/(
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c*abs(d))))))*log(-2%(d~2) " (1/4)*x*cos(5/4*pi + 1/2*arcsin(1/2*b*e/(c*abs(d
))))*e”(-1/2) + x72 + sqrt(d~2)*e”(-1))/(4*xc”4*xd"4*e"4 - b~2%c"2*d"2%e”6) -
1/4x ((4xc™3%(d"2) " (3/4)*d"2*%e~(9/2) - b~2*c*(d"2)"(3/4)*e~(13/2) - sqrt(-4
*xCT2xd"2%e"2 + b~ 2%e"4) xb*xcx(d"2) " (3/4)*e”(9/2))*cos(1/4xpi + 1/2*real part
(arcsin(1/2xb*xe/(c*abs(d))))) "3*cosh(1/2*imag part(arcsin(1/2*bxe/(c*abs(d)
))))"3%e - 3% (4*c”™3x(d"2) " (3/4)*d"2*e”(9/2) - b~2*xcx(d~2)~(3/4)*e~(13/2) -
sqrt (-4xc™2*xd"2*e”2 + b"2*xe"4)*bxcx(d"2) " (3/4)*e”(9/2) ) *cos(1/4*pi + 1/2*re
al_part(arcsin(1/2*bxe/(c*abs(d)))))*cosh(1/2*imag _part(arcsin(1/2xb*e/(c*a
bs(d))))) " 3xe*xsin(1/4xpi + 1/2*real part(arcsin(1/2xb*e/(c*abs(d)))))"2 - 3
*x(4xc™3%(d72) " (3/4)*d"2xe~(9/2) - b~ 2xcx(d"2)~(3/4)*e~(13/2) - sqrt(-4*c~2x*
d"2%e”2 + b72%e”4)*bxc*(d"2) " (3/4)*e~(9/2))*cos(1/4*pi + 1/2*real_part(arcs
in(1/2xbxe/(cxabs(d))))) "3xcosh(1/2*imag part(arcsin(1/2xb*xe/(c*abs(d)))))"
2xexsinh(1/2*imag_part(arcsin(1/2xb*e/(c*abs(d))))) + 9% (4*c~3x(d"2)~(3/4)*
d™2%e”(9/2) - b™2xc*(d"2)7(3/4)*e~(13/2) - sqrt(-4xc™2xd"2*%e”2 + b~ 2%e~4)*b
xc*x(d"2) " (3/4)*e~(9/2))*xcos(1/4*pi + 1/2*real part(arcsin(1/2*b*e/(c*abs(d)
))))*cosh(1/2*imag_part(arcsin(1/2xbxe/(cxabs(d))))) "2xexsin(1/4*pi + 1/2*r
eal_part(arcsin(1/2*b*e/(c*abs(d))))) "2xsinh(1/2*imag_part(arcsin(1/2xb*e/(
cxabs(d))))) + 3%(4xc”3x(d"2)"(3/4)*d"2xe~(9/2) - b~ 2*xc*x(d~2)~(3/4)*e”(13/2
) - sqrt(-4*c”2+d"2xe”2 + b72xe”4)*bxc*(d"2) " (3/4)*e~(9/2))*cos(1/4*pi + 1/
2xreal part(arcsin(1/2*b*e/(c*abs(d))))) "3*cosh(1/2*imag part(arcsin(1/2*bx
e/ (c*abs(d)))))*exsinh(1/2*imag_part(arcsin(1/2*xbxe/(c*abs(d))))) "2 - 9*(4x
c”3%(d"2)"(3/4)*d"2xe~(9/2) - b~ 2xcx(d"2)"(3/4)*e”(13/2) - sqrt(-4xc™2xd~2x
e”2 + b72%e"4)*b*xc*x(d"2) " (3/4)*e”(9/2))*cos(1/4*pi + 1/2%real_part(arcsin(1
/2%bxe/(c*abs(d)))))*cosh(1l/2*imag part(arcsin(1/2*xbxe/(c*abs(d)))))*e*xsin(
1/4*xpi + 1/2*xreal part(arcsin(1/2*bxe/(c*abs(d))))) "2*sinh(1/2*imag part(ar
csin(1/2*b*e/ (cxabs(d))))) "2 - (4xc™3*x(d"2)~(3/4)*d"2*e”(9/2) - b~2*c*(d"2)
~(3/4)*e”(13/2) - sqrt(-4*c™2xd"2xe”2 + b72xe”4)*bxc*(d"2) " (3/4)*e~(9/2))*c
os(1/4%pi + 1/2*real_part(arcsin(1/2xbxe/(c*abs(d))))) 3xexsinh(1/2*imag pa
rt(arcsin(1/2xbxe/(cxabs(d))))) "3 + 3x(4*xc™3%(d"2)7(3/4)*d"2%e~(9/2) - b™2x
c*x(d™2)7(3/4)*e~(13/2) - sqrt(-4xc™2xd"2*e”2 + b~ 2*e”"4)xb*xc*x(d~2) " (3/4)*e~(
9/2))*cos(1/4*pi + 1/2*xreal_part(arcsin(1/2*b*e/(c*abs(d)))))*e*sin(1/4*pi
+ 1/2%real_part(arcsin(1/2*b*e/(c*abs(d))))) "2*sinh(1/2*imag_part(arcsin(1/
2*¥b*xe/ (c*abs(d))))) "3 + (4*c”3*%(d"2) " (1/4)*d"3*e~(11/2) - b~ 2xc*x(d~2)~(1/4)
xd*e” (15/2) - sqrt(-4*c™2*xd"2%e”2 + b"2xe”4)*bxc*(d~2)~(1/4)*d*e”(11/2))*co
s(1/4*pi + 1/2*real part(arcsin(1/2*b*e/(c*abs(d)))))*cosh(1l/2*imag part(ar
csin(1/2*b*e/(cxabs(d))))) - (4xc™3*(d"2)"(1/4)*d"3*e”~(11/2) - b~ 2xcx(d"2)"
(1/4)*d*e~(15/2) - sqrt(-4*c”2*d"2xe”2 + b~2xe~4)*bxc*(d~2)~(1/4)*d*e” (11/2
))*cos(1/4*pi + 1/2xreal part(arcsin(1/2*bxe/(c*abs(d)))))*sinh(1/2*imag pa
rt(arcsin(1/2*b*e/(c*abs(d))))))*log(-2%(d~2) " (1/4)*x*xcos(1/4*pi + 1/2%arcs
in(1/2xb*e/(c*xabs(d))))*e~(-1/2) + x72 + sqrt(d™2)*e~(-1))/(4*c”4xd"4*e"4 -
b~2xc”2%d"2%e”6)
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a—bx?
337 | dx
a2+(~1+2ab)x2+b%x4
Optimal. Leaf size=29

%10g(a+bx2+x)—%log(a+bx2—x)

[Out] -Logla - x + b*x"2]/2 + Logla + x + b*xx72]/2

Rubi [A] time = 0.0255999, antiderivative size = 29, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 32, e

integrand size
0.062, Rules used = {1164, 628}

%10g(a+bx2+x)—%log(a+bx2—x)

Antiderivative was successfully verified.

[In] Int[(a - b*x"2)/(a"2 + (-1 + 2xa*xb)*x"2 + b"2*x"4),x]
[Out] -Logla - x + b*xx"2]/2 + Logla + x + b*x~2]/2

Rule 1164

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2*d)/e - b/c, 2]}, Dist[e/(2*c*q), Int[(q - 2*x)/Simp[d/e
+ g*¥x - x72, x], x], x] + Distl[e/(2%c*xq), Int[(q + 2*x)/Simpl[d/e - q*x - x~
2, x], x], x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQl[c
*d"2 - a*e”2, 0] && !'GtQ[b~2 - 4x*axc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

1 1
— bx? 1 -+ 2x 1 - —2x
f - dx:__fab—xdx__ ———— dx
a2 + (=1 + 2ab)x? + b2x* 2 _E_E_xz 2 _E+E_x2

1 1
:—Elog(a—x+bx2)+§10g(a+x+bx2)

Mathematica [A] time = 0.0177935, size = 29, normalized size = 1.

1 1
zlog(a+bx2+x)—Elog(u+bx2—x)

Antiderivative was successfully verified.

[In] Integrate[(a - b*x"2)/(a”2 + (-1 + 2*%axb)*x”2 + b™2*x74),x]
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[Out] -Logla - x + bxx"2]/2 + Logla + x + b*x72]/2

Maple [A] time = 0.049, size = 26, normalized size = 0.9

_ln(bx2+a—x) +1n(bx2+a+x)
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-b*x"2+a)/(a"2+(2*a*xb-1)*x"2+b"2*x"4) ,x)

[Out] -1/2*1n(b*x"2+a-x)+1/2*1n(b*x"2+a+x)

Maxima [A] time = 0.962186, size = 34, normalized size = 1.17
! log(bx2+a+x) 1 log(bx2+a—x)
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+a)/(a”~2+(2%a*b-1)*x"2+b~2*x"4) ,x, algorithm="maxima"

[Out] 1/2*log(b*x”2 + a + x) - 1/2xlog(b*x"2 + a - x)

Fricas [A] time = 1.28171, size = 66, normalized size = 2.28

%log(bx2+a+x)—% log(bx2+a—x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+a)/(a”~2+(2*a*b-1)*x"2+b~2*x"4) ,x, algorithm="fricas")

[Out] 1/2*log(b*x”2 + a + x) - 1/2xlog(b*x"2 + a - x)

Sympy [A] time = 0.50626, size = 26, normalized size = 0.9

b

log(5+x2—g) 1og(g+x2+3—;)
- 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*xxx*2+a)/(a**2+(2xaxb-1)*x**2+b**2xx**4) ,X)

[Out] -log(a/b + x**2 - x/b)/2 + log(a/b + x**2 + x/b)/2

Giac [A] time = 1.2268, size = 34, normalized size = 1.17

%log(bx2+a+x)—% log(bx2+a—x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-b*x~2+a)/(a”2+(2%a*b-1)*x"2+b"2*x~4) ,x, algorithm="giac")

[Out] 1/2*log(b*x"2 + a + x) - 1/2*log(b*x"2 + a - x)
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338 [ gy

a2+(~1+2ab)x2+b%x4

Optimal. Leaf size=60

[Out] ArcTanh[(1 - 2xb*x)/Sqrt[1 - 4*axb]]/Sqrt[1l - 4*axb] - ArcTanh[(1 + 2%b*x)/
Sqrt[1 - 4xaxb]]/Sqrt[1 - 4*ax*b]

Rubi [A] time = 0.0686734, antiderivative size = 60, normalized size of antiderivative

. . b f rul
1., number of steps used = 5, number of rules used = 3, integrand size = 31, e -

integrand size
0.097, Rules used = {1161, 618, 206}
-1 ( 1-2bx -1 {( 2bx+1
tanh ( —1—41111) ) tanh ( —1—4ub)
V1 —4ab V1 —4ab

Antiderivative was successfully verified.

[In] Int[(a + b*x"2)/(a"2 + (-1 + 2*xaxb)*x"2 + b~ 2*%x"4),x]

[Out] ArcTanh[(1 - 2xb*x)/Sqrt[1 - 4*a*xb]]/Sqrt[1 - 4*a*b] - ArcTanh[(1 + 2%b*x)/
Sqrt[1 - 4xaxb]]/Sqrt[l - 4xax*b]

Rule 1161

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2*d)/e - b/c, 2]}, Distle/(2%c), Int[1/Simp[d/e + g*x + x~2
, xJ, x], x] + Dist[e/(2%c), Int[1/Simp[d/e - g*x + x"2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQ[c*d”2 - axe”2, 0] && (
GtQ[(2xd)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRtl[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x~2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQlb, 01)

Rubi steps
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1 1
f—a_x 5 dx f—a 5 dx
7 E+x E+z+x

a+ bx?
f dx = +
a2 + (=1 + 2ab)x? + b2x* 2b 2b
1 1 1 1
Subst [f%dx,x,—g +ZX) Subst[f%dx,x,g + 2x
T b B b
-1 ( 1-2bx —1( 1+2bx
B tanh ( _1_4ub) ) tanh ( 1—4ab)

Mathematica [B] time = 0.199963, size = 138, normalized size = 2.3

-1 bx
(Vi-dab+1) tan [—1 1] (VIzdab-1) tan™1| V22
ab~5 V1-4ab—5 2ab+\/1—4ab-1

2ab—V1-4ab-1 2ab+V1-4ab-1
V2 - 8ab

Antiderivative was successfully verified.

[In] Integrate[(a + b*x"2)/(a"2 + (-1 + 2*a*xb)*x”2 + b~2*x74),x]

[Out] (((1 + Sqrt[1 - 4xaxb])*ArcTan[(b*x)/Sqrt[-1/2 + a*b - Sqrt[l - 4*axb]/2]])
/Sqrt[-1 + 2%axb - Sqrt[l - 4xa*b]l] + ((-1 + Sqrt[1l - 4xax*b])*ArcTan[(Sqrt[
2] *b*xx) /Sqrt[-1 + 2%axb + Sqrt[l - 4*a*b]]])/Sqrt[-1 + 2*a*b + Sqrt[l - 4*a

*b]])/Sqrt[2 - 8*axb]

Maple [A] time = 0.123, size = 52, normalized size = 0.9

1
\/4ab—1)\/4ab—1

arctan [(2bx —1) + arctan [ (2bx +1)

1 ) 1
Véab-1) V4ab-1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)/(a"2+(2*axb-1)*x"2+b"2*x"4) ,x)

[Out] 1/(4x*axb-1)"(1/2)*arctan((2*xbxx-1)/(4*axb-1)"(1/2))+1/(4*a*xb-1)"(1/2)*arcta
n((2%bxx+1)/(4*axb-1)"(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)/(a”2+(2*axb-1)*x"2+b"2*x"4) ,x, algorithm="maxima"

[Out] Exception raised: ValueError
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Fricas [A] time = 1.3072, size = 389, normalized size = 6.48

b2x4—(6 ab-1)x2+a?—2 (bx3—ax) V-4 ab+1 b2x3+(3 ab-1)x) V4 ab
V_4”b+110g( A (o) a+) V4ub—1arctan( o )+Marctan(( PHBab1x)Vha

b2x4+(2 ab—1)x2+q2 Vaab-1 402p—q
2(4ab-1) ’ 4ab-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)/(a~2+(2*a*b-1)*x"2+b"2*x~4) ,x, algorithm="fricas")

[Out] [-1/2*sqrt(-4*axb + 1)*log((b™2*xx"4 - (6%a*b - 1)*x72 + a”2 - 2% (b*x”3 - ax
x)*sqrt(-4*axb + 1))/(b"2*x"4 + (2%xa*xb - 1)*x72 + a”2))/(4*xaxb - 1), (sqrt(
4xa*xb - 1)*arctan(b*x/sqrt(4*a*xb - 1)) + sqrt(4xa*b - 1)*arctan((b~2*x~3 +

(3xaxb - 1)*x)*sqrt(4*a*xb - 1)/(4*a"2%b - a)))/(4*xaxb - 1)]

Sympy [B] time = 0.379932, size = 117, normalized size = 1.95

1 1 1 [ 1
) P x(_4ah\/_4ab—1+\'_4ab—1) ) a5 x(4“b TZab-1 _4ab—1)
V i1 08| Ty PO V i1 08| Ty T b

b

- +
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bkxx*x2+a)/(a*x*2+(2%a*xb-1)*x**2+b**2*x**4) ,x)

[Out] -sqrt(-1/(4xa*b - 1))xlog(-a/b + x**2 + xx(-4*xaxb*sqrt(-1/(4*a*xb - 1)) + sq
rt(-1/(4*xaxb - 1)))/b)/2 + sqrt(-1/(4xaxb - 1))*log(-a/b + x**2 + x*(4d*xaxbx
sqrt(-1/(4xa*xb - 1)) - sqrt(-1/(4xaxb - 1)))/b)/2

Giac [A] time = 1.26325, size = 69, normalized size = 1.15

arctan( 2bx+1 ) arctan( 20x71 )
V4 ab-1 + 4ab-1

Vdab-1 Vdab-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)/(a~2+(2xa*b-1)*x"2+b"2*x"4) ,x, algorithm="giac")

[Out] arctan((2*bxx + 1)/sqrt(4*axb - 1))/sqrt(4*axb - 1) + arctan((2*b*x - 1)/sq
rt(4xa*xb - 1))/sqrt(4*xa*xb - 1)
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339  [IZ gy

1+bx2+4x4

Optimal. Leaf size=62

tan! (\/ﬁ+4x) tan-! ( 4—b—4x)

[Out] -(ArcTan[(Sqrt[4 - b] - 4*x)/Sqrt[4 + b]]/Sqrt[4 + b]) + ArcTan[(Sqrt[4 - b
] + 4xx)/Sqrt[4 + b]]l/Sqrt[4 + b]

Rubi [A] time = 0.0579177, antiderivative size = 62, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 22, e

0.136, Rules used = {1161, 618, 204}

integrand size

tan_l (\/ﬂ+4x) tan_l (\/4Tb—4x)
\/b+_4 b+4

Vb +4 - b+4

Antiderivative was successfully verified.

[In] Int[(1 + 2*x72)/(1 + b*x"2 + 4*x74),x]

[Out] -(ArcTan[(Sqrt[4 - bl - 4*x)/Sqrt[4 + bl]1/Sqrt[4 + b]) + ArcTan[(Sqrt[4 - b
1 + 4*x)/Sqrt[4 + b]]/Sqrt[4 + bl

Rule 1161

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2*d)/e - b/c, 21}, Distl[e/(2%c), Int[1/Simpld/e + q*x + x"2
, xJ, x], x] + Dist[e/(2%c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQ[c*d”2 - axe”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps
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1+2x2 i 1 1 P +1 1 p
———dx = — X+ — X
1+ bx® + 4x* %—%V4—bx+x2 4 %+%V4—bx+x2
1 1 V4-b 1 1 4-b
= —| = Subst fl—dx,x,——+2x — =~ Subst fl—dx,x,
2 (-4-b) -2 2 2 1(-4-b) -2 2
_1 [ Va-b-4x _1 ( Va-b+ax
_ tan ( i )+tan ( Vi )
V4 +b V4+b

Mathematica [B] time = 0.0589532, size = 126, normalized size = 2.03

(m—b+4) tan_l[ﬁJ (m+b—4) tan_l{z—ﬁx]

b-Vb2-16 Vb2-16+b
b—Vb?-16 Vb2-16+b
V2Vh2 - 16

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*x72)/(1 + b*x"2 + 4*x74),x]

[Out] (((4 - b + Sqrt[-16 + b~2])*ArcTan[(2*Sqrt[2]*x)/Sqrt[b - Sqrt[-16 + b~2]]]
)/Sqrt[b - Sqrt[-16 + b~2]] + ((-4 + b + Sqrt[-16 + b~2])*ArcTan[(2*Sqrt[2]
*x)/Sqrt[b + Sqrt[-16 + b~2]11)/Sqrt[b + Sqrt[-16 + b~2]1]1)/(Sqrt[2]*Sqrt[-1

6 + b~2])

Maple [B] time = 0.137, size = 277, normalized size = 4.5

1 X X
—4 arctan|4 + arctan|4

VO-DG+D\2VE-DGE+D) +2b 2NE-DG+D) +2b NG-DGE+D) +2!

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2%x"2+1)/(4*x"4+b*xx"2+1),x)

[Out] -4/ ((b-4)*(4+b))~(1/2)/ (2% ((b-4)*(4+b))~(1/2)+2*b) ~(1/2)*arctan (4*x/ (2* ((b-
4)*(4+b) )~ (1/2)+2%b) ~(1/2))+1/ (2% ((b-4) * (4+b) ) " (1/2) +2xb) ~(1/2) *arctan (4*x/

(2% ((b-4)*(4+b) ) ~(1/2)+2xb) " (1/2))+1/((b-4) *(4+b) ) ~(1/2) / (2% ((b-4) * (4+b) )~ (
1/2)+2x%b) " (1/2) *arctan (4*xx/ (2% ((b—4) *(4+b) ) ~(1/2)+2%b) ~(1/2) ) *b+4/ ((b-4) * (4

+b)) " (1/2) / (-2% ((b-4) * (4+b) )~ (1/2) +2%b) " (1/2) *arctan (4*x/ (-2*% ((b-4) * (4+b) )~
(1/2)+2%b) " (1/2))+1/ (2% ((b-4)*(4+b) )~ (1/2)+2*b) " (1/2) *arctan (4*x/ (-2* ((b-4
Yx(4+0)) "~ (1/2)+2%b) ~(1/2)) -1/ ((b-4)*x(4+b) )~ (1/2) / (2% ((b-4) * (4+b) ) ~(1/2) +2%

b) ~(1/2)*arctan (4*x/ (-2*((b-4)*(4+b) )~ (1/2)+2*xb) ~(1/2) ) *b

Maxima [F] time = 0., size = 0, normalized size = 0.

2x2+1
——  dx
4xt+bx2 +1

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((2*x72+1)/(4*x"4+b*x"2+1),x, algorithm="maxima")

[Out] integrate((2*x~2 + 1)/(4*x"4 + b*x"2 + 1), x)

Fricas [A] time = 1.35349, size = 286, normalized size = 4.61

4xt—(b+8)x2-2 (2x3—x)V-b-4+1 3
\—b - 410g( (4x +(b+2)x) ( 2x )
) PRI Vb + 4 arctan i + Vb + 4 arctan Wi

2(b+4) ’ b+4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x72+1)/(4*x"4+b*x"2+1),x, algorithm="fricas")

[Out] [-1/2*sqrt(-b - 4)*xlog((4*x~4 - (b + 8)*x™2 - 2x(2%x"3 - x)*sqrt(-b - 4) +
1D/(4xx"4 + b*x"2 + 1)) /(b + 4), (sqrt(b + 4)*arctan((4*x~3 + (b + 2)*x)/sq
rt(b + 4)) + sqrt(b + 4)*arctan(2*x/sqrt(b + 4)))/(b + 4)]

Sympy [A] time = 0.27038, size = 95, normalized size = 1.53

1 1
[T 2, | WNm o, |2 [T 2, | N
b+4 log(x +x( 2 2 b+4] 2] b+4 log X +x 2 +2 b+4 2
- +

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx**2+1)/(4*x**4+b*x*x*2+1) %)

[Out] -sqrt(-1/(b + 4))*log(x**2 + x*(-b*xsqrt(-1/(b + 4))/2 - 2xsqrt(-1/(b + 4)))
- 1/2)/2 + sqrt(-1/(b + 4))*log(x*x*2 + x*x(bxsqrt(-1/(b + 4))/2 + 2xsqrt(-1
/(o + 4))) - 1/2)/2

Giac [C] time = 1.44781, size = 3352, normalized size = 54.06

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x~2+1)/(4*x~4+b*x~2+1) ,x, algorithm="giac")

[Out] 1/4%(3*(sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16%sqrt(2))*cos(5/4*pi + 1
/2*real part(arcsin(1/4%b))) 2xcosh(1/2*imag part(arcsin(1/4*b))) 3*sin(5/4
*pi + 1/2%real_part(arcsin(1/4*b))) - (sqrt(2)*b~2 + sqrt(2)*sqrt(b™2 - 16)
*b - 16*sqrt(2))*cosh(1/2+imag part(arcsin(1/4%b))) "3xsin(5/4*pi + 1/2*real
_part(arcsin(1/4%b)))~3 - 9*(sqrt(2)*b~2 + sqrt(2)*sqrt(b™2 - 16)*b - 16%sq
rt(2))*cos(5/4xpi + 1/2%real part(arcsin(1/4*b))) "2*cosh(1/2*imag part(arcs
in(1/4%b))) "2xsin(5/4*pi + 1/2*real part(arcsin(1/4%b)))*sinh(1/2ximag part
(arcsin(1/4%b))) + 3*%(sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2))*
cosh(1/2*imag part(arcsin(1/4*b))) " 2xsin(5/4*pi + 1/2+%real_part(arcsin(1/4x
b)) ) "3*sinh(1/2*imag part(arcsin(1/4*b))) + 9x(sqrt(2)*b~2 + sqrt(2)*sqrt(b
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"2 - 16)*b - 16*sqrt(2))*cos(5/4*pi + 1/2xreal part(arcsin(1/4x*b))) 2*cosh(
1/2*%imag_part(arcsin(1/4%b)))*sin(5/4*pi + 1/2*real_part(arcsin(1/4%b)))*si
nh(1/2*imag_part(arcsin(1/4%b)))~2 - 3x(sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16
)*b - 16*sqrt(2))*cosh(1/2*imag part(arcsin(1/4*b)))*sin(5/4*pi + 1/2*real
part(arcsin(1/4%b))) ~3*sinh(1/2*imag part(arcsin(1/4%b)))~2 - 3*(sqrt(2)*b~
2 + sqrt(2)*sqrt(b™2 - 16)*b - 16*sqrt(2))*cos(5/4*pi + 1/2%real_part(arcsi
n(1/4%b))) "2*sin(5/4*pi + 1/2*real part(arcsin(1/4xb)))*sinh(1/2*imag part(
arcsin(1/4xb))) "3 + (sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 16%sqrt(2))x*s
in(5/4*pi + 1/2%real part(arcsin(1/4*b))) "3*sinh(1/2*imag part(arcsin(1/4*Db
)))"3 + (sqrt(2)*b~2 + sqrt(2)*sqrt(b™2 - 16)*b - 16x*sqrt(2))*cosh(1/2*imag
_part(arcsin(1/4%b)))*sin(5/4*pi + 1/2*real_part(arcsin(1/4xb))) - (sqrt(2)
*b"2 + sqrt(2)*sqrt(b”2 - 16)*b - 16%sqrt(2))*sin(5/4*pi + 1/2*real part(ar
csin(1/4%b)))*sinh(1/2*imag part(arcsin(1/4x*b))))*arctan(-4*(1/4)~(3/4)*((1
/4)~(1/4)*cos(5/4*pi + 1/2%arcsin(1/4%b)) - x)/sin(5/4*pi + 1/2*arcsin(1/4x
b)))/(b~2 - 16) + 1/4x(3x(sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(
2))*cos(1/4*pi + 1/2*real_part(arcsin(1/4%b))) 2*cosh(1/2*imag part(arcsin(
1/4%b))) ~3*sin(1/4*pi + 1/2%real_part(arcsin(1/4*b))) - (sqrt(2)*b~2 + sqrt
(2)*sqrt(b™2 - 16)*b - 16*sqrt(2))*cosh(1/2*imag part(arcsin(1/4%b))) " 3*sin
(1/4*xpi + 1/2xreal part(arcsin(1/4*b)))~3 - 9*(sqrt(2)*b~2 + sqrt(2)*sqrt(b
"2 - 16)*b - 16*sqrt(2))*cos(1/4*pi + 1/2*real part(arcsin(1/4%b))) " 2xcosh(
1/2*imag_part(arcsin(1/4%b))) " 2xsin(1/4*pi + 1/2*real part(arcsin(1/4*Db)))x*
sinh(1/2*%imag_part(arcsin(1/4%*b))) + 3*(sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16
)*b - 16*sqrt(2))*cosh(1/2*imag_part(arcsin(1/4*b))) 2xsin(1/4*pi + 1/2*rea
1 part(arcsin(1/4%b))) ~3*sinh(1/2*imag part(arcsin(1/4*b))) + 9*(sqrt(2)*b~
2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16%sqrt(2))*cos(1/4*pi + 1/2xreal part(arcsi
n(1/4xb))) "2*xcosh(1/2ximag part(arcsin(1/4*b)))*sin(1/4*pi + 1/2*real part(
arcsin(1/4xb)))*sinh(1/2*imag_part(arcsin(1/4%b)))~2 - 3*x(sqrt(2)*b~2 + sqr
t(2)*sqrt (™2 - 16)*b - 16%sqrt(2))*cosh(1/2*imag part(arcsin(1/4xb)))*sin(
1/4*%pi + 1/2%xreal part(arcsin(1/4%b))) ~3*sinh(1/2*imag_part(arcsin(1/4%b)))
72 - 3x(sqrt(2)*b”"2 + sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*cos(1/4*pi + 1
/2*real part(arcsin(1/4xb))) 2xsin(1/4*pi + 1/2*real part(arcsin(1/4%Db)))x*s
inh(1/2*imag part(arcsin(1/4%b)))~3 + (sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)
*b - 16*sqrt(2))*sin(1/4*pi + 1/2*xreal part(arcsin(1/4#b))) 3*sinh(1/2*imag
_part(arcsin(1/4%b)))~3 + (sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16%sqrt
(2))*cosh(1/2*imag part(arcsin(1/4*b)))*sin(1/4*pi + 1/2*xreal part(arcsin(l
/4%b))) - (sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 16%sqrt(2))*sin(1/4*pi
+ 1/2*%real_part(arcsin(1/4%b)))*sinh(1/2*imag part(arcsin(1/4x*b))))*arctan(
-4x(1/4)~(3/4)*((1/4)~(1/4) *cos(1/4*pi + 1/2%arcsin(1/4xb)) - x)/sin(1/4x*pi
+ 1/2*%arcsin(1/4%b)))/(b"2 - 16) - 1/8*%((sqrt(2)*b~2 + sqrt(2)*sqrt(b~2 -
16)*b - 16*sqrt(2))*cos(5/4*pi + 1/2*real part(arcsin(1/4%b))) " 3*xcosh(1/2*i
mag _part(arcsin(1/4*b)))~3 - 3*(sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16
*sqrt (2))*cos(5/4xpi + 1/2*real_part(arcsin(1/4*b)))*cosh(1/2ximag_part (arc
sin(1/4%b))) "3*sin(5/4*pi + 1/2*real part(arcsin(1/4x%b)))~2 - 3*(sqrt(2)*b~
2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2))*cos(5/4*pi + 1/2%real_ part(arcsi
n(1/4%b))) "3*cosh(1/2ximag part(arcsin(1/4*b))) "2*sinh(1/2*imag part(arcsin
(1/4%b))) + 9x(sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*cos(5/4
xpi + 1/2%real part(arcsin(1/4*b)))*cosh(1/2*imag part(arcsin(1/4%b))) " 2xsi
n(5/4xpi + 1/2%real_part(arcsin(1/4*b))) "2*sinh(1/2*imag part(arcsin(1/4x*b)
)) + 3*x(sqrt(2)*b~2 + sqrt(2)*sqrt (b2 - 16)*b - 16*sqrt(2))*cos(5/4*pi + 1
/2*real_part(arcsin(1/4%b))) ~3*cosh(1/2*imag part(arcsin(1/4*b)))*sinh(1/2x*
imag part(arcsin(1/4*b)))~2 - 9*(sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 1
6*xsqrt (2))*cos(5/4*pi + 1/2xreal_part(arcsin(1/4%b)))*cosh(1/2*imag part(ar
csin(1/4%b)))*sin(5/4*pi + 1/2*real_part(arcsin(1/4%b))) 2*sinh(1/2*imag pa
rt(arcsin(1/4%b)))"2 - (sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2)
)*cos(5/4xpi + 1/2*real_part(arcsin(1/4%b))) "3*sinh(1/2*imag part(arcsin(1/
4xb))) "3 + 3x(sqrt(2)*b~2 + sqrt(2)*sqrt(b™2 - 16)*b - 16xsqrt(2))*cos(5/4%
pi + 1/2xreal_part(arcsin(1/4%b)))*sin(5/4*pi + 1/2*real_part(arcsin(1/4*b)
))"2*sinh(1/2*imag_part(arcsin(1/4%b)))~3 + (sqrt(2)*b~2 + sqrt(2)*sqrt(b~2
- 16)*b - 16*sqrt(2))*cos(5/4*pi + 1/2*real part(arcsin(1/4xb)))*cosh(1/2*
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imag_part(arcsin(1/4*b))) - (sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16%*sq
rt(2))*cos(5/4xpi + 1/2%real_part(arcsin(1/4*b)))*sinh(1/2*imag_part(arcsin
(1/4%b))) ) *x1log(-2x(1/4)~(1/4) *x*cos(5/4*pi + 1/2*arcsin(1/4%b)) + x"2 + 1/2
)/ (b2 - 16) - 1/8%((sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*c
os(1/4%pi + 1/2*real_part(arcsin(1/4xb))) "3*cosh(1/2*imag_part(arcsin(1/4*b
))) 73 - 3x(sqrt(2)*b72 + sqrt(2)*sqrt(b™2 - 16)*b - 16*sqrt(2))*cos(1/4*pi
+ 1/2xreal_part(arcsin(1/4%b)))*cosh(1/2*imag_part(arcsin(1/4%b))) ~3*sin(1/
4xpi + 1/2*real_part(arcsin(1/4%b)))~2 - 3*(sqrt(2)*b~2 + sqrt(2)*sqrt(b~2
- 16)*b - 16*sqrt(2))*cos(1/4*pi + 1/2*real part(arcsin(1/4xb))) 3*cosh(1/2
ximag_part(arcsin(1/4%b))) "2*sinh(1/2*imag_part(arcsin(1/4%b))) + 9*(sqrt(2
)*¥b72 + sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*cos(1/4*pi + 1/2*real_part(a
rcsin(1/4*b)))*cosh(1/2+imag part(arcsin(1/4%b))) "2+sin(1/4*pi + 1/2xreal p
art (arcsin(1/4%b))) "2*sinh(1/2*imag part(arcsin(1/4*b))) + 3*x(sqrt(2)*b~2 +
sqrt(2)*sqrt(b™2 - 16)*b - 16*sqrt(2))*cos(1/4xpi + 1/2%real part(arcsin(1
/4%b))) "3*cosh(1/2*imag _part(arcsin(1/4%b)))*sinh(1/2ximag part(arcsin(1/4x
b))) 72 - 9*(sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 16xsqrt(2))*cos(1/4*pi
+ 1/2*real_part(arcsin(1/4*b)))*cosh(1/2*imag part(arcsin(1/4xb)))*sin(1/4
*pi + 1/2%real_part(arcsin(1/4*b))) "2+sinh(1/2*imag_part(arcsin(1/4xb)))"2
- (sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16%sqrt(2))*cos(1/4*pi + 1/2xre
al part(arcsin(1/4%b))) " 3*sinh(1/2*imag part(arcsin(1/4%b)))~3 + 3*(sqrt(2)
*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2))*cos(1/4*pi + 1/2*real_part(ar
csin(1/4%b)))*sin(1/4*pi + 1/2*real part(arcsin(1/4xb))) 2+sinh(1/2*imag pa
rt(arcsin(1/4*b))) "3 + (sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2)
)*cos(1/4xpi + 1/2%real_part(arcsin(1/4%b)))*cosh(1/2*imag part(arcsin(1/4*
b))) - (sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16%sqrt(2))*cos(1/4*pi + 1
/2*real part(arcsin(1/4%b)))*sinh(1/2*imag part(arcsin(1/4%b))))*log(-2*(1/
4)~(1/4)*x*cos(1/4xpi + 1/2%arcsin(1/4xb)) + x72 + 1/2)/(b"2 - 16)
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340 [y

1-bx2+4x*
Optimal. Leaf size=66

[Out] -(ArcTan[(Sqrt[4 + b] - 4*x)/Sqrt[4 - b]]1/Sqrt[4 - b]) + ArcTan[(Sqrt[4 + b
1 + 4%x)/Sqrt[4 - bl]1/Sqrt[4 - b]

Rubi [A] time = 0.0579648, antiderivative size = 66, normalized size of antiderivative
1., number of steps used = 5, number of rules used = 3, integrand size = 23, number of rules

0.13, Rules used = {1161, 618, 204}

tan_l(\/b+4+4x) tan‘l( b+4—4x)

integrand size

N

b
4-b 4-b

Antiderivative was successfully verified.

[In] Int[(1 + 2*x72)/(1 - b*x"2 + 4*x74),x]

[Out] -(ArcTan[(Sqrt[4 + bl - 4*x)/Sqrt[4 - bl]1/Sqrt[4 - b]) + ArcTan[(Sqrt[4 + b
1 + 4*x)/Sqrt[4 - b]]1/Sqrt[4 - b]

Rule 1161

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2%d)/e - b/c, 21}, Distl[e/(2%c), Int[1/Simpld/e + q*x + x"2
, xJ, x], x] + Distl[e/(2%c), Int[1/Simp[d/e - gq*x + x"2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQ[c*d”2 - axe”2, 0] && (
GtQ[(2xd)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x~2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps
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1+ 2x2 i 1 1 gy 4 1 1 P
——dx=- X+ = X
1—bx? + 4x* %—%V4+bx+ﬁ 4 %+%V4+bx+ﬂ
1 1 V4+b 1 1 4
= —| = Subst fl— dx,x,— +2x || - = Subst fl— dx, x, \/—
2 (-4 +b) -2 2 2 (-4 +b) - x? :
tan (\/M—élx) tan_l( 4+b+4x)
__ Vib ) Va-b
4-b V4-b

Mathematica [B] time = 0.0583946, size = 134, normalized size = 2.03

(m+b+4) tan_l{ﬁ] (m—b—él) tan_l[&]

—Vb2-16-b Vb2-16-b
-Vb2-16-b Vb2-16-b
V2Vh2 - 16

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*x72)/(1 - b*x"2 + 4*x74),x]

[Out] (((4 + b + Sqrt[-16 + b~2])*ArcTan[(2*Sqrt[2]*x)/Sqrt[-b - Sqrt[-16 + b~2]]
1)/8qrt[-b - Sqrt[-16 + b~2]] + ((-4 - b + Sqrt[-16 + b~2])*ArcTan[(2*Sqrt[
2]1*x)/Sqrt[-b + Sqrt[-16 + b~2]1]1)/Sqrt[-b + Sqrt[-16 + b~2]1]1)/(Sqrt[2]*Sqr
t[-16 + b~2])

Maple [B] time = 0.106, size = 277, normalized size = 4.2

1 X X
—4 arctan|4 + arctan |4
2

VO-DG+D\2VE-DGE+D)-2b 2NG-DG+D) -2 2NE-DGE+D) -
Verification of antiderivative is not currently implemented for this CAS.

[In] int((2*x"2+1)/(4*x"4-b*xx"2+1),x)

[Out] -4/((b-4)*(4+b))~(1/2)/(2*x((b-4)*(4+b))~(1/2)-2%b) " (1/2)*arctan (4*x/ (2% ((b-
4)*(4+b))~(1/2)-2%b) ~(1/2))+1/ (2% ((b-4) *(4+b) ) " (1/2) -2%b) ~(1/2) *arctan (4*x/

(2% ((b=4)*(4+b) )~ (1/2)-2%b) " (1/2) ) -1/ ((b-4) * (4+b) ) = (1/2) / (2% ((b-4) * (4+b) ) ~ (
1/2)-2%b) " (1/2) *arctan (4*x/ (2% ((b-4) * (4+b) ) ~(1/2) -2%b) " (1/2) ) ¥b+4/ ((b-4) * (4

+b)) ~(1/2) / (2% ((b-4) * (4+b) ) ~(1/2) -2xb) ~ (1/2) *arctan (4*x/ (-2% ((b-4) * (4+b) )~
(1/2)-2%b) = (1/2))+1/ (=2x ((b-4) * (4+b) ) " (1/2) -2%b) ~ (1/2) ¥arctan (4*x/ (-2* ((b-4
)*(4+b)) " (1/2)-2%b) ~(1/2))+1/ ((b-4) *(4+b) )~ (1/2) / (2% ((b-4) * (4+b) ) ~(1/2) -2

b) " (1/2)*arctan(4*x/ (-2% ((b-4) *(4+b) ) ~(1/2)-2%b) ~(1/2) ) *b

Maxima [F] time = 0., size = 0, normalized size = 0.

2x2+1

—— dx
4xt—bx?2+1

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((2*x72+1)/(4*x"4-b*x"2+1),x, algorithm="maxima")

[Out] integrate((2*x~2 + 1)/(4*x"4 - b*x"2 + 1), x)

Fricas [A] time = 1.26934, size = 298, normalized size = 4.52

4x4-bx2+1 b-4 b—4

2vVb-4 ’ bh—4

4x*+(1-8)x2-2 (2 x3-x)Vb-4+1 4x3—(b-2)x)V-b+4 N
og( Al B2 (25 o bds ) V—b+4arctan(w) + V—b+4arctan(ﬂ)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx72+1)/(4*x"4-b*x"2+1),x, algorithm="fricas")

[Out] [1/2%1log((4*xx~4 + (b - 8)*x"2 - 2%(2%x73 - x)*sqrt(b - 4) + 1)/(4*x"4 - b*x
"2 + 1))/sqrt(b - 4), (sqrt(-b + 4)*arctan((4*x"3 - (b - 2)*x)*sqrt(-b + 4)
/(b - 4)) + sqrt(-b + 4)*arctan(2xsqrt(-b + 4)*xx/(b - 4)))/(b - 4)]

Sympy [A] time = 0.28598, size = 83, normalized size = 1.26

1 1
N e e o T R o S E RN A

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx**2+1)/(4*x**4-b*x*x*2+1) %)

[Out] sqrt(1/(b - 4))*log(x*x*2 + x*x(-b*sqrt(1/(b - 4))/2 + 2xsqrt(1/(b - 4))) - 1
/2)/2 - sqrt(1/(b - 4))*log(x**2 + xx(b*xsqrt(1/(b - 4))/2 - 2*sqrt(1/(b - 4
))) - 1/2)/2

Giac [C] time = 1.2722, size = 3069, normalized size = 46.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x~2+1)/(4*x~4-b*x"2+1),x, algorithm="giac")

[Out] 1/4%(3*%(sqrt(2)*b~2 - sqrt(2)*sqrt(b™2 - 16)*b - 16%sqrt(2))*cos(1/2*real p
art(arccos(1/4%b))) ~2*cosh(1/2*imag part(arccos(1/4*b))) "3*sin(1/2*real par
t(arccos(1/4%b))) - (sqrt(2)*b~2 - sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2))x*c
osh(1/2*imag_part(arccos(1/4*b))) "3*sin(1/2*real_part(arccos(1/4*b)))~3 - 9
*(sqrt(2)*b~2 - sqrt(2)*sqrt(b™2 - 16)*b - 16xsqrt(2))*cos(1/2*real_part(ar
ccos(1/4%b))) "2*cosh(1/2*imag_part(arccos(1/4%*b))) "2xsin(1/2*real_part(arcc
0s(1/4%b)))*sinh(1/2*imag part(arccos(1/4*b))) + 3*(sqrt(2)*b~2 - sqrt(2)*s
qrt(b™2 - 16)*b - 16x*sqrt(2))*cosh(1/2*imag part(arccos(1/4%*b))) " 2xsin(1/2x*
real_part(arccos(1/4xb))) 3*sinh(1/2*imag part(arccos(1/4xb))) + 9*(sqrt(2)
*b~2 - sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*cos(1/2*real part(arccos(1/4x*
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b)) ) “2xcosh(1/2*imag_part(arccos(1/4*b)))*sin(1/2*real_part(arccos(1/4*b)))
*sinh(1/2*imag_part(arccos(1/4%b)))"2 - 3*(sqrt(2)*b"2 - sqrt(2)*sqrt(b™2 -
16)*b - 16*sqrt(2))*cosh(1/2*imag part(arccos(1/4*b)))*sin(1/2*real_part(a
rccos(1/4%b))) ~"3*sinh(1/2*imag_part(arccos(1/4%b)))~2 - 3*(sqrt(2)*b~2 - sq
rt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*cos(1/2*real_part(arccos(1/4*b))) "2*si
n(1/2*real part(arccos(1/4xb)))*sinh(1/2*imag part(arccos(1/4%b)))"3 + (sqr
t(2)*b"2 - sqrt(2)*sqrt(b™2 - 16)*b - 16*sqrt(2))*sin(1/2*real part(arccos(
1/4%b))) ~3*sinh(1/2*imag_part(arccos(1/4%b)))~3 + (sqrt(2)*b~2 - sqrt(2)*sq
rt(b”2 - 16)*b - 16*sqrt(2))*cosh(1/2*imag part(arccos(1/4*b)))*sin(1/2*rea
1_part(arccos(1/4xb))) - (sqrt(2)*b~2 - sqrt(2)*sqrt(b”2 - 16)*b - 16%sqrt(
2))*sin(1/2*real_part(arccos(1/4%b)))*sinh(1/2*imag part(arccos(1/4*b))))*a
rctan(4*(1/4)~(3/4)*((1/4)~(1/4)*cos(1/2*arccos(1/4%b)) + x)/sin(1/2*arccos
(1/4xb))) /(072 - 16) + 1/4%(3*(sqrt(2)*b~2 - sqrt(2)*sqrt(b”2 - 16)*b - 16%
sqrt(2))*cos(1/2*real_part(arccos(1/4*b))) ~2*cosh(1/2*ximag part(arccos(1/4x
b))) "3*sin(1/2*real part(arccos(1/4*b))) - (sqrt(2)*b~2 - sqrt(2)*sqrt(b~2
- 16)*b - 16*sqrt(2))*cosh(1/2*imag part(arccos(1/4*b))) 3*sin(1/2*real_par
t(arccos(1/4%b))) "3 - 9x(sqrt(2)*b~2 - sqrt(2)*sqrt(b™2 - 16)*b - 16*sqrt(2
))*cos(1/2*real part(arccos(1/4xb))) 2*cosh(1/2*imag part(arccos(1/4%b)))"2
xsin(1/2*real_part(arccos(1/4%b)))*sinh(1/2*imag part(arccos(1/4*b))) + 3*(
sqrt(2)*b~2 - sqrt(2)*sqrt(b”™2 - 16)*b - 16%sqrt(2))*cosh(1/2*imag _part(arc
cos(1/4%b))) "2+sin(1/2*real part(arccos(1/4*b))) 3*sinh(1/2ximag _part(arcco
s(1/4%b))) + 9*(sqrt(2)*b~2 - sqrt(2)*sqrt(b™2 - 16)*b - 16*sqrt(2))*cos(1/
2*xreal part(arccos(1/4xb))) " 2xcosh(1/2*imag part(arccos(1/4*b)))*sin(1/2*re
al_part(arccos(1/4%b)))*sinh(1/2*imag part(arccos(1/4*b)))~2 - 3*(sqrt(2)*b
72 - sqrt(2)*sqrt(b”2 - 16)*b - 16%sqrt(2))*cosh(l/2*ximag part(arccos(1/4*b
)))*sin(1/2xreal part(arccos(1/4%b))) 3*sinh(1/2*imag part(arccos(1/4xb)))"
2 - 3*%(sqrt(2)*b~2 - sqrt(2)*sqrt(b”™2 - 16)*b - 16%sqrt(2))*cos(1/2*real_pa
rt(arccos(1/4*b))) "2xsin(1/2*real_part(arccos(1/4%*b)))*sinh(1/2*imag part(a
rccos(1/4%b)))~3 + (sqrt(2)*b~2 - sqrt(2)*sqrt(b™2 - 16)*b - 16%sqrt(2))*si
n(1/2*real part(arccos(1/4*b))) "3*sinh(1/2*imag part(arccos(1/4%b)))~3 + (s
qrt(2)*b~2 - sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*cosh(1/2*imag_part(arcc
0s(1/4%b)))*sin(1/2*real part(arccos(1/4%b))) - (sqrt(2)*b~2 - sqrt(2)*sqrt
(b"2 - 16)*b - 16%*sqrt(2))*sin(1/2*real_part(arccos(1/4*b)))*sinh(1/2*imag_
part(arccos(1/4%b))))*arctan(-4*(1/4)~(3/4)*((1/4)~(1/4)*cos(1/2*arccos(1/4
*b)) - x)/sin(1/2*arccos(1/4%b)))/(b~2 - 16) + 1/8*((sqrt(2)*b~2 - sqrt(2)*
sqrt(b”™2 - 16)*b - 16*sqrt(2))*cos(1/2*real_part(arccos(1/4*b))) "3xcosh(1/2
*imag part(arccos(1/4%b))) "3 - 3*(sqrt(2)*b~2 - sqrt(2)*sqrt(b”™2 - 16)*b -
16*sqrt (2))*cos(1/2*real_part(arccos(1/4%b)))*cosh(1/2*imag part(arccos(1/4
*xb))) "3*sin(1/2*real_part(arccos(1/4%b)))~2 - 3*x(sqrt(2)*b~2 - sqrt(2)*sqrt
(b2 - 16)*b - 16%sqrt(2))*cos(1/2*real_part(arccos(1/4%*b))) 3*xcosh(1/2*ima
g_part(arccos(1/4%b))) " 2+xsinh(1/2*imag part(arccos(1/4xb))) + 9*(sqrt(2)*b~
2 - sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*cos(1/2*real part(arccos(1/4*b))
)*xcosh(1/2*imag_part(arccos(1/4xb))) ~2+sin(1/2*real_part(arccos(1/4xb))) 2%
sinh(1/2*imag_part(arccos(1/4%*b))) + 3*(sqrt(2)*b~2 - sqrt(2)*sqrt(b~2 - 16
)*¥b - 16*sqrt(2))*cos(1/2*real part(arccos(1/4*b))) ~3*cosh(1/2*imag part(ar
ccos(1/4%b)))*sinh(1/2ximag part(arccos(1/4*b))) "2 - 9*(sqrt(2)*b~2 - sqrt(
2)*sqrt(b™2 - 16)*b - 16x*sqrt(2))*cos(1/2*real_part(arccos(1/4*b)))*cosh(1/
2ximag_part(arccos(1/4%b)))*sin(1/2*real_part(arccos(1/4%b))) "2*sinh(1/2*im
ag_part(arccos(1/4*%b))) "2 - (sqrt(2)*b™2 - sqrt(2)*sqrt(b”2 - 16)*b - 16%*sq
rt(2))*cos(1/2xreal _part(arccos(1/4%b))) ~3*sinh(1/2*imag_part(arccos(1/4%Db)
))"3 + 3*(sqrt(2)*b~2 - sqrt(2)*sqrt(b”2 - 16)*b - 16%sqrt(2))*cos(1/2*real
_part(arccos(1/4%xb)))*sin(1/2*real part(arccos(1/4*b))) "2*sinh(1/2*imag par
t(arccos(1/4%b))) "3 + (sqrt(2)*b~2 - sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2))
*xcos(1/2*real part(arccos(1/4%*b)))*cosh(1/2ximag part(arccos(1/4%b))) - (sq
rt(2)*b~2 - sqrt(2)*sqrt(b”2 - 16)*b - 16%sqrt(2))*cos(1/2*real_part(arccos
(1/4%b)))*sinh(1/2*imag_part(arccos(1/4xb))))*log(2%(1/4)~(1/4)*x*xcos(1/2*a
rccos(1/4%b)) + x72 + 1/2)/(b"2 - 16) - 1/8%((sqrt(2)*b~2 - sqrt(2)*sqrt(b”
2 - 16)*b - 16*sqrt(2))*cos(1/2xreal part(arccos(1/4%b))) 3*cosh(1/2*imag p
art(arccos(1/4%b))) "3 - 3*(sqrt(2)*b~2 - sqrt(2)*sqrt(b”™2 - 16)*b - 16#*sqrt
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(2))*cos(1/2*real part(arccos(1/4xb)))*cosh(1/2*imag part(arccos(1/4%b)))"3
*xsin(1/2*real_part(arccos(1/4%b)))"2 - 3x(sqrt(2)*b~2 - sqrt(2)*sqrt(b”2 -

16)*b - 16*sqrt(2))*cos(1/2*real_part(arccos(1/4xb))) 3*cosh(1l/2*imag part(
arccos(1/4xb))) "2xsinh(1/2ximag part(arccos(1/4*b))) + 9x(sqrt(2)*b~2 - sqr
t(2)*sqrt(b”2 - 16)*b - 16%sqrt(2))*cos(1/2*xreal_part(arccos(1/4%*b)))*cosh(
1/2*%imag_part(arccos(1/4%b))) " 2*sin(1/2*real_part(arccos(1/4%b))) " 2*sinh(1/
2*imag part(arccos(1/4xb))) + 3*(sqrt(2)*b~2 - sqrt(2)*sqrt(b”2 - 16)*b - 1
6*xsqrt (2))*cos(1/2*real_part(arccos(1/4%*b))) ~"3*xcosh(1/2*imag part(arccos(1/
4%xb)))*sinh(1/2*imag part(arccos(1/4*b))) "2 - 9*(sqrt(2)*b~2 - sqrt(2)*sqrt
(b”2 - 16)*b - 16%sqrt(2))*cos(1/2xreal_part(arccos(1/4*b)))*cosh(1/2*imag_
part(arccos(1/4*b)))*sin(1/2*real_part(arccos(1/4%b))) "2*sinh(1/2*imag_part
(arccos(1/4%b)))"2 - (sqrt(2)*b~2 - sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2))*
cos(1/2*xreal_part(arccos(1/4%b))) " 3*sinh(1/2*imag_part(arccos(1/4xb)))"3 +

3x(sqrt(2)*b~2 - sqrt(2)*sqrt(b™2 - 16)*b - 16*sqrt(2))*cos(1/2*real part(a
rccos(1/4%b)))*sin(1/2*real _part(arccos(1/4%*b))) 2xsinh(1/2*imag part(arcco
s(1/4%b))) "3 + (sqrt(2)*b~2 - sqrt(2)*sqrt(b”2 - 16)*b - 16%sqrt(2))*cos(1/
2xreal_part(arccos(1/4*b)))*cosh(1/2*imag part(arccos(1/4*b))) - (sqrt(2)*b
"2 - sqrt(2)*sqrt(b”2 - 16)*b - 16%sqrt(2))*cos(1/2*real_part(arccos(1/4*b)
))*sinh(1/2*imag_part(arccos(1/4xb))))*log(-2x(1/4)~(1/4)*x*cos(1/2*arccos(
1/4%b)) + x72 + 1/2)/(b"2 - 16)
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341 [IZ gy

1+6x2+4x4

Optimal. Leaf size=45

tan™! [—zx ) tan™! [_Zx )
735 N \/3+V5
Vio V10

[Out] ArcTan[(2*x)/Sqrt[3 - Sqrt[5]1]11/Sqrt[10] + ArcTan[(2*x)/Sqrt[3 + Sqrt[5]]1]1/
Sqrt [10]

Rubi [A] time = 0.0593532, antiderivative size = 45, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 2, integrand size = 22, e -

0.091, Rules used = {1163, 203}

integrand size

tan™! Z—X) tan™! [Z—X)
[\/3—\/5 N \/3+5
V10 V1o

Antiderivative was successfully verified.

[In] Int[(1 + 2*x"2)/(1 + 6%x"2 + 4*x74),x]

[Out] ArcTan[(2x*x)/Sqrt[3 - Sqrt([5]]1]1/Sqrt[10] + ArcTan[(2*x)/Sqrt[3 + Sqrt[5]]1]/
Sqrt [10]

Rule 1163

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*xx72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*x72), x], x]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b™2 - 4xaxc, 0] && Eq
Qlcxd™2 - a*e”2, 0] && GtQ[b~2 - 4xaxc, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps

1+ 22 1
e S N
1+ 6x2 + 4x4 5

1 1 1
(S—Vg)f—3_\/§+4x2dx+5(5+\/5)f—3+\/§+4x2dx
_tan_ [\/3—_\/5]+tan [\/T_\/E]

Vo Vio

Mathematica [A] time = 0.0743086, size = 83, normalized size = 1.84

(@_1)tan—1( 32_25] (1+\/§)tan—1[ J;_@)

2,/5(3-v5) ' 24/5(3 +V5)
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Antiderivative was successfully verified.

[In] Integrate[(1 + 2*xx72)/(1 + 6%x72 + 4*x74),x]

[Out] ((-1 + Sqrt[5])*ArcTan[(2*x)/Sqrt[3 - Sqrt[5]111)/(2xSqrt[5*(3 - Sqrt[5])1)
+ ((1 + Sqrt[5])*ArcTan[(2*x)/Sqrt[3 + Sqrt[5]1]1])/(2xSqrt[56*(3 + Sqrt[51)]1)

Maple [B] time = 0.075, size = 136, normalized size = 3.

25 ¢ (8 ad )+2 ! ¢ (8 ad )+ 25 ¢ (8
——FFFFF  arctan arctan arctan —
10410 -10+/2 2410 -2+2 2410 -242 24/10-2+2/) 10410 +10+2 24

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2%x"2+1)/(4*x"4+6*xx"2+1),x)

[Out] -2/5%57(1/2)/(2%107(1/2)-2%27(1/2))*arctan(8*x/ (2x107(1/2)-2x27(1/2)))+2/(2
*x107(1/2)-2%27(1/2) ) *arctan(8*x/ (2107 (1/2)-2%27(1/2)) ) +2/5%x5~(1/2) / (2%10~(
1/2)+2%27(1/2) ) *arctan (8*x/(2x107(1/2)+2%27(1/2)))+2/(2%107 (1/2)+2%x27(1/2))

xarctan (8%x/ (2x107(1/2)+2%2~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

2x2+1
——  dx
4xt+6x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx"2+1)/(4*x~4+6%x"2+1) ,x, algorithm="maxima"

[Out] integrate((2*x~2 + 1)/(4*x"4 + 6*%x"2 + 1), x)

Fricas [A] time = 1.31568, size = 117, normalized size = 2.6

1 2 1 1
— V10 arctan (5 \/E(x3 + 2x)) + E \/ﬁarctan (5 \/1_0x)

10
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4xx~4+6%x"2+1),x, algorithm="fricas")

[Out] 1/10*sqrt(10)*arctan(2/5*sqrt(10)*(x~3 + 2*x)) + 1/10%*sqrt(10)*arctan(1/5%s
qrt (10) *x)

Sympy [A] time = 0.115144, size = 42, normalized size = 0.93

\/E (2 atan( éox) + 2 atan (2\/15_0363 + 4\/;_0"))

20
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx**2+1)/(4*xx**4+6*x*x*2+1) %)

[Out] sqrt(10)*(2*atan(sqrt(10)*x/5) + 2xatan(2*sqrt(10)*x**3/5 + 4xsqrt(10)*x/5)
)/20

Giac [A] time = 1.17602, size = 53, normalized size = 1.18

1 4x 1 4x
— \/ﬁarctan (—) + — \/1_0arctan (—)
10 V10 ++2/) 10 V10 -2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx"2+1)/(4*x"4+6%x"2+1),x, algorithm="giac")

[Out] 1/10%*sqrt(10)*arctan(4*x/(sqrt(10) + sqrt(2))) + 1/10*sqrt(10)*arctan(4x*x/(
sqrt (10) - sqrt(2)))
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342  [ZZ gy

1+5x2+4x4

Optimal. Leaf size=15

1 1
3 tan™!(x) + 3 tan™!(2x)

[Out] ArcTan[x]/3 + ArcTan[2*x]/3

Rubi [A] time = 0.0093769, antiderivative size = 15, normalized size of antiderivative

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 22, " =

0.091, Rules used = {1163, 203}

integrand size

1 1
3 tan~!(x) + 3 tan™!(2x)

Antiderivative was successfully verified.

[In] Int[(1 + 2*x"2)/(1 + 5*x"2 + 4*x74),x]
[Out] ArcTan([x]/3 + ArcTan[2*x]/3

Rule 1163

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4x*axc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2%q), Int[1/(b/2
- q/2 + c*xx72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*x72), x], x]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b™2 - 4xaxc, 0] && Eq
Qlcxd™2 - axe”2, 0] && GtQ[b~2 - 4xaxc, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps

1+ 2x2 p Zf 1 p +4f 1 P
—  _dx=- X+ = X
14 5x2 + 4x4 3J 1+4x2 3J 4+4x2

1

1
=3 tan”!(x) + 3 tan™1(2x)

Mathematica [A] time = 0.0075067, size = 17, normalized size = 1.13

1 - 3x
——tan
3 2x2 -1

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*xx72)/(1 + 5%xx72 + 4*x~4),x]

[Out] -ArcTan[(3*x)/(-1 + 2%x~2)]1/3
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Maple [A] time = 0.05, size = 12, normalized size = 0.8

arctan (x) arctan(2x)
3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2*xx"2+1)/(4*x"4+5%xx"2+1),x)

[Out] 1/3*arctan(x)+1/3*arctan(2x*x)

Maxima [A] time = 1.45741, size = 15, normalized size = 1.

1 1
— arctan (2x) + 3 arctan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4*x~4+5xx"2+1) ,x, algorithm="maxima"

[Out] 1/3*arctan(2*x) + 1/3*arctan(x)

Fricas [A] time = 1.27451, size = 66, normalized size = 4.4

Lo (A 7\, 1 (2
— arctan| - x - X — arctan|—-x
3 37 7373 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4*x"4+5%x"2+1),x, algorithm="fricas")

[Out] 1/3*arctan(4/3*xx"3 + 7/3%x) + 1/3*arctan(2/3%*x)

Sympy [B] time = 0.104221, size = 22, normalized size = 1.47

t 2x t 4x3 7x
atan 3 atan Ty + 3
+
3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx**2+1)/(4*xx**4+5*xx*x*2+1) %)

[Out] atan(2*x/3)/3 + atan(4*x*xx3/3 + 7*x/3)/3

Giac [A] time = 1.13615, size = 15, normalized size = 1.

1 1
3 arctan (2x) + 3 arctan (x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4*x~4+5%x"2+1),x, algorithm="giac")

[Out] 1/3*arctan(2*x) + 1/3*arctan(x)
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343  [IZ gy

1+4x2+4x4

Optimal. Leaf size=14

tan™! (\/Ex)
V2

[Out] ArcTan[Sqrt[2]*x]/Sqrt[2]

Rubi [A] time = 0.0065785, antiderivative size = 14, normalized size of antiderivative =

0 - . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 22, e .

0.136, Rules used = {28, 21, 203}

integrand size

tan™! (\/Ex)
V2

Antiderivative was successfully verified.

[In] Int[(1 + 2%x"2)/(1 + 4%x™2 + 4*x74),x]
[Out] ArcTan[Sqrt[2]*x]/Sqrt[2]

Rule 28

Int[(u_)*((a) + (c_)*x(x)"(m2_.) + (b_)*x_)"(@)) (p_.), x_Symbol] :>
Dist[1/c”p, Int[ux(b/2 + c*x"n)~(2*p), x], x] /; FreeQ[{a, b, c, n}, x] &&
EqQ[n2, 2*n] && EqQ[b~2 - 4xa*c, 0] && IntegerQ[p]

Rule 21

Int[(u_.)*((a_) + (b_.)*x(v_))"(m_.)*((c_) + (d_.)*x(v_))"(n_.), x_Symbol] :>
Dist[(b/d)"m, Int[ux(c + d*v)"(m + n), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& EqQ[bxc - axd, 0] &% IntegerQ[m] && ( !'IntegerQ[n] || SimplerQ[c + d*x,
a + b*xx])

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps

1+ 2x2 1+ 2x2
ey dx =4 f e dx
1 + 4:x2 + 4:x4 (2 + 4x2)2

1
= f dx
1+ 2x2

B tan! (\/Ex)

W2




Mathematica [A] time = 0.0036488, size = 14, normalized size = 1.

tan~! (\/Ex)
V2

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*xx72)/(1 + 4%x72 + 4*x74) ,x]

[Out] ArcTan[Sqrt[2]*x]/Sqrt[2]
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Maple [A] time = 0.041, size = 12, normalized size = 0.9

arctan (x\/E) \/5

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2%x"2+1)/(4*x"4+4*xx"2+1) ,x)

[Out] 1/2%arctan(x*2”(1/2))*2~(1/2)

Maxima [A] time = 1.44544, size = 15, normalized size = 1.07

% \/E arctan (\/Ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2%x~2+1)/(4*x~4+4*x~2+1) ,x, algorithm="maxima")

[Out] 1/2*sqrt(2)*arctan(sqrt(2)*x)

Fricas [A] time = 1.35752, size = 42, normalized size = 3.

% \/5 arctan (\/Ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx"2+1)/(4xx"4+4%x"2+1) ,x, algorithm="fricas")

[Out] 1/2*sqrt(2)*arctan(sqrt(2)*x)

Sympy [A] time = 0.089594, size = 14, normalized size = 1.

\/5 atan (\/Ex)

2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate ((2*x**2+1)/ (dkx**k4+4*xx**2+1) ,x)

[Out] sqrt(2)*atan(sqrt(2)*x)/2

Giac [A] time = 1.13536, size = 15, normalized size = 1.07

% \/5 arctan (\/Ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4xx~4+4%x"2+1) ,x, algorithm="giac")

[Out] 1/2%sqrt(2)*arctan(sqrt(2)*x)
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3 44 f 1+2x2

1+3x2+4x4

Optimal. Leaf size=38

tan™! (41771) tan™! (1:;;3()
N

[Out] -(ArcTan[(1 - 4*x)/Sqrt[7]1/Sqrt[7]) + ArcTan[(1 + 4*x)/Sqrt[7]]1/Sqrt[7]

Rubi [A] time = 0.0352245, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 22, e o e

0.136, Rules used = {1161, 618, 204}

integrand size

Antiderivative was successfully verified.

[In] Int[(1 + 2%x"2)/(1 + 3*x"2 + 4*x74),x]
[Out] -(ArcTan[(1 - 4*x)/Sqrt[7]11/Sqrt[7]) + ArcTan[(1 + 4%x)/Sqrt[7]1]1/Sqrt[7]

Rule 1161

Int[((d_) + (e_)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2*d)/e - b/c, 21}, Distle/(2%c), Int[1/Simpld/e + g*x + x"2
, xJ, x], x] + Dist[e/(2%c), Int[1/Simp[d/e - g*x + x72, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQlc*d"2 - axe”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[

-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps

1+ 2x2 f 1 el f p
_ X —dx
1+3x2+4x4 __§+ 4 S+ Y442
1 1 1 1
- —Subst ——dx,x,—— + 2x || - = Subst f > dx,x, = + 2x
———x 2 2 _Z_xz 2

tan~ (\/?) tan_l(lf;x)
TV
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Mathematica [C] time = 0.185003, size = 97, normalized size = 2.55

—i)tan™! = i) tan™! a
(V7= [%@—fﬁ)] (V7 i)s (;mm]

+
\J42 - 147 V42 +14iV7

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*x72)/(1 + 3%x72 + 4%x74),x]

[Out] ((-I + Sqrt[7])*ArcTan[(2*x)/Sqrt[(3 - IxSqrt[71)/211)/Sqrt[42 - (14*I)*Sqr
t[71]1 + ((I + Sqrt[7])*ArcTan[(2*x)/Sqrt[(3 + I*Sqrt[7])/2]11)/Sqrt[42 + (14
*1)*Sqrt [7]]

Maple [A] time = 0.043, size = 34, normalized size = 0.9

V7 [(—1+4X)\/7) V7 [(4x+1)«/?)
tan| ——— |+ — arctan| —

7arc a. 7 7 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2*x"2+1)/(4*x~4+3*%x"2+1) ,x)

[Out] 1/7x7"(1/2)*arctan(1/7x(-1+4*xx)*7~(1/2))+1/7*xarctan(1/7x(4dxx+1)*7~(1/2))*7"
(1/2)

Maxima [A] time = 1.44026, size = 45, normalized size = 1.18

1 1 1 1

5 V7 arctan 5 \/3(49( +1)|+ 5 V7 arctan 5 \/5(43( -1)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((2xx"2+1)/(4*x~4+3%x"2+1) ,x, algorithm="maxima"

[Out] 1/7*sqrt(7)*arctan(1/7*xsqrt(7)*(4*x + 1)) + 1/7*xsqrt(7)*arctan(1/7*sqrt(7)*
(4%x - 1))

Fricas [A] time = 1.30687, size = 112, normalized size = 2.95

1 1 5 1 2

= \7arctan (= \/?(43( + Sx) + = V7 arctan [ = V7x

7 7 7 7
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((2xx"2+1)/(4*x"4+3%x"2+1),x, algorithm="fricas")

[Out] 1/7*sqrt(7)*arctan(l/7*xsqrt(7)*(4*x~3 + 5xx)) + 1/7*xsqrt(7)*arctan(2/7*sqrt
(7)*x)
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Sympy [A] time = 0.115235, size = 44, normalized size = 1.16

\/7(2 atan (@) + 2atan (4\/7%(3 + 5\?))

7
14

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x**2+1)/(4xx**4+3xx**2+1) ,x)

[Out] sqrt(7)=*(2*atan(2*sqrt(7)*x/7) + 2xatan(4*xsqrt(7)*x**3/7 + bxsqrt(7)*x/7))/
14

Giac [A] time = 1.13606, size = 45, normalized size = 1.18

1 1 1 1

7 7 arctan (; \/;(4x + 1)) + 5 V7 arctan (; \/5(4x - 1))
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((2xx~2+1)/(4xx~4+3%x"2+1),x, algorithm="giac")

[Out] 1/7*sqrt(7)*arctan(1l/7*xsqrt(7)*(4*x + 1)) + 1/7*xsqrt(7)*arctan(1/7*sqrt(7)*
(4%x - 1))
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345  [ZZ gy

1+2x2 +4x4

Optimal. Leaf size=438

tan™! (2\/\2_/?1) tan™! (1_3%@6)

Ve 6

[Out] -(ArcTan[(1 - 2*Sqrt[2]*x)/Sqrt[3]]/Sqrt[6]) + ArcTan[(1 + 2*Sqrt[2]*x)/Sqr
t[311/8qrt 6]

Rubi [A] time = 0.0395263, antiderivative size = 48, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 22, e -

integrand size
0.136, Rules used = {1161, 618, 204}

tan™t (MTzH) ) tan™! (1_3\5@()

\G G

Antiderivative was successfully verified.

[In] Int[(1 + 2%x72)/(1 + 2*x"2 + 4xx"4),x]

[Out] -(ArcTan[(1 - 2*Sqrt[2]*x)/Sqrt[3]1]1/Sqrt[6]) + ArcTan[(1 + 2*Sqrt[2]*x)/Sqr
t[311/8qrt 6]

Rule 1161

Int[((d_) + (e_)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2xc), Int[1/Simpl[d/e + g*x + x~2
, x], x], x] + Dist[e/(2*c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQlc*d™2 - axe”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xa*c - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rubi steps
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1+ 2x2 1 1 1 1
—xdx:—f—dx+—f—dx
1+2x2+4x4 4 1_i+x2 4 1+i+x2

2\ 2 \2

1 1 1 1 1 1
= —| = Subst f3—dx,x,——+2x — = Subst f3—dx,x,—+2x
2 22 \2 2 ) \2

2 2

tan™! (%) tan™! (Hf/;_/zx)

=- +

G V6

Mathematica [C] time = 0.104063, size = 99, normalized size = 2.06

(\/E—i)tan‘l[\/lz_%@] (‘/g”)tan_l(\/j%ﬁ)

2./3 (1-iv3) ’ 243 (1 +iV3)

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*xx72)/(1 + 2%x72 + 4*x74),x]

[Out] ((-I + Sqrt[3])*ArcTan[(2*x)/Sqrt[1 - I*Sqrt[3]1]1]1)/(2%Sqrt[3*(1 - I*Sqrt[3]
)1) + ((I + Sqrt[3])*ArcTan[(2*x)/Sqrt[1 + I*Sqrt[3]11])/(2%Sqrt[3*(1 + I*Sq
rt[31)1)

Maple [A] time = 0.06, size = 40, normalized size = 0.8

V6 (4x+v2)V6) 6 (4x-+2)V6
ra arctan (#] + r arctan (f]

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2%x"2+1)/(4*x"4+2%x"2+1),x)

[Out] 1/6%6"(1/2)*arctan(1/6*x(4xx+2~(1/2))*6"(1/2))+1/6%x6"(1/2)*arctan(1/6* (4*xx-2
~(1/2))*67(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

2x2+1
——  dx
4xt+2x2 41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4xx~4+2%x"2+1) ,x, algorithm="maxima")

[Out] integrate((2*x~2 + 1)/(4*x"4 + 2*x"2 + 1), x)
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Fricas [A] time = 1.24012, size = 107, normalized size = 2.23

2 1 1
6 arctan (5 \/g(x3 + x)) + 6 \/garctan (5 \/gx)

6
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2%x~2+1)/(4*x~4+2*x~2+1) ,x, algorithm="fricas")

[Out] 1/6*sqrt(6)*arctan(2/3*sqrt(6)*(x~3 + x)) + 1/6xsqrt(6)*arctan(l/3*sqrt(6)*
x)

Sympy [A] time = 0.111128, size = 42, normalized size = 0.88

\/6(2 atan(\/_x) + 2atan (fo3 + Z\fx))
12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((2*x**2+1)/ (4*kx**4+2kx**2+1) ,x)

[Out] sqrt(6)=*(2*atan(sqrt(6)*x/3) + 2*atan(2*sqrt(6)*x**3/3 + 2*xsqrt(6)*x/3))/12

Giac [F] time = 0., size = 0, normalized size = 0.
f 222 +1 g
4xt+2x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx72+1)/(4*x"4+2%x"2+1),x, algorithm="giac")

[Out] integrate((2*x~2 + 1)/(4*x"4 + 2*x"2 + 1), x)
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346  [I2 gy

1+x2+4x4

Optimal. Leaf size=46

tan™! (4%;/5) tan™! (\/5_4)()

V5 \G

[Out] -(ArcTan[(Sqrt([3] - 4xx)/Sqrt[5]]/Sqrt[5]) + ArcTan[(Sqrt([3] + 4xx)/Sqrt[5]
1/8qrt [5]

Rubi [A] time = 0.0431827, antiderivative size = 46, normalized size of antiderivative =

0 . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 20, e .

integrand size
0.15, Rules used = {1161, 618, 204}

tan™! (43;5) tan™! ( \/5_4)()

Y

Antiderivative was successfully verified.

[In] Int[(1 + 2xx"2)/(1 + x72 + 4%x74),x]

[Out] -(ArcTan[(Sqrt([3] - 4xx)/Sqrt[5]]/Sqrt[5]) + ArcTan[(Sqrt([3] + 4xx)/Sqrt[5]
1/8qrt [5]

Rule 1161

Int[((d_) + (e_)*x(x_)"2)/((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With([{q = Rt[(2*d)/e - b/c, 2]}, Distle/(2%c), Int[1/Simpl[d/e + q*x + x72
, x], x1, x] + Dist[e/(2xc), Int[1/Simp[d/e - q*x + x"2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQ[c*d”2 - axe”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - e*Rt[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4*a*c - x72, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps
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1+ 2x2

1 1 1
—————d:—f—————d+—f d
e VS *

2 2

1
1 \/§x
T i 2
2+ 2 + Xx

1 1 \3 1 1 V3
——[zSubst(f = zdx,x,—7+2x]]—ESubst(fﬁdx,x,7+2x]

_Z_X Z—x

() " (529

= +

B V5 V5

Mathematica [C] time = 0.225133, size = 97, normalized size = 2.11

(\ﬁg“30tan_1(—74§f——] (VT§4-30tan‘1{—Tigf__]
5(1—1\/%) 5(1+1\/ﬁ)

+
/30 = 30iV15 /30 + 30iv15

Antiderivative was successfully verified.

[In] Integratel[(1 + 2*x~2)/(1 + x72 + 4*x74),x]

[Out] ((-3%I + Sqrt[15])*ArcTan[(2*x)/Sqrt[(1 - I*Sqrt[15])/2]11)/Sqrt[30 - (30%I)
xSqrt [15]] + ((3*I + Sqrt[15])*ArcTan[(2*x)/Sqrt[(1 + I*Sqrt[15]1)/2]1]1)/Sqrt

[30 + (30%I)*Sqrt[15]]

Maple [A] time = 0.061, size = 40, normalized size = 0.9

@amn((“-vé)va] NG ((4x+«/§)\/§]

5 + ? arctan 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2%x"2+1)/(4*x"4+x"2+1) ,x)

[Out] 1/5%57(1/2)*arctan(1/5%x(4*xx-3"(1/2))*57(1/2))+1/5*arctan(1/5%(4*xx+3~(1/2))*
57(1/2))*57(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

2x%2+1
4xt+x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x72+1)/(4*x"4+x"2+1) ,x, algorithm="maxima")

[Out] integrate((2*x~2 + 1)/(4xx"4 + x"2 + 1), x)




268

Fricas [A] time = 1.34345, size = 112, normalized size = 2.43

1 1 1 2

5 \/garctan (E \/5(4 X3+ 3x)) + 5 \/garctan (5 \/gx)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((2*x~2+1)/(4*x~4+x"2+1),x, algorithm="fricas")

[Out] 1/5*sqrt(b)*arctan(1/5*xsqrt(5)*(4*x~3 + 3*x)) + 1/5*xsqrt(5)*arctan(2/5*sqrt
(5) *x)

Sympy [A] time = 0.112677, size = 44, normalized size = 0.96

\/E (2 atan (fo) + 2atan (4\/55363 + 3fx))
10

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x**2+1)/(4*xx*x*4+x**2+1) ,%)

[Out] sqrt(5)*(2*atan(2*sqrt(5)*x/5) + 2xatan(4*sqrt(5)*x**3/5 + 3*sqrt(5)*x/5))/
10

Giac [F] time = 0., size = 0, normalized size = 0.

2x%2 +1
——  dx
4xt+x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2%x72+1)/(4*x~4+x"2+1),x, algorithm="giac")

[Out] integrate((2*x~2 + 1)/(4*xx"4 + x"2 + 1), x)
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347  [IZ 4y

T+4ot
Optimal. Leaf size=21

1 1
> tan"!(2x +1) - > tan~1(1 — 2x)

[Out] -ArcTan[1 - 2*x]/2 + ArcTan[1l + 2xx]/2

Rubi [A] time = 0.0129114, antiderivative size = 21, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 17, e -

0.176, Rules used = {1162, 617, 204}

integrand size

1 1
> tan"!(2x +1) - 5 tan"1(1 — 2x)

Antiderivative was successfully verified.

[In] Int[(1 + 2*xx"2)/(1 + 4%xx"4),x]
[Out] -ArcTan[1 - 2*x]/2 + ArcTan[1 + 2x%x]/2

Rule 1162

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(2%d) /e, 2]}, Distle/(2*c), Int[1/Simp[d/e + g*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlcxd™2 - a*xe”2, 0] && PosQ[dxe]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*a*c])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rubi steps

1422 1 1 1 1
x4dx:—f1—dx+—f1—dx
1+ 4x )T e T a) Tiie

1 1 1 1
= ESUbSt (fmdx,x,l—bc)— ESubst (f -2 dx,x,l +2.X')

1 1
=-3 tan™'(1 — 2x) + 5 tan(1 + 2x)

Mathematica [A] time = 0.0061624, size = 17, normalized size = 0.81

1 tan! 2x
——tan
2 2x2 -1




Antiderivative was successfully verified.

[In] Integrate[(1 + 2*xx72)/(1 + 4xx74),x]

[Out] -ArcTan[(2*xx)/(-1 + 2%xx~2)]1/2

270

Maple [A] time = 0.043, size = 18, normalized size = 0.9

arctan(2x—1) N arctan (1 + 2x)
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2*xx"2+1)/(4*x"4+1),x)

[Out] 1/2*arctan(2*x-1)+1/2*arctan(1+2*x)

Maxima [A] time = 1.45928, size = 23, normalized size = 1.1

1 1
> arctan(2x +1) + > arctan(2x —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4*x~4+1),x, algorithm="maxima"

[Out] 1/2*%arctan(2*x + 1) + 1/2*%arctan(2*x - 1)

Fricas [A] time = 1.30594, size = 53, normalized size = 2.52

1 1
— arctan (2 x3 + x) *5 arctan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x~2+1)/(4*x~4+1),x, algorithm="fricas")

[Out] 1/2*arctan(2*x~3 + x) + 1/2%arctan(x)

Sympy [A] time = 0.095898, size = 14, normalized size = 0.67

atan (¥) atan (2x3 + x)
+
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx**2+1)/(4*xx**4+1) ,x)

[Out] atan(x)/2 + atan(2*x**3 + x)/2
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Giac [B] time = 1.11962, size = 62, normalized size = 2.95

3 1 3 1
1 1)\4 1\* 1 1\1 1\2
5 arctan [2 \/E(A_L) [Zx + \/E(Z) ]] + 5 arctan [2 \/E(Z) [Zx - \6(1) J]
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x~2+1)/(4*x~4+1),x, algorithm="giac")

[Out] 1/2*arctan(2*sqrt(2)*(1/4)~(3/4)*(2*x + sqrt(2)*(1/4)~(1/4))) + 1/2*xarctan(
2%sqrt (2)*(1/4) 7 (3/4)*(2*%x - sqrt(2)*(1/4)"(1/4)))
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348 [y

1—x2+4x4

Optimal. Leaf size=46

tan™! (43%\/5) tan™! (\/5_4)()

V3 V3

[Out] -(ArcTan[(Sqrt([5] - 4xx)/Sqrt[3]]/Sqrt[3]) + ArcTan[(Sqrt([5] + 4xx)/Sqrt[3]
1/8qrt [3]

Rubi [A] time = 0.0414338, antiderivative size = 46, normalized size of antiderivative =

0 . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 22, e .

integrand size
0.136, Rules used = {1161, 618, 204}

tan™! (4312/5) tan™! ( \/5_4)()

Vi B

Antiderivative was successfully verified.

[In] Int[(1 + 2xx"2)/(1 - x72 + 4%x74),x]

[Out] -(ArcTan[(Sqrt[5] - 4xx)/Sqrt[3]]/Sqrt[3]) + ArcTan[(Sqrt([5] + 4xx)/Sqrt[3]
1/8qrt [3]

Rule 1161

Int[((d_) + (e_)*x(x_)"2)/((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With([{q = Rt[(2*d)/e - b/c, 2]}, Distle/(2%c), Int[1/Simpl[d/e + q*x + x72
, x], x1, x] + Dist[e/(2xc), Int[1/Simp[d/e - q*x + x"2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQ[c*d”2 - axe”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - e*Rt[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4*a*c - x72, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps
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1+ 2x? q 1f 1 q +1f 1 P
————dx=— | ————dx+—- | ———dx
1 -2 + 4x* 4J 1_ ¥ o 4 LV

=- lSubstf ! dx,x,—§+2x —lSubst f;dx,x,ﬁ+2x
2 3 2 2 3 2
4

tan™! (%) tan™! (\/§+4x)

=— +

B V3 V3

Mathematica [C] time = 0.278065, size = 101, normalized size = 2.2

V15 - 5i an_l(z—x] V15 + 5i) tan” [ )
(V15 - 5i)t TR +( 5.+ 5i)t /7%( i)
30 (-1 - iV15) )

)_\
+
B
6)]

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*x~2)/(1 - x72 + 4*x74),x]

[Out] ((-5%I + Sqrt[15])*ArcTan[(2*x)/Sqrt[(-1 - I*Sqrt[15])/2]11)/Sqrt[30*(-1 - I
xSqrt [15])] + ((5%I + Sqrt[15])*ArcTan[(2*x)/Sqrt[(-1 + I*Sqrt[15])/2]1]1)/Sq

rt[30*x (-1 + I*Sqrt[15])]

Maple [A] time = 0.062, size = 40, normalized size = 0.9

G ((axeVB)VE) VE (V5B
3 arctan (f] + 3 arctan (f]

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2%x"2+1)/(4*x"4-x"2+1) ,x)

[Out] 1/3*arctan(1/3*(4xx+57(1/2))*37(1/2))*37(1/2)+1/3*37(1/2)*arctan(1/3*(4xx-5
~(1/2))*37(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

2x%2+1

—d
4x4—x2 41 x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x72+1)/(4*x"4-x"2+1),x, algorithm="maxima")

[Out] integrate((2*x~2 + 1)/(4xx"4 - x°2 + 1), x)
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Fricas [A] time = 1.39883, size = 109, normalized size = 2.37

1 1 1 2
— V3 arctan (5 \/5(4 X3+ x)) + 5 \/garctan (5 \/gx)

3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x~2+1)/(4*x~4-x"2+1),x, algorithm="fricas")

[Out] 1/3*sqrt(3)*arctan(1/3*sqrt(3)*(4*x"3 + x)) + 1/3*sqrt(3)*arctan(2/3*sqrt(3
) *x)

Sympy [A] time = 0.115995, size = 42, normalized size = 0.91

\/5(2 atan (zfx) + 2atan (4\@3 + @))

3 3
6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x**2+1)/(4*xx**4-x**2+1) ,%)

[Out] sqrt(3)=*(2*atan(2*sqrt(3)*x/3) + 2xatan(4*sqrt(3)*x**3/3 + sqrt(3)*x/3))/6

Giac [F] time = 0., size = 0, normalized size = 0.

2x2+1

—dx
4x%—x2 41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x72+1)/(4*x~4-x"2+1),x, algorithm="giac")

[Out] integrate((2*x~2 + 1)/(4*x"4 - x72 + 1), x)
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349  [IZ gy

1-2x2+4x4
Optimal. Leaf size=44

tan~! (2\/§x + \/5) tan™! (\/5 - 2\/§x)

V2 V2

[Out] -(ArcTan[Sqrt[3] - 2*Sqrt[2]*x]/Sqrt[2]) + ArcTan[Sqrt[3] + 2xSqrt[2]*x]/Sq
rt[2]

Rubi [A] time = 0.0336888, antiderivative size = 44, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 22, e -

0.136, Rules used = {1161, 618, 204}

tan~! (2\/§x + \/5) tan™! (\/§ - 2\/§x)
V2 ) V2

integrand size

Antiderivative was successfully verified.

[In] Int[(1 + 2*x72)/(1 - 2*x72 + 4*x74),x]

[Out] -(ArcTan[Sqrt[3] - 2*Sqrt[2]*x]/Sqrt[2]) + ArcTan[Sqrt[3] + 2xSqrt[2]*x]/Sq
rt[2]

Rule 1161

Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symboll

> With([{q = Rt[(2*d)/e - b/c, 2]}, Distl[e/(2*c), Int[1/Simpl[d/e + q*x + x~2
, x1, x], x] + Dist[e/(2*c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQ[cxd"2 - a*xe”2, 0] && (
GtQ[(2xd)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRtl[a/c, 2],
01)

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps
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1 + 2x2 1 1 1 1
= = e [———
1—-2x2 + 4x* 4J 1 [3 ) 4J 1 3 )

5~ §x+x E+ £x+x

1 1 3 1 1 3
= _[E Subst[f T o dx,x,—\/;+2x]J— ESubst[f_l—_xzdx,x,\/;+2x]
2

2

tan™! (\/§ - 2\/§x) tan™! (\/§ + 2\/§x)

= - +

V2 V2

Mathematica [C] time = 0.103253, size = 99, normalized size = 2.25

(\/5—3i)tan_ (—\/Tn@] (\/§+3i)tan_ (m]

2./3 (-1-iV3) ' 2./3 (-1+iV3)

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*x72)/(1 - 2*x72 + 4*x~4) ,x]

[Out] ((-3*I + Sqrt[3])*ArcTan[(2+*x)/Sqrt[-1 - I*Sqrt[3]]1])/(2*Sqrt[3*(-1 - I*Sqr
t[3]1)]1) + ((3*%I + Sqrt[3])*ArcTan[(2*x)/Sqrt[-1 + IxSqrt[3]1]])/(2xSqrt[3*(-
1 + IxSqrt[3]1)1)

Maple [A] time = 0.063, size = 40, normalized size = 0.9

(4x—x/6)\/§] V2 ((4x+\/6)\/§J

V2

— arcta + — arcta
> r n( > rctan 2

Verification of antiderivative is not currently implemented for this CAS.
[In] int((2*x~2+1)/(4*x"4-2*x"2+1),x)

[Out] 1/2%27(1/2)*arctan(1/2*x(4xx-6"(1/2))*2~(1/2))+1/2*2~(1/2)*arctan(1/2*(4*xx+6
~(1/2))*27(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

2x%2 +1

— 4
4x4-2x2+1 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx"2+1)/(4*x"4-2%x"2+1),x, algorithm="maxima")

[Out] integrate((2*x~2 + 1)/(4*x~4 - 2*x"2 + 1), x)
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Fricas [A] time = 1.32637, size = 90, normalized size = 2.05

1 1
> V2 arctan (2 \/§x3) + > V2 arctan (\/Ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4xx"4-2%x"2+1),x, algorithm="fricas")

[Out] 1/2%sqrt(2)*arctan(2*sqrt(2)*x~3) + 1/2*sqrt(2)*arctan(sqrt(2)*x)

Sympy [A] time = 0.107194, size = 29, normalized size = 0.66

\2 (2 atan (\/Ex) +2atan (2\/§x3))

4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx**2+1)/(4*xx**4-2%x*x*2+1) %)

[Out] sqrt(2)*(2xatan(sqrt(2)*x) + 2*atan(2*sqrt(2)*x**3))/4

Giac [F] time = 0., size = 0, normalized size = 0.

2x2+1

——d
4x4-2x2+1 *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4xx~4-2%x"2+1),x, algorithm="giac")

[Out] integrate((2*x72 + 1)/(4*x"4 - 2%x~2 + 1), x)
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350  [IZ gy

1-3x2+4x4
Optimal. Leaf size=23

tan™! (4x + \ﬁ) —tan™! (\/; - 4x)

[Out] -ArcTan[Sqrt[7] - 4*x] + ArcTan[Sqrt([7] + 4xx]

Rubi [A] time = 0.0262838, antiderivative size = 23, normalized size of antiderivative

. . b f rul
1., number of steps used = 5, number of rules used = 3, integrand size = 22, e T -

integrand size
0.136, Rules used = {1161, 618, 204}

tan™! (4x + \ﬁ) —tan™? (\/; - 4x)

Antiderivative was successfully verified.

[In] Int[(1 + 2*x72)/(1 - 3*x"2 + 4*x74),x]
[Out] -ArcTan[Sqrt[7] - 4*x] + ArcTan[Sqrt[7] + 4xx]

Rule 1161

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2xc), Int[1/Simp[d/e + g*x + x~2
, x], x], x] + Dist[e/(2%c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQlc*d™2 - axe”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
o)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[

-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b]l && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps

1 + 2x2 1 1 1 1

= = [t [———a

1—-3x2 + 4x4 4J 1 N, 4J 1 N,
E—T+x £+T+X

=- lSubst f L dx,x,—ﬁ+2x —lSubst f;dx,x,ﬁ+2x
2 ENY 2 2 EN 2
4
= —tan™! (\ﬁ - 4x) + tan™! (\/; + 4x)




Mathematica [A] time = 0.0070199, size = 14, normalized size = 0.61

BVEE:
~tan (zﬂ—1)

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*xx72)/(1 - 3*x72 + 4*x74),x]

[Out] -ArcTan[x/(-1 + 2*xx~2)]
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Maple [A] time = 0.061, size = 20, normalized size = 0.9

arctan (4 X - \5) + arctan (4 X+ \5)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2%*x"2+1)/(4%x"4-3*%xx"2+1),x)

[Out] arctan(4*x-7"(1/2))+arctan(4*xx+7~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

2x%2 +1

_rT g
i _32+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2%x72+1)/(4%x"4-3%x"2+1),x, algorithm="maxima")

[Out] integrate((2*x~2 + 1)/(4*x"4 - 3*x"2 + 1), x)

Fricas [A] time = 1.33888, size = 45, normalized size = 1.96

arctan (4 x3 - x) + arctan (2 x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4*x"4-3%x"2+1),x, algorithm="fricas")

[Out] arctan(4*x~3 - x) + arctan(2x*x)

Sympy [A] time = 0.099576, size = 12, normalized size = 0.52

atan (2x) + atan (4x3 - x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx**2+1)/(4*x**4-3*x**2+1) ,x)



[Out] atan(2*x) + atan(4*x**3 - x)
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Giac [F] time = 0., size = 0, normalized size = 0.

2x2+1

——d
4x4-3x2+1 *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2%x72+1)/(4*x"4-3*%x"2+1) ,x, algorithm="giac")

[Out] integrate((2*x~2 + 1)/(4*x"4 - 3*x"2 + 1), x)



281

351  [IZ gy

1-4x2+4x4
Optimal. Leaf size=11

1—2x2

[Out] x/(1 - 2*x"2)

Rubi [A] time = 0.0050256, antiderivative size = 11, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 22, LT

integrand size
0.091, Rules used = {28, 383}

1-2x2
Antiderivative was successfully verified.
[In] Int[(1 + 2*x72)/(1 - 4%x"2 + 4*x74),x]

[Out] x/(1 - 2%x72)

Rule 28

Int[(u_.)*x((a ) + (c_)*x(x_ )" (n2_.) + (b_)*(x )" (n_))"(p_.), x_Symbol] :>
Dist[1/c”p, Int[ux(b/2 + c*x"n)~(2*p), x], x] /; FreeQ[{a, b, c, n}, x] &&
EqQ[n2, 2*n] && EqQ[b~2 - 4x*a*xc, 0] && IntegerQ[p]

Rule 383
Int[((a_) + (b_)*(x_)"(n_)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> S

imp[(c*x*(a + b*x™n) " (p + 1))/a, x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[
bxc - axd, 0] && EqQ[axd - bxcx(n*x(p + 1) + 1), 0]

Rubi steps

1+ 2x2 4f 1+ 2x2
dx =
1 _4+2 1 A4

B —2x2

Mathematica [A] time = 0.0057191, size = 12, normalized size = 1.09

X
2x2 -1

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*xx72)/(1 - 4%x72 + 4*x74),x]

[Out] -(x/(-1 + 2%xx~2))




Maple [A] time = 0.046, size = 11, normalized size = 1.

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2%x"2+1)/(4*xx"4-4*x"2+1),x)

[Out] -1/2xx/(x72-1/2)
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Maxima [A] time = 0.956096, size = 16, normalized size = 1.45
X

2x2-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4xx~4-4xx"2+1) ,x, algorithm="maxima"

[Out] -x/(2%x"2 - 1)

Fricas [A] time = 1.31542, size = 22, normalized size = 2.
X
2x2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4xx"4-4%x"2+1),x, algorithm="fricas")

[Out] —-x/(2*x"2 - 1)

Sympy [A] time = 0.081402, size = 8, normalized size = 0.73
x
2x2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx**2+1)/(4*xx**4-4*xx*x*2+1) %)

[Out] -x/(2*%x*x*x2 - 1)

Giac [A] time = 1.13147, size = 16, normalized size = 1.45
x
2x2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx"2+1)/(4xx"4-4%x"2+1),x, algorithm="giac")

[Out] -x/(2*x"2 - 1)
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1+2x2
352 [——dx
1-5x2+4x4
Optimal. Leaf size=39

1 1 1
5 log(1 —2x) + = log(l X)— = log(x +1)+ = 10g(2x +1)

[Out] -Logll - 2*x]/2 + Logl[l - x]/2 - Logll + x]/2 + Logl[l + 2xx]/2

Rubi [A] time = 0.0178852, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 3, integrand size = 22, e .

0.136, Rules used = {1161, 616, 31}

integrand size

11 1 2)+11 1 11 +1 +11 2x +1)
5 og(l —2x 5 log X) 5 og(x+1) 5 0g(2x

Antiderivative was successfully verified.

[In] Int[(1 + 2*x"2)/(1 - 5*x"2 + 4*x74),x]
[Out] -Logll - 2*x]/2 + Logll - x]/2 - Logll + x]/2 + Logl[l + 2*x]/2

Rule 1161

Int[((d) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2xc), Int[1/Simp[d/e + g*x + x~2
, x], x], x] + Dist[e/(2*c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQlc*d™2 - axe”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
o)

Rule 616

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Distlc/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distlc/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4x*axc, 0] && PosQ[b~2 - 4*axc] && PerfectSquareQ[b~2 - 4x*axc]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

1+ 2x2 f d WL f
- X
1—5x2+4x4 4
== f dx+ f d ——f dx
2 —1+x 1+x

1
=- log(1 — 2x) + 5 log(l -Xx) - E log(1 + x) + E log(1 + 2x)
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Mathematica [A] time = 0.0058667, size = 29, normalized size = 0.74

élog(—sz +x +1) - %log (—2x2 —x+1)

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*x72)/(1 - 5%x~2 + 4*x74),x]

[Out] -Logll - x - 2%x72]/2 + Logl[l + x - 2%x72]/2

Maple [A] time = 0.047, size = 30, normalized size = 0.8

_ln(1+x) B In2x-1) N In (-1 + x) N In(1+2x)
2 2 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2%x"2+1)/(4%x"4-5xx"2+1),x)

[Out] -1/2%1n(1+x)-1/2%x1n(2*x-1)+1/2*1n(-1+x)+1/2*1n(1+2%x)

Maxima [A] time = 0.96804, size = 39, normalized size = 1.

1 1 1 1
5 10g(2x+1)—§ 10g(2x—1)—§ 1og(x+1)+§ log (x — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx"2+1)/(4*x~4-5%x"2+1) ,x, algorithm="maxima"

[Out] 1/2%log(2*x + 1) - 1/2xlog(2*x - 1) - 1/2%log(x + 1) + 1/2*xlog(x - 1)

Fricas [A] time = 1.31776, size = 68, normalized size = 1.74

—% log(2x2+x—1)+% log(ZxZ—x—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4xx~4-5%x"2+1),x, algorithm="fricas")

[Out] -1/2%log(2*x”2 + x - 1) + 1/2%log(2*x”2 - x - 1)

Sympy [A] time = 0.098273, size = 26, normalized size = 0.67

2_x_1 2,.%_1
log(x 5 2) log(x +3 2)
2 2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate ((2*x**2+1)/(4*x**4-5*xx**2+1) ,x)

[Out] log(x**2 - x/2 - 1/2)/2 - log(x**2 + x/2 - 1/2)/2

Giac [A] time = 1.15209, size = 45, normalized size = 1.15
~ log (2 + 1)~ 5 log (2 -1~ 3 log (+ 1) + 5 Tog (v 1)
5 log(12x 5 log (12 > log (x 5 log (x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x~2+1)/(4*x~4-5*%x"2+1) ,x, algorithm="giac")

[Out] 1/2*log(abs(2*x + 1)) - 1/2xlog(abs(2*x - 1)) - 1/2xlog(abs(x + 1)) + 1/2x1
og(abs(x - 1))
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353  [IZ iy

1-6x2+4x*
Optimal. Leaf size=44

tanh ™" (\/5 - 2\/53() tanh ™! (2\/§x + \/E)
V2 ) V2

[Out] ArcTanh[Sqrt[5] - 2*Sqrt([2]#*x]/Sqrt[2] - ArcTanh[Sqrt[5] + 2*Sqrt[2]*x]/Sqr
t[2]

Rubi [A] time = 0.0347643, antiderivative size = 44, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 22, "> =

integrand size
0.136, Rules used = {1161, 618, 206}

tanh ™! (\/E - 2\/§x) tanh ™" (2\/§x + \/E)
V2 ) V2

Antiderivative was successfully verified.

[In] Int[(1 + 2*x"2)/(1 - 6%x"2 + 4*x74),x]

[Out] ArcTanh[Sqrt[5] - 2*Sqrt([2]#*x]/Sqrt[2] - ArcTanh[Sqrt[5] + 2*Sqrt[2]*x]/Sqr
t[2]

Rule 1161

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2*d)/e - b/c, 2]}, Distle/(2%c), Int[1/Simp[d/e + g*x + x~2
, xJ, x], x] + Dist[e/(2%c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQ[c*d”2 - axe”2, 0] && (
GtQL(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - ex*Rtl[a/c, 2],

01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x~2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps
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1+ 2x? 1 1 1 1
e 4dx:71f1 5 dx+1f1 5 L
S 5—\/gx+x2 E+\/;x+x2

1 1 1 1
= —| = Subst f dx,x,—\/§+2x — — Subst f—dx,x,\/§+2x
2 1 e 2 2 1 e 2
2 2

~ tanh™! (\/5 - Zx/zx) tanh™! (\/5 + 2\/§x)
B V2 ) V2

Mathematica [A] time = 0.0134752, size = 42, normalized size = 0.95

log (—2x2 +V2x + 1) ~log (sz +V2x - 1)

22

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*xx72)/(1 - 6%x72 + 4*x74),x]

[Out] (Logll + Sqrt[2]*x - 2*x~2] - Logl-1 + Sqrt[2]*x + 2*x~2])/(2*Sqrt[2])

Maple [B] time = 0.073, size = 82, normalized size = 1.9

(2v5-10)v5 X 2v5 (5 +v5) X
_10«/ﬁ—10x/§Artanh(82«/E—2x/§)_10@+10\/§Artanh(82«/ﬁ+2x/§)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2%x"2+1)/(4*x"4-6*xx"2+1),x)

[Out] -2/5%(57(1/2)-5)*57(1/2)/(2%107(1/2)-2%27(1/2) ) *arctanh (8*x/(2%107(1/2) -2%2
~(1/2)))-2/5%57(1/2)*(5+57(1/2)) /(2%107(1/2)+2%27(1/2) ) *arctanh (8*x/ (2x107 (
1/2)+2x27(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

2x2+1
— dx
4x4—-6x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4xx"4-6%x"2+1),x, algorithm="maxima")

[Out] integrate((2xx~2 + 1)/(4*x"4 - 6*%x"2 + 1), x)

Fricas [A] time = 1.38009, size = 111, normalized size = 2.52

4x4—2x2—2\/§(2x3—x)+1
4x4-6x2+1

1
1 \/Elog
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx"2+1)/(4*x"4-6%x"2+1),x, algorithm="fricas")

[Out] 1/4*sqrt(2)*log((4*x~4 - 2%x72 - 2xsqrt(2)*(2*x~3 - x) + 1)/(4*x"4 - 6*x72
+ 1))

Sympy [A] time = 0.101562, size = 46, normalized size = 1.05

\/Elog(xz—@—l) \/Elog(x2+ﬁ—l)
2 " 2) 2 2
4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx**2+1)/(4*x**4-6*x*x*2+1) %)

[Out] sqrt(2)*log(x**2 - sqrt(2)*x/2 - 1/2)/4 - sqrt(2)*log(x**2 + sqrt(2)*x/2 -
1/2)/4

Giac [B] time = 1.29373, size = 104, normalized size = 2.36

)+31\/§10g(x+}1\/ﬁ—31\/§|)—}1\/§10g(

1
x__
4

1 1 1
x_zm+1ﬁ|)+1@0g(

1 1
+-V10+ - V2
Ty 4\/_

1
~1 \/Elog(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx~2+1)/(4*x"4-6%x"2+1),x, algorithm="giac")

[Out] -1/4xsqrt(2)*log(abs(x + 1/4*sqrt(10) + 1/4*sqrt(2))) + 1/4*sqrt(2)*log(abs
(x + 1/4%sqrt(10) - 1/4*sqrt(2))) - 1/4*xsqrt(2)*log(abs(x - 1/4xsqrt(10) +
1/4*%sqrt(2))) + 1/4xsqrt(2)*log(abs(x - 1/4*sqrt(10) - 1/4xsqrt(2)))
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354  [—X iy

1+bx2+4x4

Optimal. Leaf size=66

log (\/4 —bx +2x% + 1) log (—V4 —bx +2x% + 1)

2V4-b 2V4-b

[Out] -Logll - Sqrt[4 - bl*x + 2*x72]/(2%Sqrt[4 - b]l) + Logll + Sqrt[4 - bl*x + 2
*x72]/(2*xSqrt[4 - bl)

Rubi [A] time = 0.028782, antiderivative size = 66, normalized size of antiderivative

. . b f rul
1., number of steps used = 3, number of rules used = 2, integrand size = 22, e e e

0.091, Rules used = {1164, 628}

log (V4 —bx +2x? + 1) log (—\/4 —bx +2x?% + 1)

2V4-b 2V4-b

integrand size

Antiderivative was successfully verified.

[In] Int[(1 - 2*x"2)/(1 + b*x"2 + 4*x74),x]

[Out] -Logll - Sqrt[4 - bl*x + 2*x72]/(2%Sqrt[4 - b]) + Logl[l + Sqrt[4 - bl*x + 2
*x72]/(2%Sqrt[4 - b])

Rule 1164

Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2xd)/e - b/c, 2]}, Distle/(2*c*q), Int[(q - 2+*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2*c*xq), Int[(q + 2*x)/Simp[d/e - gq*x - x~
2, x], x], x]1]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*xc, 0] && EqQlc
*d"2 - a*e”2, 0] && !'GtQ[b~2 - 4x*axc, 0]

Rule 628

Int[((d) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
Va-b =
T+2x T—Zx
———d ———d
f 1—2x? gy = f—%—%\/ —bx—x2 * f—%+% 4-bx—x2 *
1T+ 14t a—b Wa—b
log (1 - V4 -bx +2x2) log (1 + \/4—bx+2x2)
= - +
2V4-b 2V4-b

Mathematica [A] time = 0.0699397, size = 127, normalized size = 1.92

-Vb2-16+b+4 tan_l[—zﬁx ] VE2-16+b+4 tan_l{— 2v2x ]
( ) b-Vi2-16 ( ) \Vb2-16+b

b—-Vb2-16 Vb2-16+b
V2V - 16
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Antiderivative was successfully verified.

[In] Integrate[(1 - 2*xx72)/(1 + b*x"2 + 4*x74),x]

[Out] (((4 + b - Sqrt[-16 + b~2])*ArcTan[(2*Sqrt[2]*x)/Sqrt[b - Sqrt[-16 + b~2]]]
)/Sqrt[b - Sqrt[-16 + b"2]] - ((4 + b + Sqrt[-16 + b~2])*ArcTan[(2*Sqrt[2]*
x)/Sqrt[b + Sqrt[-16 + b~2]]1])/Sqrt[b + Sqrt[-16 + b~2]]1)/(Sqrt[2]*Sqrt[-16

+ b™2])

Maple [B] time = 0.102, size = 279, normalized size = 4.2

1 X X
—4 arctan|4 —arctan|4

\/(b—4)(4+b)\/2\/(b—4)(4+b)+2b \/2\/(b—4)(4+b)+2b \/2\/(b—4)(4+b)+2b
Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2%x"2+1)/(4*x"4+b*x"2+1) ,x)

[Out] -4/((b-4)*(4+b))~(1/2)/ (2% ((b-4)*(4+b) )~ (1/2)+2xb) "~ (1/2) *arctan (4*xx/ (2*x ((b-
4)*(4+b) )~ (1/2)+2%b)~(1/2)) -1/ (2*x ((b-4) *(4+b) ) ~(1/2)+2%b) ~(1/2) *arctan (4*x/

(2% ((b-4)*(4+b) ) ~(1/2)+2xb) " (1/2))-1/((b-4) *(4+b) ) ~(1/2) / (2% ((b-4) * (4+b) )~ (
1/2)+2xb) ~(1/2) *arctan (4*x/ (2x ((b-4)*(4+b) )~ (1/2)+2%b) ~(1/2) ) *b+4/ ((b-4)* (4

+b)) " (1/2) / (=2% ((b-4) * (4+b) )~ (1/2) +2*b) ~(1/2) *arctan (4*x/ (-2*% ((b-4) * (4+b) )~
(1/2)+2%b)~(1/2) ) -1/ (-2x ((b-4) * (4+b) ) " (1/2) +2%b) = (1/2) *arctan (4*x/ (-2x ((b-4
)*(4+b)) " (1/2)+2xb) ~(1/2) ) +1/ ((b-4) * (4+b) ) ~(1/2) / (2% ((b-4) * (4+b) )~ (1/2) +2%

b) ~(1/2)*arctan(4*x/ (-2*x((b-4)*(4+b) )~ (1/2)+2*xb) ~(1/2) ) *b

Maxima [F] time = 0., size = 0, normalized size = 0.

2x2 -1
——  _dx
4x4+bx2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x"2+1)/(4*x~4+b*x~2+1),x, algorithm="maxima"

[Out] -integrate((2*x72 - 1)/(4*x"4 + b*x"2 + 1), x)

Fricas [A] time = 1.30515, size = 286, normalized size = 4.33

43— (b-8)x2+2 (2x3+x)V-b+4+1 3
V-b+ 410g( 4x44bx2+1 Vb —4arctan (4x:/rlfi42)x) - Vb - 4arctan( 2 )

2(b-4) ’ b—4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+b*x~2+1),x, algorithm="fricas")

[Out] [-1/2*sqrt(-b + 4)*xlog((4*x~4 - (b - 8)*x™2 + 2%x(2%x"3 + x)*sqrt(-b + 4) +
1)/(4*%x~4 + b*x"2 + 1))/(b - 4), (sqrt(b - 4)*arctan((4xx"3 + (b - 2)*x)/sq
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rt(b - 4)) - sqrt(b - 4)*arctan(2*x/sqrt(b - 4)))/(b - 4)]

Sympy [A] time = 0.26749, size = 94, normalized size = 1.42

1 1
S 2, | W= EN Y Y A N = U B
b4bgbf+x[ 5 +2 %J+2) bAbgPﬁ+x 5 2 e

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x**2+1)/(4*x**4+b*x**2+1) ,x)

[Out] sqrt(-1/(b - 4))*log(x**2 + x*(-b*sqrt(-1/(b - 4))/2 + 2*sqrt(-1/(b - 4)))
+ 1/2)/2 - sqrt(-1/(b - 4))*log(x**2 + xx(bxsqrt(-1/(b - 4))/2 - 2xsqrt(-1/
(b -4))) +1/2)/2

Giac [C] time = 1.2965, size = 3352, normalized size = 50.79

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2xx"2+1)/(4*x"4+b*x"2+1),x, algorithm="giac")

[Out] -1/4%(3*(sqrt(2)*b~2 + sqrt(2)*sqrt(b~2 - 16)*b - 16*sqrt(2))*cos(5/4*pi +
1/2*real _part(arcsin(1/4xb))) 2*cosh(1/2*imag part(arcsin(1/4*b))) 3*sin(5/
4xpi + 1/2%real_part(arcsin(1/4xb))) - (sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16
)*¥b - 16*sqrt(2))*cosh(1/2*imag_part(arcsin(1/4*b))) "3*sin(5/4*pi + 1/2*rea
1 part(arcsin(1/4*b)))~3 - 9*(sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16%s
qrt(2))*cos(5/4*pi + 1/2*xreal part(arcsin(1/4*b))) 2*cosh(1/2*imag _part(arc
sin(1/4%b))) "2*sin(5/4*pi + 1/2*real part(arcsin(1/4%b)))*sinh(1/2*imag par
t(arcsin(1/4%b))) + 3*(sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2))
xcosh(1/2*imag part(arcsin(1/4*b))) "2*xsin(5/4*pi + 1/2*real_part(arcsin(1/4
*b))) "3*sinh(1/2*imag part(arcsin(1/4xb))) + 9*(sqrt(2)*b~2 + sqrt(2)*sqrt(
b~2 - 16)*b - 16*sqrt(2))*cos(5/4*pi + 1/2*real part(arcsin(1/4%b))) 2*cosh
(1/2*imag_part(arcsin(1/4%b)))*sin(5/4*pi + 1/2*real part(arcsin(1/4xb)))*s
inh(1/2*imag_part(arcsin(1/4%b))) "2 - 3*(sqrt(2)*b~2 + sqrt(2)*sqrt(b"2 - 1
6)*b - 16*sqrt(2))*cosh(1/2*imag_part(arcsin(1/4%b)))*sin(5/4*pi + 1/2*real
_part(arcsin(1/4%b))) "3*sinh(1/2*imag part(arcsin(1/4*b))) "2 - 3x(sqrt(2)*Db
72 + sqrt(2)*sqrt(b”2 - 16)*b - 16%sqrt(2))*cos(5/4*pi + 1/2*real part(arcs
in(1/4%b))) "2*sin(5/4*pi + 1/2*real part(arcsin(1/4%b)))*sinh(1/2ximag part
(arcsin(1/4%b))) "3 + (sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2))*
sin(5/4*pi + 1/2*real_part(arcsin(1/4%b))) " 3*sinh(1/2*imag_part (arcsin(1/4x
b)))"3 - (sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*cosh(1/2*ima
g_part(arcsin(1/4%b)))*sin(5/4*pi + 1/2*real_part(arcsin(1/4%b))) + (sqrt(2
)*¥b"2 + sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*sin(5/4*pi + 1/2*real part(a
rcsin(1/4%b)))*sinh(1/2*imag_part(arcsin(1/4xb))))*arctan(-4*(1/4)~(3/4)*((
1/4)~(1/4)*cos(5/4*pi + 1/2%arcsin(1/4x*b)) - x)/sin(5/4*pi + 1/2%arcsin(1/4
*b)))/(0"2 - 16) - 1/4x(3*(sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16#*sqrt
(2))*cos(1/4*pi + 1/2*real_part(arcsin(1/4xb))) 2xcosh(1/2*imag part(arcsin
(1/4%b)))~3*sin(1/4*pi + 1/2*real_part(arcsin(1/4xb))) - (sqrt(2)*b~2 + sqr
t(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*cosh(1l/2ximag part(arcsin(1/4*b))) ~3*si
n(1/4+pi + 1/2*real_part(arcsin(1/4%b)))~3 - 9*(sqrt(2)*b~2 + sqrt(2)*sqrt(
b~2 - 16)*b - 16*sqrt(2))*cos(1/4*pi + 1/2xreal part(arcsin(1/4xb))) 2*cosh
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(1/2*%imag_part(arcsin(1/4%*b))) " 2*sin(1/4*pi + 1/2*real_part(arcsin(1/4*b)))
*sinh(1/2*imag_part(arcsin(1/4*b))) + 3*x(sqrt(2)*b~2 + sqrt(2)*sqrt(b™2 - 1
6)*b - 16*sqrt(2))*cosh(1/2*ximag part(arcsin(1/4%b))) " 2*sin(1/4*pi + 1/2%re
al part(arcsin(1/4%b))) 3*sinh(1/2*imag part(arcsin(1/4%b))) + 9*(sqrt(2)*b
"2 + sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*cos(1/4*pi + 1/2*real_part(arcs
in(1/4%b))) "2*xcosh(1/2*imag part(arcsin(1/4*b)))*sin(1/4*pi + 1/2xreal_part
(arcsin(1/4%b)))*sinh(1/2*imag part(arcsin(1/4xb)))~2 - 3*(sqrt(2)*b~2 + sq
rt(2)*sqrt(b™2 - 16)*b - 16%sqrt(2))*cosh(1/2*imag_part(arcsin(1/4xb)))*sin
(1/4*%pi + 1/2*xreal part(arcsin(1/4*b))) 3*sinh(1/2*imag part(arcsin(1/4%b))
)72 - 3x(sqrt(2)*b~2 + sqrt(2)*sqrt(b™2 - 16)*b - 16*sqrt(2))*cos(1/4*pi +
1/2xreal part(arcsin(1/4xb))) " 2*sin(1/4*pi + 1/2%real part(arcsin(1/4%b)))*
sinh(1/2*%imag_part(arcsin(1/4%b)))~3 + (sqrt(2)*b~2 + sqrt(2)*sqrt(b~2 - 16
)*¥b - 16*sqrt(2))*sin(1/4*pi + 1/2*real_part(arcsin(1/4xb))) " 3*sinh(1/2*ima
g _part(arcsin(1/4%b)))~3 - (sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 16%sqr
t(2))*cosh(1/2*imag part(arcsin(1/4*b)))*sin(1/4*pi + 1/2xreal part(arcsin(
1/4%b))) + (sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*sin(1/4*pi
+ 1/2*real_part(arcsin(1/4%b)))*sinh(1/2*imag part(arcsin(1/4*b))))*arctan
(-4%(1/4)~(3/4)*((1/4)~(1/4) *cos(1/4*pi + 1/2%arcsin(1/4*b)) - x)/sin(1/4*p
i + 1/2*%arcsin(1/4%b)))/ ("2 - 16) + 1/8%((sqrt(2)*b~2 + sqrt(2)*sqrt(b~2 -
16)*b - 16*sqrt(2))*cos(5/4*pi + 1/2*real part(arcsin(1/4%b))) " 3xcosh(1/2*
imag part(arcsin(1/4*b)))"3 - 3x(sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 1
6*sqrt (2))*cos(5/4*pi + 1/2xreal_part(arcsin(1/4%b)))*cosh(1/2*imag part(ar
csin(1/4%b))) ~3*sin(5/4*pi + 1/2*real part(arcsin(1/4xb)))~2 - 3*(sqrt(2)*b
"2 + sqrt(2)*sqrt(b”2 - 16)*b - 16%sqrt(2))*cos(5/4*pi + 1/2*real part(arcs
in(1/4%b))) ~3*cosh(1/2ximag part(arcsin(1/4*b))) "2*sinh(1/2*imag part(arcsi
n(1/4%b))) + 9% (sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2))*cos(5/
4xpi + 1/2%real_part(arcsin(1/4xb)))*cosh(1/2*imag_part(arcsin(1/4%b))) ~"2xs
in(5/4*pi + 1/2%real_part(arcsin(1/4*b))) "2*sinh(1/2*imag part(arcsin(1/4*Db
))) + 3*%(sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16%sqrt(2))*cos(5/4*pi +
1/2*real_part(arcsin(1/4%b))) " 3*cosh(1/2*imag part(arcsin(1/4xb)))*sinh(1/2
ximag_part(arcsin(1/4%b))) "2 - 9x(sqrt(2)*b~2 + sqrt(2)*sqrt(b™2 - 16)*b -
16*sqrt(2))*cos(5/4*pi + 1/2xreal_part(arcsin(1/4*b)))*cosh(1l/2*imag part(a
rcsin(1/4%b)))*sin(5/4*pi + 1/2*real part(arcsin(1/4*b))) " 2xsinh(1/2*imag p
art(arcsin(1/4%b))) "2 - (sqrt(2)*b~2 + sqrt(2)*sqrt(b™2 - 16)*b - 16*sqrt(2
))*cos(5/4*pi + 1/2xreal part(arcsin(1/4%b))) 3*sinh(1/2*imag part(arcsin(l
/4%b))) "3 + 3*%(sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2))*cos(5/4
*pi + 1/2%real_part(arcsin(1/4*b)))*sin(5/4*pi + 1/2%real_part(arcsin(1/4x*b
)))"2%sinh(1/2*imag_part(arcsin(1/4%b)))~3 - (sqrt(2)*b~2 + sqrt(2)*sqrt(b”
2 - 16)*b - 16%sqrt(2))*cos(5/4*pi + 1/2*real_part(arcsin(1/4%Db)))*cosh(1/2
ximag part(arcsin(1/4*b))) + (sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16%s
qrt(2))*cos(5/4*pi + 1/2*xreal part(arcsin(1/4%b)))*sinh(1/2*imag part(arcsi
n(1/4%b))))*Llog(-2x(1/4)~(1/4) *x*cos(5/4*pi + 1/2*arcsin(1/4*b)) + x"2 + 1/
2)/ (072 - 16) + 1/8%((sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2))*
cos(1/4*pi + 1/2*xreal_part(arcsin(1/4*b))) ~3*cosh(1/2*imag _part(arcsin(1/4*
b))) "3 - 3*(sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 16%sqrt(2))*cos(1/4*pi
+ 1/2*xreal part(arcsin(1/4%b)))*cosh(l/2*imag part(arcsin(1/4*b))) ~3*sin(1
/4*pi + 1/2*real_part(arcsin(1/4%b)))~2 - 3*(sqrt(2)*b~2 + sqrt(2)*sqrt(b~2
- 16)*b - 16*sqrt(2))*cos(1/4*pi + 1/2*real part(arcsin(1/4%b))) 3*cosh(1/
2ximag_part(arcsin(1/4%b))) " 2*sinh(1/2*imag_part(arcsin(1/4x*b))) + 9*(sqrt(
2)*%b”"2 + sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2))*cos(1/4*pi + 1/2*real_part(
arcsin(1/4%b)))*cosh(1/2*imag part(arcsin(1/4%b))) " 2*sin(1/4*pi + 1/2%real
part(arcsin(1/4%b))) "2*sinh(1/2*imag part(arcsin(1/4xb))) + 3*(sqrt(2)*b~2
+ sqrt(2)*sqrt(b”™2 - 16)*b - 16%sqrt(2))*cos(1/4*pi + 1/2*real part(arcsin(
1/4%b))) ~3*cosh(1/2*imag_part(arcsin(1/4%b)))*sinh(1/2*imag_part(arcsin(1/4
*b))) "2 - 9*x(sqrt(2)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16%sqrt(2))*cos(1/4*p
i + 1/2*%real_part(arcsin(1/4%b)))*cosh(1/2*ximag part(arcsin(1/4*b)))*sin(1/
4xpi + 1/2*real part(arcsin(1/4xb))) 2xsinh(1/2*imag part(arcsin(1/4*b)))"2
- (sqrt(2)*b~2 + sqrt(2)*sqrt(b™2 - 16)*b - 16*sqrt(2))*cos(1/4*pi + 1/2%r
eal part(arcsin(1/4%b))) " 3*sinh(1/2*imag part(arcsin(1/4*b)))"3 + 3x(sqrt(2
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)*b~2 + sqrt(2)*sqrt(b”™2 - 16)*b - 16*sqrt(2))*cos(1/4*pi + 1/2*real part(a
rcsin(1/4%b)))*sin(1/4*pi + 1/2*real_part(arcsin(1/4*b))) ~2+sinh(1/2*imag p
art(arcsin(1/4%b)))~3 - (sqrt(2)*b~2 + sqrt(2)*sqrt(b”2 - 16)*b - 16*sqrt(2
))*cos(1/4*pi + 1/2xreal part(arcsin(1/4*b)))*cosh(l/2*imag part(arcsin(1/4
*b))) + (sqrt(2)*b~2 + sqrt(2)*sqrt (™2 - 16)*b - 16*sqrt(2))*cos(1/4*pi +
1/2*real_part(arcsin(1/4*b)))*sinh(1/2*imag_part(arcsin(1/4%b))))*log(-2x(1
/4)"(1/4)*x*cos (1/4*pi + 1/2*arcsin(1/4%b)) + x~2 + 1/2)/(b"2 - 16)
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355  [—2_dx

1+6x2+4x4

Optimal. Leaf size=46

tan~! l tan™! 2
) ()
V2 V2

[Out] ArcTan[(2*x)/Sqrt[3 - Sqrt[5]]]1/Sqrt[2] - ArcTan[(2*x)/Sqrt[3 + Sqrt[5]1]/S
qrt[2]

Rubi [A] time = 0.0312964, antiderivative size = 46, normalized size of antiderivative
1., number of steps used = 3, number of rules used = 2, integrand size = 22, number of rules

integrand size
0.091, Rules used = {1163, 203}

tan™! il tan™! il
i R

V2 V2

Antiderivative was successfully verified.

[In] Int[(1 - 2*x72)/(1 + 6*x"2 + 4*x74),x]

[Out] ArcTan[(2*x)/Sqrt[3 - Sqrt[5]1]11/Sqrt[2] - ArcTan[(2*x)/Sqrt[3 + Sqrt[5]1]1/S
qrt[2]

Rule 1163

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*xx72), x], x] + Dist[e/2 - (2*cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*xx72), x], x]] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && Eq
Qlc*d™2 - a*e™2, 0] && GtQ[b~2 - 4*axc, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

2

1-2x 1 1
— = _dx=(-1-+5 f—dx+ -1++5 f—dx
f1+6x2+4x4 ( ) 345+ 4x2 ( ) 3 -5+ 4x2

tan™! (—zx ] tan™! (—zx ]
3 \3-V5 ~ \3+V5

V2 V2

Mathematica [A] time = 0.0705627, size = 84, normalized size = 1.83

445




295
Antiderivative was successfully verified.
[In] Integrate[(1 - 2*xx72)/(1 + 6%x72 + 4*x74),x]

[Out] (-((-5 + Sqrt[5]1)*Sqrt[3 + Sqrt[5]1]1*ArcTan[(2*x)/Sqrt[3 - Sqrt[5]1]) - Sqrt
[3 - Sqrt[5]]1*(5 + Sqrt[5])*ArcTan[(2x*x)/Sqrt[3 + Sqrt[5]]1])/(4*Sqrt[5])

Maple [B] time = 0.054, size = 136, normalized size = 3.

2 ! arcta (8 X )+2 \/5 arcta (8 X ) 2 \/E
—— ar 11 I 11 —
2410 -2+2 2410 -242 2410 -2+2 2410 -242 2410 +24/2

arctan (8 -
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2*%xx"2+1)/(4*xx"4+6*x"2+1) ,x)

[Out] -2/(2%x107(1/2)-2%2"(1/2))*arctan(8xx/(2x107(1/2)-2%27(1/2)))+2*x5~(1/2) / (2*1
07(1/2)-2%27(1/2) )*arctan(8*x/ (2x10~(1/2)-2*x2~(1/2)))-2*%5"(1/2) / (2¥10~(1/2)
+2x27(1/2) ) *arctan(8*x/ (2107 (1/2)+2%27(1/2))) -2/ (210~ (1/2) +2x2~(1/2) ) *arc
tan(8*x/(2%107(1/2)+2*%27(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

2x2 -1
— —  dx
4xt+6x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x"2+1)/(4*x~4+6%x"2+1),x, algorithm="maxima"

[Out] -integrate((2*x72 - 1)/(4*x"4 + 6*%x"2 + 1), x)

Fricas [A] time = 1.38737, size = 99, normalized size = 2.15

% V2 arctan (2 \/§(x3 + x)) - % V2arctan (\/Ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+6%x"2+1) ,x, algorithm="fricas")

[Out] 1/2*sqrt(2)*arctan(2*sqrt(2)*(x~3 + x)) - 1/2*sqrt(2)*arctan(sqrt(2)*x)

Sympy [A] time = 0.113693, size = 39, normalized size = 0.85

V2 (2 atan (\/Ex) —2atan (2\/§x3 + 2\/59())

4

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-2*x**2+1)/(4xx**4+6xx**2+1) ,x)

[Out] -sqrt(2)*(2xatan(sqrt(2)*x) - 2xatan(2*sqrt(2)*x**3 + 2*xsqrt(2)*x))/4

Giac [A] time = 1.16846, size = 53, normalized size = 1.15

\/—arctan(\/l_;fﬁ) \/_arctan(\/_ \/_)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x"2+1)/(4*x~4+6%x"2+1) ,x, algorithm="giac")

[Out] -1/2*sqrt(2)*arctan(4*x/(sqrt(10) + sqrt(2))) + 1/2xsqrt(2)*arctan(4*x/(sqr
t(10) - sqrt(2)))
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356  [—2 4y

1+5x2+4x4

Optimal. Leaf size=9

tan™!(2x) — tan~1(x)

[Out] -ArcTan[x] + ArcTan[2*x]

Rubi [A] time = 0.0092982, antiderivative size = 9, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 22, e

integrand size
0.091, Rules used = {1163, 203}

tan™!(2x) — tan~1(x)

Antiderivative was successfully verified.

[In] Int[(1 - 2*x72)/(1 + 5%x"2 + 4*x74),x]
[Out] -ArcTan[x] + ArcTan[2*x]

Rule 1163

Int[((d) + (e_)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - bx*e)/(2*q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ ¢cxx72), x], x]] /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b~2 - 4xa*xc, 0] && Eq
Qlc*xd™2 - a*xe”™2, 0] && GtQ[b~2 - 4*axc, 0]

Rule 203

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

f 1-2x2 p Zf 1 i 4f 1 p
—  _dx = ——dx - X
1+ 5x2 4+ 4x4 1+ 4x2 4+ 4x2

= —tan"(x) + tan_1(2x)

Mathematica [A] time = 0.0077656, size = 12, normalized size = 1.33

tan™! ( * )
2x2 +1

Antiderivative was successfully verified.

[In] Integratel[(1 - 2*x72)/(1 + 5%x~2 + 4*x74),x]

[Out] ArcTan[x/(1 + 2xx"2)]
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Maple [A] time = 0.048, size = 10, normalized size = 1.1

—arctan (x) + arctan (2 x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2*%xx"2+1)/(4*xx"4+5*xx"2+1) ,x)

[Out] -arctan(x)+arctan(2*x)

Maxima [A] time = 1.44267, size = 12, normalized size = 1.33

arctan (2 x) — arctan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+5%x"2+1),x, algorithm="maxima"

[Out] arctan(2*x) - arctan(x)

Fricas [A] time = 1.31286, size = 47, normalized size = 5.22

arctan (4 ¥ +3 x) —arctan (2x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x"2+1)/(4*x~4+5%x"2+1),x, algorithm="fricas")

[Out] arctan(4*x~3 + 3*x) - arctan(2*x)

Sympy [A] time = 0.101973, size = 14, normalized size = 1.56

—atan (2x) + atan (4x3 + 3x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x**2+1)/(4*x**4+5%xx**2+1) ,x)

[Out] -atan(2*x) + atan(4*x**3 + 3*x)

Giac [A] time = 1.11698, size = 12, normalized size = 1.33

arctan (2 x) — arctan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+5%x"2+1),x, algorithm="giac")

[Out] arctan(2*x) - arctan(x)



299

357 [—2 iy

1+4x2+4x4

Optimal. Leaf size=11

2x2 +1

[Out] x/(1 + 2*x72)

Rubi [A] time = 0.0053507, antiderivative size = 11, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 22, LT

integrand size
0.091, Rules used = {28, 383}

2x2 +1
Antiderivative was successfully verified.
[In] Int[(1 - 2*x72)/(1 + 4%x"2 + 4*x74),x]

[Out] x/(1 + 2*x72)

Rule 28

Int[(u_.)*x((a ) + (c_)*x(x_ )" (n2_.) + (b_)*(x )" (n_))"(p_.), x_Symbol] :>
Dist[1/c”p, Int[ux(b/2 + c*x"n)~(2*p), x], x] /; FreeQ[{a, b, c, n}, x] &&
EqQ[n2, 2*n] && EqQ[b~2 - 4x*a*xc, 0] && IntegerQ[p]

Rule 383
Int[((a_) + (b_)*(x_)"(n_)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> S

imp[(c*x*(a + b*x™n) " (p + 1))/a, x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[
bxc - axd, 0] && EqQ[axd - bxcx(n*x(p + 1) + 1), 0]

Rubi steps

1 —2x? 4f 1- 2x
dx =
1 2 A+2 2 A4

1 +2x2

Mathematica [A] time = 0.0047324, size = 11, normalized size = 1.

X
2x2 +1

Antiderivative was successfully verified.

[In] Integrate[(1 - 2*xx72)/(1 + 4%x72 + 4*x74),x]

[Out] x/(1 + 2%x72)
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Maple [A] time = 0.046, size = 11, normalized size = 1.

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2%x"2+1)/(4*xx"4+4*x"2+1) ,x)

[Out] 1/2%x/(x"2+1/2)

Maxima [A] time = 0.974697, size = 15, normalized size = 1.36
X

2x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+4*x"2+1) ,x, algorithm="maxima"

[Out] x/(2*x"2 + 1)

Fricas [A] time = 1.23776, size = 20, normalized size = 1.82
x

2x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+4%x"2+1),x, algorithm="fricas")

[Out] x/(2*x"2 + 1)

Sympy [A] time = 0.08454, size = 7, normalized size = 0.64

X
2x2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x**2+1)/(4d*x**4+4*x**2+1) ,x)

[Out] x/(2%x**x2 + 1)

Giac [A] time = 1.14189, size = 15, normalized size = 1.36
x

2x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+4%x"2+1) ,x, algorithm="giac")

[Out] x/(2*x"2 + 1)
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1-2x2
358 [—F—dx
1+3x2+4x4
Optimal. Leaf size=29
1lo (2x2 +x+1) - 1lo (2x2—x+1)
2% 28

[Out] -Logll - x + 2*xx72]/2 + Logl[l + x + 2*x~2]/2

Rubi [A] time = 0.0159712, antiderivative size = 29, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 22, e -

integrand size
0.091, Rules used = {1164, 628}
1 1
2 2
Elog(Zx +x+1) - Elog(Zx —x+1)

Antiderivative was successfully verified.

[In] Int[(1 - 2*x72)/(1 + 3*x~2 + 4*x74),x]
[Out] -Logll - x + 2%x72]/2 + Logl[l + x + 2%x72]/2

Rule 1164

Int[((d_) + (e_)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2%d)/e - b/c, 2]}, Dist[e/(2*cxq), Int[(q - 2*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2%c*xq), Int[(q + 2*x)/Simp[d/e - gq*x - x~
2, x], x], x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQl[c
*d"2 - a*e”2, 0] && !'GtQ[b~2 - 4x*axc, 0]

Rule 628

Int[((d_) + (e_.)*x(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
1 1
1-2x2 1 -+ 2x 1 - —2x
[rommtc=-|; [ 2|5 [ 2w
1+ 3x2 + 4x* 2J 1 x 2 2J 1,z

2 _ 42
2 2 2+2 x

:—%log(l—x+2x2)+%log(1+x+2x2)

Mathematica [A] time = 0.0059714, size = 29, normalized size = 1.

%10g(2x2+x+1)—%10g(2x2—x+1)

Antiderivative was successfully verified.

[In] Integrate[(1 - 2*xx72)/(1 + 3*x72 + 4*x74),x]

[Out] -Logll - x + 2%xx72]/2 + Logl[l + x + 2*x72]/2



302

Maple [A] time = 0.045, size = 26, normalized size = 0.9

ln(2x2—x+1) ln(2x2+x+1)
- 2 " 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2%x"2+1)/(4*x"4+3*x"2+1) ,x)

[Out] -1/2*1n(2*x"2-x+1)+1/2%1n(2*x"2+x+1)

Maxima [A] time = 0.963789, size = 34, normalized size = 1.17

%10g(2x2+x+1)—% 1og(2x2—x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+3%x"2+1),x, algorithm="maxima")

[Out] 1/2*%log(2%x"2 + x + 1) - 1/2*log(2*x"2 - x + 1)

Fricas [A] time = 1.29054, size = 66, normalized size = 2.28

1 1
5 log(2x2+x+1)—§ log(2x2—x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+3%x"2+1),x, algorithm="fricas")

[Out] 1/2*log(2*x”2 + x + 1) - 1/2%x1log(2*xx"2 - x + 1)

Sympy [A] time = 0.099563, size = 26, normalized size = 0.9

1 1
_log(x2—§+£) X log(x2+§+£)
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2xx**2+1)/(4*x**4+3*x**2+1) ,%)

[Out] -log(x**2 - x/2 + 1/2)/2 + log(x**2 + x/2 + 1/2)/2

Giac [A] time = 1.12616, size = 34, normalized size = 1.17

%10g(2x2+x+1)—% log(2x2—x+1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x"2+1)/(4*x~4+3*%x"2+1),x, algorithm="giac")

[Out] 1/2*%log(2*x~2 + x + 1) - 1/2*log(2*x"2 - x + 1)
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359 [—Z 4y

1+2x2 + 4ot
Optimal. Leaf size=50

log (2x2 +2x + 1) log (2x2 —\2x+ 1)

242 242

[Out] -Logl[l - Sqrt[2]*x + 2*xx~2]/(2%Sqrt[2]) + Logl[l + Sqrt[2]*x + 2*x~2]/(2*Sqr
t[2])

Rubi [A] time = 0.0230111, antiderivative size = 50, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 22, e -

0.091, Rules used = {1164, 628}

integrand size

log (2x2 +2x + 1) log (2x2 —V2x + 1)

242 242

Antiderivative was successfully verified.

[In] Int[(1 - 2*x72)/(1 + 2*x™2 + 4*x74),x]

[Out] -Logl[l - Sqrt[2]*x + 2*xx~2]/(2%Sqrt[2]) + Logl[l + Sqrt[2]*x + 2*x~2]/(2*Sqr
t[2])

Rule 1164

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2xd)/e - b/c, 21}, Distl[e/(2*c*q), Int[(q - 2+*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2*c*q), Int[(q + 2*x)/Simp[d/e - g*x - x~
2, x], x], x]1 /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b~2 - 4x*axc, 0] && EqQ[c
*d"2 - a*e”2, 0] && !'GtQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

f fﬁx > dx f 1\5)( > dx
1-2x2 p 3G 2t
—_— x f— pa—
1+ 2x2 + 4x* 22 22

log (1 - \/Ex + 2x2) log (1 + \/Ex + 2x2)

242 * 242

Mathematica [A] time = 0.0126572, size = 42, normalized size = 0.84

log (2x2 +V2x + 1) ~log (—2x2 +2x - 1)
2v2
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Antiderivative was successfully verified.

[In] Integrate[(1 - 2*xx72)/(1 + 2*x72 + 4*x74),x]

[Out] (-Logl[-1 + Sqrt[2]*x - 2*x~2] + Logll + Sqrt[2]*x + 2xx~2])/(2*Sqrt[2])

Maple [A] time = 0.05, size = 39, normalized size = 0.8

1n(1+2x2—X\/§)\/§ 1n(1+2x2+X\/§)\/§
— +
4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2%x"2+1)/(4*x"4+2*x~2+1) ,x)

[Out] -1/4%1n(1+2xx"2-x%27(1/2))*27(1/2)+1/4%1n (1+2*x~2+xx27(1/2))*27(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

2x2 -1
——  dx
4xt+2x2 41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x"2+1)/(4*x~4+2*x"2+1),x, algorithm="maxima"

[Out] -integrate((2*x72 - 1)/(4*x"4 + 2*%x72 + 1), x)

Fricas [A] time = 1.35116, size = 111, normalized size = 2.22

4x4+6x2+2\/§(2x3+x)+1
4xt+2x2+1

V3l
—V2lo
4 g
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-2*x~2+1)/(4*x~4+2*%x"2+1) ,x, algorithm="fricas")

[Out] 1/4*sqrt(2)*xlog((4*x~4 + 6*x72 + 2xsqrt(2)*(2*x~3 + x) + 1)/(4*x"4 + 2xx72
+ 1))

Sympy [A] time = 0.101103, size = 46, normalized size = 0.92

2
+

‘/Elog(xz - % + 1) \/Elog(xz + % + %)
_ - :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x**2+1)/(4*x**4+2xx**2+1) ,X)
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[Out] -sqrt(2)*log(x**2 - sqrt(2)*x/2 + 1/2)/4 + sqrt(2)*log(x**2 + sqrt(2)*x/2 +
1/2)/4

Giac [F] time = 0., size = 0, normalized size = 0.

2x2 -1
- dx
4xt+2x2 41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x"2+1)/(4*x~4+2*x"2+1) ,x, algorithm="giac")

[Out] integrate(-(2*x72 - 1)/(4*x"4 + 2*%x72 + 1), x)
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360  [X iy

T+x2+4x4
Optimal. Leaf size=50

log (23(2 +3x + 1) log (sz —\Bx+ 1)

243 243

[Out] -Logll - Sqrt[3]*x + 2*xx~2]/(2%Sqrt[3]) + Logll + Sqrt[3]*x + 2*x72]/(2*Sqr
t[3D)

Rubi [A] time = 0.0225422, antiderivative size = 50, normalized size of antiderivative =

. . ber of rules
1., number of steps used = 3, number of rules used = 2, integrand size = 20, /e e =

0.1, Rules used = {1164, 628}

integrand size

log (2x2 + \/gx + 1) log (2x2 - \/gx + 1)

243 243

Antiderivative was successfully verified.

[In] Int[(1 - 2*x"2)/(1 + x72 + 4*x74),x]

[Out] -Logll - Sqrt[3]*x + 2*x72]/(2*Sqrt[3]) + Logll + Sqrt[3]*x + 2%x~2]/(2%Sqr
t[3])

Rule 1164

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2*d)/e - b/c, 2]}, Dist[e/(2*c*q), Int[(q - 2*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~
2, x1, x], x]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && EqQlc
*d"2 - a*xe”2, 0] && I!GtQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_)x(x_))/((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

5 +2x 5 -2x
——d ——dx
1o e Toes
1T+ +4d 7 243 243
log (1 —\3x + 2x2) log (1 +3x + 2x2)
=- +
23 243

Mathematica [A] time = 0.0131213, size = 42, normalized size = 0.84

log (2x2 +3x + 1) ~log (—2x2 +3x - 1)

23
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Antiderivative was successfully verified.

[In] Integrate[(1 - 2*x72)/(1 + x72 + 4%x74),x]

[Out] (-Logl[-1 + Sqrt[3]*x - 2xx~2] + Logl[l + Sqrt[3]*x + 2xx~2])/(2*Sqrt[3])

Maple [A] time = 0.051, size = 39, normalized size = 0.8

1n(1+2x2—x\/§)\/§ 1n(1+2x2+x\/§)\/§
- +
6 6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2*x"2+1)/(4%x"4+x"2+1) ,x)

[Out] -1/6%1n(1+2xx~2-x*37(1/2))*37(1/2)+1/6%1n(1+2*x~2+x*3~(1/2))*37(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

2x% -1
- | ——————dx
4xt+x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2xx"2+1)/(4*x~4+x"2+1),x, algorithm="maxima")
g g

[Out] -integrate((2*x72 - 1)/(4*x"4 + x"2 + 1), x)

Fricas [A] time = 1.26581, size = 108, normalized size = 2.16

4x4+7x2+2\/§(2x3+x)+1
4xt+x2+1

1 NS

-V3lo

6 g
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-2*x~2+1)/(4*x~4+x"2+1),x, algorithm="fricas")

[Out] 1/6*sqrt(3)*log((4*x~4 + 7*x72 + 2xsqrt(3)*(2*x~3 + x) + 1)/(4*x"4 + x72 +
1))

Sympy [A] time = 0.100796, size = 46, normalized size = 0.92

ﬁlog(xz—g+§) \/glog(x2+g+%)
- +
6 6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x**2+1)/(4xx*k*4+x**2+1) ,%)
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[Out] -sqrt(3)*log(x**2 - sqrt(3)*x/2 + 1/2)/6 + sqrt(3)*log(x**2 + sqrt(3)*x/2 +
1/2)/6

Giac [F] time = 0., size = 0, normalized size = 0.

2x2 -1
4xt+x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+x"2+1),x, algorithm="giac")

[Out] integrate(-(2*x72 - 1)/(4*x"4 + x"2 + 1), x)
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1-2x2
361 [——dx

1+4x4
Optimal. Leaf size=31

lelog(sz +2x +1) - }Llog (Zx2 —2x+1)

[Out] -Logll - 2*x + 2%x72]/4 + Logl[l + 2*x + 2xx~2]/4

Rubi [A] time = 0.0149195, antiderivative size = 31, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 17 e o e

0.118, Rules used = {1165, 628}

integrand size

}Ilog(sz +2x+1) - }Llog (2x2 —2x+1)

Antiderivative was successfully verified.

[In] Int[(1 - 2%x72)/(1 + 4xx74),x]
[Out] -Logll - 2*x + 2%x72]/4 + Logl[l + 2*x + 2xx72]/4

Rule 1165

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2*%cxq), Int[(q - 2*x)/Simpl[d/e + g*x - x~2, x], x],
x] + Distl[e/(2%c*q), Int[(q + 2*x)/Simp[d/e - g*x - x2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd"2 - axe”2, 0] && NegQ[dxe]

Rule 628

Int[((d) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

1-2x? 1 1+ 2x
7 dx = - —f T f dx
1+ 4x 4) T el Lixox

:—ilog(l—2x+2x)+}llog(1+2x+2x)

Mathematica [A] time = 0.0046045, size = 31, normalized size = 1.

Llilog(sz +2x+1) - }llog (2x2 —2x+1)

Antiderivative was successfully verified.

[In] Integrate[(1 - 2*xx72)/(1 + 4xx74),x]

[Out] -Logll - 2%x + 2%x72]/4 + Logl[l + 2%x + 2*xx72]/4
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Maple [A] time = 0.046, size = 28, normalized size = 0.9

ln(2x2 —2x+1) ln(ZxZ +2x+1)
- 4 " 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2*x"2+1)/(4%x"4+1) ,x)

[Out] -1/4*1n(2*x"2-2%x+1)+1/4*%1n(2*xx~2+2%x+1)

Maxima [A] time = 0.978012, size = 36, normalized size = 1.16

le 10g(2x2+2x+1)—% log(2x2—2x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+1),x, algorithm="maxima")

[Out] 1/4*log(2*x~2 + 2%x + 1) - 1/4%log(2*x™2 - 2%x + 1)

Fricas [A] time = 1.39473, size = 72, normalized size = 2.32

31 log(2x2+2x+1)—31 log(2x2—2x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+1),x, algorithm="fricas")

[Out] 1/4*log(2*x~2 + 2*x + 1) - 1/4xlog(2*x"2 - 2%x + 1)

Sympy [A] time = 0.099135, size = 22, normalized size = 0.71

1og(x2—x+§) 1og(x2+x+%)
) 1 i 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2xx**2+1)/(4d*x**4+1),x)

[Out] -log(x**2 - x + 1/2)/4 + log(x**2 + x + 1/2)/4

Giac [A] time = 1.1064, size = 46, normalized size = 1.48

1

1
1 1\4 1 1 1\4 1
— 2 _ i 2 _ — —
410g[x +\/§(4) x+2] 4log[x \/5(4) x+2]
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4+1),x, algorithm="giac")

[Out] 1/4*log(x~2 + sqrt(2)*(1/4)~(1/4)*x + 1/2) - 1/4xlog(x"2 - sqrt(2)*(1/4)~(1
/4)*x + 1/2)
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362  [X_ix

1—x2+4x4

Optimal. Leaf size=50

log (2x2 +5x + 1) log (2x2 —Bx+ 1)

24/5 24/5

[Out] -Logll - Sqrt[5]l*x + 2*xx~2]/(2%Sqrt[5]) + Logll + Sqrt[b5]*x + 2%x72]/(2*Sqr
t[51)

Rubi [A] time = 0.0228969, antiderivative size = 50, normalized size of antiderivative =

. . number of rules
1., number of steps used = 3, number of rules used = 2, integrand size = 22, —————

0.091, Rules used = {1164, 628}

integrand size

log (23(2 +5x + 1) log (Zx2 —\Bx+ 1)

24/5 245

Antiderivative was successfully verified.

[In] Int[(1 - 2xx"2)/(1 - x72 + 4*xx74),x]

[Out] -Logll - Sqrt[5]*x + 2*xx~2]/(2*Sqrt[5]) + Logl[l + Sqrt[5]l*x + 2%x~2]/(2%Sqr
t[5])

Rule 1164

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2*d)/e - b/c, 2]}, Dist[e/(2*c*q), Int[(q - 2*x)/Simp[d/e
+ g*x - x°2, x], x], x] + Dist[e/(2%cxq), Int[(q + 2x*x)/Simp[d/e - g*x - x~
2, x1, x], x]]1 /; FreeQ[{a, b, c, 4, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQlc
*d~2 - ax*e”2, 0] && !'GtQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

5 +2x 5 -2x
|02 f_%_@_xzdx f—%+@—2dx
T-2 a7 245 - 245
log (1 —/Bx + 2x2) log (1 +5x + 2x2)
= - +
245 25

Mathematica [A] time = 0.0137571, size = 42, normalized size = 0.84

log (Zx2 +5x + 1) ~log (—2x2 +/5x - 1)

245




314

Antiderivative was successfully verified.

[In] Integrate[(1 - 2*x72)/(1 - x72 + 4%x74),x]

[Out] (-Logl[-1 + Sqrt[5]*x - 2xx~2] + Logl[l + Sqrt[5]l*x + 2xx~2])/(2*Sqrt[5])

Maple [A] time = 0.052, size = 39, normalized size = 0.8

1n(1+2x2—x\/§)\/§ 1n(1+2x2+x\/§)\/§
- +
10 10

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2*x"2+1)/(4%x"4-x"2+1) ,x)

[Out] -1/10%1n(1+2%x"2-x*x5"(1/2))*57(1/2)+1/10%1n(1+2*x"2+x*5~(1/2))*5~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

2x% -1
- | ————dx
4x%—x2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x"2+1)/(4*x~4-x"2+1),x, algorithm="maxima")

[Out] -integrate((2*x72 - 1)/(4*x"4 - x"2 + 1), x)

Fricas [A] time = 1.42215, size = 109, normalized size = 2.18

1 l 4x*+9x2 +25(223 +x) +1
10 o8 4x4—x2 41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4-x"2+1),x, algorithm="fricas")

[Out] 1/10*sqrt(5)*log((4*x~4 + 9%x72 + 2*xsqrt(5)*(2*%x”3 + x) + 1)/(4*x"4 - x72 +
1))

Sympy [A] time = 0.102462, size = 46, normalized size = 0.92

\/glog(xz—g + %) \/glog(x2+ g + %)
) 10 ¥ 10

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x**2+1)/(4xx**4-x**2+1) ,%)
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[Out] -sqrt(6)*log(x**2 - sqrt(b)*x/2 + 1/2)/10 + sqrt(5)*log(x**2 + sqrt(5)*x/2
+ 1/2)/10

Giac [F] time = 0., size = 0, normalized size = 0.

2x%2 -1

T g
4x%t—x2 41 :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4-x"2+1),x, algorithm="giac")

[Out] integrate(-(2*x72 - 1)/(4*x"4 - x"2 + 1), x)
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363 [—X iy

1-2x2+4x4
Optimal. Leaf size=50

log (23(2 +6x + 1) log (sz —J6x + 1)
26 B 26

[Out] -Logll - Sqrt[6]*x + 2*xx~2]/(2%Sqrt[6]) + Logl[l + Sqrt[6]*x + 2*x72]/(2*Sqr
t[61)

Rubi [A] time = 0.0237402, antiderivative size = 50, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 22, /e e =

0.091, Rules used = {1164, 628}

integrand size

log (2x2 + \/gx + 1) log (2x2 - \/gx + 1)

2+/6 26

Antiderivative was successfully verified.

[In] Int[(1 - 2*x72)/(1 - 2*x"2 + 4xx"4),x]

[Out] -Logll - Sqrt[6]*x + 2xx~2]/(2*Sqrt[6]) + Logl[l + Sqrt[6]*x + 2%x~2]/(2*Sqr
t[6])

Rule 1164

Int[((d) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2*d)/e - b/c, 2]}, Dist[e/(2*c*q), Int[(q - 2*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~
2, x1, x], x]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && EqQlc
*d"2 - a*xe”2, 0] && I!GtQ[b~2 - 4xaxc, 0]

Rule 628
Int[((d_) + (e_.)x(x_))/((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> S

imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

f__\_/_+2x f \/_Zx

1-22 NEP Lo 1
-2 +ad 77 246 B 2v6
_ log (1 - \/Ex + 2x2) log (1 + \/gx + 2x2)
- 2v6 ’ 2v6

Mathematica [A] time = 0.0193635, size = 42, normalized size = 0.84

log (2x2 + \/Ex + 1) - log (—2x2 + \/Ex - 1)

2v6
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Antiderivative was successfully verified.

[In] Integrate[(1 - 2*xx72)/(1 - 2*x72 + 4*x74),x]

[Out] (-Logl[-1 + Sqrt[6]*x - 2xx~2] + Logl[l + Sqrt[6]xx + 2%x~2])/(2*Sqrt[6])

Maple [A] time = 0.052, size = 39, normalized size = 0.8

1n(1+2x2—x\/6)\/6 1n(1+2x2+x\/8)\/8

—~ +
12 12

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2%x"2+1)/(4*xx"4-2*x"2+1) ,x)

[Out] -1/12%1n(1+2*%x~2-x*67(1/2))*6~ (1/2)+1/12%1n(1+2xx~2+x*6~ (1/2))*6~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

2x% -1

N
it _22+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4-2%x"2+1),x, algorithm="maxima")

[Out] -integrate((2*x72 - 1)/(4*x"4 - 2*%x72 + 1), x)

Fricas [A] time = 1.37997, size = 113, normalized size = 2.26

L 4x* +1022 +2V6(2x° +x) +1
12 V0% 422 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4-2%x"2+1),x, algorithm="fricas")

[Out] 1/12%sqrt(6)*log((4*x~4 + 10%x"2 + 2*sqrt(6)*(2xx~3 + x) + 1)/(4*x"4 - 2*x~
2 + 1))

Sympy [A] time = 0.1003, size = 46, normalized size = 0.92

2

\/glog(xz— @ + 1) \/Elog(x2+ @ + %)
) 12 * 12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x**2+1)/(4*x**4-2xx**2+1) ,X)
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[Out] -sqrt(6)*log(x**2 - sqrt(6)*x/2 + 1/2)/12 + sqrt(6)*log(x**2 + sqrt(6)*x/2
+1/2)/12

Giac [F] time = 0., size = 0, normalized size = 0.

2x% -1

L
i 2241

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2xx"2+1)/(4*x"4-2*%x"2+1) ,x, algorithm="giac")
g g g

[Out] integrate(-(2*x"2 - 1)/(4*x"4 - 2*%x72 + 1), x)
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364 [—Z iy

1-3x2+4x4
Optimal. Leaf size=50

log (23(2 +V7x + 1) log (2x2 —\7x+ 1)

247 247

[Out] -Logll - Sqrt[7]*x + 2*x~2]/(2*Sqrt[7]) + Logl[l + Sqrt[7]*x + 2xx~2]/(2*Sqr
t[71)

Rubi [A] time = 0.0224819, antiderivative size = 50, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 22, LT

integrand size
0.091, Rules used = {1164, 628}

log (2x2 +V7x + 1) log (23(2 —\7x+ 1)

247 247

Antiderivative was successfully verified.

[In] Int[(1 - 2*x"2)/(1 - 3*x"2 + 4*x74),x]

[Out] -Logll - Sqrt[7]*x + 2*xx~2]/(2%Sqrt[7]) + Logll + Sqrt[7]*x + 2%x72]/(2*Sqr
t[71)

Rule 1164

Int[((d_) + (e_)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(-2%d)/e - b/c, 2]}, Dist[e/(2*cxq), Int[(q - 2*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2%c*xq), Int[(q + 2*x)/Simpl[d/e - gq*x - x~
2, x], x], x]1]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQl[c
*d"2 - a*e”2, 0] && !'GtQ[b~2 - 4x*axc, 0]

Rule 628

Int[((d_) + (e_.)*x(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
V7 V7_
f 2\;2;: . f 2\f2x dx
1o 5t o
1—3x2 +4x* 247 2+/7
log (l —\7x + 2x2) log (1 +V7x + 2x2)
= - +
27 27

Mathematica [A] time = 0.0150176, size = 42, normalized size = 0.84

log (2x2 +V7x + 1) —log (—2x2 +V7x - 1)

27
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Antiderivative was successfully verified.

[In] Integrate[(1 - 2*xx72)/(1 - 3*x72 + 4*x74),x]

[Out] (-Logl[-1 + Sqrt[7]*x - 2xx72] + Logll + Sqrt[7]*x + 2xx~2])/(2*Sqrt[7])

Maple [A] time = 0.051, size = 39, normalized size = 0.8

1n(1+2x2—xﬁ)\/§ 1n(1+2x2+xﬁ)\/§
—~ +
14 14

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2%x"2+1)/(4*x"4-3*x"2+1),x)

[Out] -1/14*%1n(1+42*%x~2-x*77(1/2))*77(1/2)+1/14*1n(1+2xx~2+x*7~(1/2))*7~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

2x% -1

X g
i 3241

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2xx"2+1)/(4*x"4-3*x"2+1),x, algorithm="maxima")

[Out] -integrate((2*x72 - 1)/(4*x"4 - 3*x72 + 1), x)

Fricas [A] time = 1.35792, size = 113, normalized size = 2.26

4x4+11x2+2\/§(2x3+x)+1
4x*-3x2+1

1
— V71
o V7log
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-2*x~2+1)/(4*x~4-3%x"2+1),x, algorithm="fricas")

[Out] 1/14xsqrt(7)*log((4*x~4 + 11%x72 + 2*sqrt(7)*(2%x"3 + x) + 1)/(4*x"4 - 3*x~
2 + 1))

Sympy [A] time = 0.103001, size = 46, normalized size = 0.92

ﬁlog(xz—g+l) \ﬁlog(xz+g+%)
- +

2
14 14

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2kx**2+1)/(4xx**4-3xx**2+1) ,x)
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[Out] -sqrt(7)*log(x**2 - sqrt(7)*x/2 + 1/2)/14 + sqrt(7)*log(x**2 + sqrt(7)*x/2
+1/2)/14

Giac [F] time = 0., size = 0, normalized size = 0.

2x%2 -1

N
i 3241

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2xx"2+1)/(4*x"4-3*x"2+1),x, algorithm="giac")

[Out] integrate(-(2*x"2 - 1)/(4*x"4 - 3*x"2 + 1), x)
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365 [—X_dx

1-4x2+4x4
Optimal. Leaf size=14

tanh ™ (\/Ex)
V2

[Out] ArcTanh[Sqrt[2]*x]/Sqrt[2]

Rubi [A] time = 0.005621, antiderivative size = 14, normalized size of antiderivative =

0 - . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 22, e .

0.136, Rules used = {28, 21, 206}

integrand size

tanh ™ (\/Ex)
V2

Antiderivative was successfully verified.

[In] Int[(1 - 2*x72)/(1 - 4*x72 + 4xx74) ,x]
[Out] ArcTanh[Sqrt[2]*x]/Sqrt[2]

Rule 28

Int[(u_)*((a) + (c_)*(x)"(m2_.) + (b_)*x_)" (@ )) (p_.), x_Symbol] :>
Dist[1/c”p, Int[ux(b/2 + c*x"n)~(2*p), x], x] /; FreeQ[{a, b, c, n}, x] &&
EqQ[n2, 2*n] && EqQ[b~2 - 4xa*c, 0] && IntegerQ[p]

Rule 21

Int[(u_.)*((a_) + (b_.)*x(v_))"(m_.)*((c_) + (d_.)*x(v_))"(n_.), x_Symbol] :>
Dist[(b/d)"m, Int[ux(c + d*v)"(m + n), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& EqQ[bxc - axd, 0] &% IntegerQ[m] && ( !'IntegerQ[n] || SimplerQ[c + d*x,
a + b*xx])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps

1-2x2 1-2x2
142 144 _4f dx

X5+ ax 2+4x2

= d

f1—2x2 x

tanh_l(\/ix)

V2



Mathematica [B] time = 0.0074046, size = 32, normalized size = 2.29

log (Zx + \/E) —log (\/5 - Zx)
2V2

Antiderivative was successfully verified.

[In] Integrate[(1 - 2*xx72)/(1 - 4%x72 + 4*x74),x]

[Out] (-Logl[Sqrt[2] - 2*x] + Logl[Sqrt([2] + 2x*x])/(2*Sqrt[2])
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Maple [A] time = 0.04, size = 12, normalized size = 0.9

Artanh (x\/z) \2

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2%x"2+1)/(4*x"4-4*x"2+1) ,x)

[Out] 1/2*arctanh(x*2~(1/2))*2~(1/2)

Maxima [B] time = 1.49258, size = 34, normalized size = 2.43

1 2x -2
1 \/Elog(zx+ \/E]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4-4%x"2+1),x, algorithm="maxima"

[Out] -1/4xsqrt(2)*log((2xx - sqrt(2))/(2*x + sqrt(2)))

Fricas [B] time = 1.2824, size = 76, normalized size = 5.43

2x2 +2V2x +1
2x2 -1

1
Z \/EIOg[

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4-4*x"2+1),x, algorithm="fricas")

[Out] 1/4*sqrt(2)*log((2*x~2 + 2*sqrt(2)*x + 1)/(2*x"2 - 1))

time = 0.091748, size = 32, normalized size = 2.29

\/Elog(x—g) \/Elog(x+§)
- +
4 4

Sympy [B]
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x**2+1)/(4*x**4-4*x**2+1) ,x)

[Out] -sqrt(2)*log(x - sqrt(2)/2)/4 + sqrt(2)*log(x + sqrt(2)/2)/4

Giac [B] time = 1.13631, size = 39, normalized size = 2.79

SRR A MR |

1
Z\/Elog(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4-4*x"2+1),x, algorithm="giac")

[Out] 1/4*sqrt(2)*log(abs(x + 1/2*sqrt(2))) - 1/4*sqrt(2)*log(abs(x - 1/2*sqrt(2)
)
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1-2x2
366 [——dx
1-5x2+4x4
Optimal. Leaf size=39

1 1 1 1
g log(1 — 2x) — < log(1 —x) + ‘ log(x +1) + ‘ log(2x + 1)

[Out] -Logll - 2%x]/6 - Logl[l - x]/6 + Logl[l + x]/6 + Logl[l + 2xx]/6

Rubi [A] time = 0.0171199, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 3, integrand size = 22, e

0.136, Rules used = {1161, 616, 31}

integrand size

1 1 1 1
g log(1 — 2x) — A log(1 —x) + G log(x +1) + e log(2x + 1)

Antiderivative was successfully verified.

[In] Int[(1 - 2*x72)/(1 - 5*x™2 + 4*x74),x]
[Out] -Logll - 2*x]/6 - Logl[l - x]/6 + Logl[l + x]/6 + Logl[l + 2xx]/6

Rule 1161

Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symboll]

> With([{q = Rt[(2*d)/e - b/c, 2]}, Distl[e/(2%c), Int[1/Simpl[d/e + q*x + x~2
, x], x], x] + Dist[e/(2*c), Int[1/Simpl[d/e - g*x + x~2, x], x], x]] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQlc*d~2 - axe”2, 0] && (
GtQ[(2xd)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
01))

Rule 616

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Distlc/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + cxx, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4*axc]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

1-2 1 1

© —dx ——f—dx

1- 5x2+4x4 +x2 4J 1, x,2
2 2
1 1
g [ - vz [
2 2

1 1 1
=—¢ log(1 —2x) — = log(l X)+ = log(l +x)+ = log(l + 2x)
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Mathematica [A] time = 0.0056717, size = 31, normalized size = 0.79

élog(sz +3x +1) — %log (2x2 —3x+1)

Antiderivative was successfully verified.

[In] Integrate[(1 - 2*x72)/(1 - 5%x~2 + 4*x74),x]

[Out] -Logll - 3*x + 2*x72]/6 + Logl[l + 3*x + 2xx72]/6

Maple [A] time = 0.052, size = 30, normalized size = 0.8

i@ +x) In@Ex-1) I(1+x) In@+2x)
6 6 6 6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2*xx"2+1)/(4*xx"4-5*xx"2+1) ,x)

[Out] 1/6*%1n(1+x)-1/6*%1n(2*x-1)-1/6*%1n(-1+x)+1/6*1n(1+2%x)

Maxima [A] time = 0.960764, size = 39, normalized size = 1.

1 1 1 1
< 10g(2x+1)—g 10g(2x—1)+g log(x+1)—6 log (x — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4-5%x"2+1),x, algorithm="maxima"

[Out] 1/6%log(2*x + 1) - 1/6xlog(2*x - 1) + 1/6*log(x + 1) - 1/6%log(x - 1)

Fricas [A] time = 1.37242, size = 72, normalized size = 1.85

% 10g(2x2+3x+1)—% log(2x2—3x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4-5%x"2+1),x, algorithm="fricas")

[Out] 1/6%log(2*x~2 + 3*x + 1) - 1/6%log(2*x"2 - 3*x + 1)

Sympy [A] time = 0.102137, size = 29, normalized size = 0.74

x| 1 1
_10g(x2—3x+§) ) log(x2+3x+5)
6 6

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-2*x**2+1)/(4xx**4-5xx**2+1) ,x)

[Out] -log(x**2 - 3*x/2 + 1/2)/6 + log(x**2 + 3*x/2 + 1/2)/6

Giac [A] time = 1.13605, size = 45, normalized size = 1.15
1 1 1 1
= log (12x +1]) — = log(|2x —1[) + = log (]x + 1|) = = log (Jx — 1])
6 6 6 6
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4-5*x"2+1),x, algorithm="giac")

[Out] 1/6*log(abs(2*x + 1)) - 1/6%log(abs(2*x - 1)) + 1/6%xlog(abs(x + 1)) - 1/6%1
og(abs(x - 1))
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367 [ X _dx

1-6x2+4x4
Optimal. Leaf size=48

15 15
V10 V10

[Out] -(ArcTanh[(1 - 2*Sqrt[2]*x)/Sqrt[5]]/Sqrt[10]) + ArcTanh[(1 + 2*Sqrt[2]*x)/
Sqrt [5]]1/8Sqrt[10]

tanh ™ (Zﬁ“l) tanh ™ (1_2\@‘)

Rubi [A] time = 0.0386751, antiderivative size = 48, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 22, LT

integrand size
0.136, Rules used = {1161, 618, 206}

tanh ™ (2\/579;1) ) tanh ™ (1_3\5_/536)

V10 V10

Antiderivative was successfully verified.

[In] Int[(1 - 2*x72)/(1 - 6%x"2 + 4%x74),x]

[Out] -(ArcTanh[(1 - 2%Sqrt[2]*x)/Sqrt[5]]1/Sqrt[10]) + ArcTanh[(1 + 2xSqrt[2]*x)/
Sqrt [5]1]1/8qrt[10]

Rule 1161

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With([{q = Rt[(2*d)/e - b/c, 2]}, Distl[e/(2%c), Int[1/Simpl[d/e + q*x + x72
, x], x1, x] + Dist[e/(2%c), Int[1/Simp[d/e - q*x + x"2, x], x], x]] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQlc*d™2 - axe”2, 0] && (
GtQ[(2xd)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4*a*c - x72, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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1-2:2 1 1 1 1
4 :——f—d ——f—d
1-6x2 +4x2 " [4 IERRERAp ] 1) Tix e *

V2 V2
:ESubst fs;dx,x,—i+2x +18ubst dex,x,L+2x
2 5_p \2 2 S_y2 2

2 2

_ _tanh_1 (1—%@:) . tanh ™ (Hi/‘_fx)
V10 V10

Mathematica [A] time = 0.0190844, size = 42, normalized size = 0.88

log (2x2 +10x + 1) ~log (—2x2 +10x — 1)

2410

Antiderivative was successfully verified.

[In] Integrate[(1 - 2*x72)/(1 - 6%x72 + 4*x74),x]

[Out] (-Logl[-1 + Sqrt[10]xx - 2*x~2] + Logl[l + Sqrt[10]*x + 2*x~2])/(2*Sqrt[10])

Maple [B] time = 0.055, size = 82, normalized size = 1.7

(-2+2v5)V5 x (2+2V5)V5 x
10@—10\/§Amnh(82x/ﬁ—2\/§)+10«/E+10«/§Artanh(82x/ﬁ+2\/§)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2%x"2+1)/(4*x"4-6*x"2+1) ,x)

[Out] 2/5%(57(1/2)-1)*5"(1/2)/(2%107(1/2)-2%2"(1/2)) *arctanh (8*x/(2x10~(1/2)-2x2~
(1/2)))+2/5%x (5 (1/2)+1)*5-(1/2) / (2%10~(1/2)+2%2~(1/2) ) *arctanh (8*x/ (2%10~ (1
/2)+2%x27(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

2x2 -1

—d
4x4-6x2+1 *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x"2+1)/(4*x~4-6%x"2+1) ,x, algorithm="maxima"

[Out] -integrate((2*x72 - 1)/(4*x"4 - 6*%x72 + 1), x)

Fricas [A] time = 1.27381, size = 116, normalized size = 2.42

4x* +14 x2 +2\/1_0(2x3 +x) +1
4x*-6x2+1

1
— V101
20 10 log
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+1)/(4*x~4-6%x"2+1),x, algorithm="fricas")

[Out] 1/20%sqrt(10)*log((4*x~4 + 14xx72 + 2xsqrt(10)*(2*x~3 + x) + 1)/(4*x"4 - 6%
x"2 + 1))

Sympy [A]  time = 0.10442, size = 46, normalized size = 0.96

\/ﬁlog(xz— \/12_03( + %) \/ﬁlog(x2+ ‘/?x + %)
- +

20 20

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2xx**2+1)/(4*x**4-6*x**2+1) ,%)

[Out] -sqrt(10)*log(x**2 - sqrt(10)*x/2 + 1/2)/20 + sqrt(10)*log(x**2 + sqrt(10)*
x/2 + 1/2)/20

Giac [A] time = 1.18294, size = 104, normalized size = 2.17

;_Ovﬁlog(x+jzm+}1ﬁ)+_ﬂog(x+ «/_0——\/_|)——\/_log(x——\/_+ f|)——v_10g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x"2+1)/(4*x"4-6%x"2+1),x, algorithm="giac")

[Out] 1/20%*sqrt(10)*log(abs(x + 1/4*sqrt(10) + 1/4xsqrt(2))) + 1/20%*sqrt(10)*1log(
abs(x + 1/4*%sqrt(10) - 1/4xsqrt(2))) - 1/20*sqrt(10)*log(abs(x - 1/4*sqrt(l
0) + 1/4xsqrt(2))) - 1/20*sqrt(10)*log(abs(x - 1/4xsqrt(10) - 1/4*sqrt(2)))
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368 [

1+bx2+x*
Optimal. Leaf size=62

tan! (\/sz+2x) tan-! ( 2—b—2x)

[Out] -(ArcTan[(Sqrt[2 - b] - 2*x)/Sqrt[2 + b]]/Sqrt[2 + b]) + ArcTan[(Sqrt[2 - b
] + 2%x)/Sqrt[2 + b]]l/Sqrt[2 + b]

Rubi [A] time = 0.0556889, antiderivative size = 62, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 18, e

0.167, Rules used = {1161, 618, 204}

integrand size

tan_l (\/ZTb+2x) tan_l (N/ZTb—Zx)
\/b+_2 b+2

Vb +2 - b+2

Antiderivative was successfully verified.

[In] Int[(1 + x72)/(1 + b*x"2 + x74),x]

[Out] -(ArcTan[(Sqrt[2 - b] - 2*x)/Sqrt[2 + b]]1/Sqrt[2 + b]) + ArcTan[(Sqrt[2 - b
1 + 2*x)/Sqrt[2 + b]]1/Sqrt[2 + b]

Rule 1161

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2*d)/e - b/c, 21}, Distl[e/(2%c), Int[1/Simpld/e + q*x + x"2
, xJ, x], x] + Dist[e/(2%c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQ[c*d”2 - axe”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps
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1+ x2 p 1‘]‘ 1 p +_1‘l‘ 1 p
————dx = = X+ = X
1+bx? +xt 2J 1-V2-bx+x2 2J 1+vV2-bx+ 22
1
= —Subst f—dx,x,—VZ—b+2x — Subst f—dx,x,VZ—b+2x
2 _p-2 -2-b-x2

tan_l ( —\/ZTb+2x) tan_l ( N/ZTb+2x)
V2+b N \2+b
V2+b V2 +b

Mathematica [A] time = 0.0564094, size = 124, normalized size = 2.

(\/m-b+2) tan"l[L] (\/112_—4+b—2) tan"l[ﬂ]

b-ViZ-4 Vi2-4+b
b-Vh2-4 Vb2—4+b
N

Antiderivative was successfully verified.

[In] Integrate[(1 + x72)/(1 + b*x"2 + x74),x]

[Out] (((2 - b + Sqrt[-4 + b~2])*ArcTan[(Sqrt[2]*x)/Sqrt[b - Sqrt[-4 + b~2]11)/Sq
rt[b - Sqrt[-4 + b72]] + ((-2 + b + Sqrt[-4 + b~2])*ArcTan[(Sqrt[2]*x)/Sqrt
[b + Sqrt[-4 + b~2]11]1)/Sqrt[b + Sqrt[-4 + b~2]1]1)/(Sqrt[2]*Sqrt[-4 + b~2])

Maple [B] time = 0.138, size = 277, normalized size = 4.5

1

X

-2 arctan|?2 il + arctan|?2
\/(—2+b)(2+b)\/Z\/(—2+b)(2+b)+2b \/2\/(—2+b)(2+b)+2b \/2\/(—2+b)(2+l

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2+1)/(x"4+b*xx"2+1) ,x)

[Out] -2/((-2+b)*(2+b))~(1/2) /(2% ((-2+b)*(2+b)) ~(1/2)+2%b) ~ (1/2) *arctan (2*x/ (2% ((
—-2+b) *(2+b) ) ~(1/2)+2xb) ~(1/2) ) +1/ (2% ((-2+b) * (2+b) ) “(1/2) +2%b) ~ (1/2) *arctan(

2xx/ (2% ((=2+b) * (2+b) ) ~(1/2) +2%b) ~(1/2) ) +1/ ((=2+b) * (2+b) ) ~(1/2) / (2% ((=2+Db) *(

2+b) )~ (1/2)+2%b) " (1/2)*arctan (2*x/ (2*x ((-2+b) * (2+b) ) ~(1/2)+2%b) ~(1/2) ) *b+2/(
(=2+b) *(2+b) )~ (1/2) / (=2*% ((-2+b) * (2+b) ) " (1/2) +2%b) ~ (1/2) *arctan (2*xx/ (-2* ((-2
+b)*(2+b) ) ~(1/2)+2%b) = (1/2) ) +1/ (-2*% ((-2+b) *(2+b) ) ~(1/2) +2xb) ~ (1/2) *arctan(2

*xx/ (=2%x ((-2+b) *(2+b) ) ~(1/2)+2%b) ~(1/2) ) -1/ ((-2+b) * (2+b) ) ~(1/2) / (2% ((-2+Db) *
(2+b))~(1/2)+2%b) ~(1/2) *arctan (2*xx/ (-2* ((-2+b) *(2+b) ) ~(1/2) +2*b) ~(1/2) ) *b

Maxima [F] time = 0., size = 0, normalized size = 0.

j‘ 2 +1 p
XA +bx2+1 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x72+1)/(x"4+b*x"2+1),x, algorithm="maxima")
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[Out] integrate((x™2 + 1)/(x74 + b*x"2 + 1), x)

Fricas [A] time = 1.32819, size = 273, normalized size = 4.4

- (b+4)x2-2 (x3 —x)v -b-2+1

mlo ( ) (x3+(b+1)x) ( x )
) g bl Vb + 2 arctan N + Vb +2arctan T

2(b+2) ' b+2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4+b*x"2+1),x, algorithm="fricas")

[Out] [-1/2*%sqrt(-b - 2)*log((x™4 - (b + 4)*x"2 - 2*%(x"3 - x)*sqrt(-b - 2) + 1)/(
X4 + b*xx”2 + 1))/(b + 2), (sqrt(b + 2)*arctan((x"3 + (b + 1)*x)/sqrt(b + 2
)) + sqrt(b + 2)*arctan(x/sqrt(b + 2)))/(b + 2)]

Sympy [A] time = 0.258486, size = 88, normalized size = 1.42

1 ’ 1 1 1 ’ 1 1
—mlog (x +x(—b\/—m —2\/—m) —1) . —mlog (x +x(bw/—m +2,/—m) —1)
2

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**2+1)/(x**4+b*x**2+1) ,%)

[Out] -sqrt(-1/(b + 2))*log(x**2 + x*(-bxsqrt(-1/(b + 2)) - 2*sqrt(-1/(b + 2))) -
1)/2 + sqrt(-1/(b + 2))*log(x**2 + x*(b*sqrt(-1/(b + 2)) + 2*sqrt(-1/(b +

2))) - 1)/2

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4+b*x"2+1),x, algorithm="giac")

[Out] Exception raised: TypeError
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369 [Ty

1+5x2+x4

Optimal. Leaf size=49

tan™! ( 5+f/ﬁx) tan™! (mx)

+

V7 V7

[Out] ArcTan[Sqrt[2/(5 + Sqrt[21])]1*x]/Sqrt[7] + ArcTan[Sqrt[(5 + Sqrt[21])/2]*x]
/Sqrt [7]

Rubi [A] time = 0.0878152, antiderivative size = 49, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 2, integrand size = 18, number of rules_

0.111, Rules used = {1163, 203}

tan™! ( ﬁx) tan~! ( % (5 + \/ﬁ)x)
+

V7 V7

Antiderivative was successfully verified.

integrand size

[In] Int[(1 + x72)/(1 + B*xx"2 + x74),x]

[Out] ArcTan[Sqrt[2/(5 + Sqrt[21])]1*x]/Sqrt[7] + ArcTan[Sqrt[(5 + Sqrt[21])/2]*x]
/8qrt [7]

Rule 1163

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[b~2 - 4xa*xc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ ¢c*xx”2), x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*axc, 0] && Eq
Qlcxd™2 - axe™2, 0] && GtQ[b~2 - 4*axc, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

1+ a2 1 1 1 1
Too2 Zx 4dx:ﬁ(7—\/i)f—dx+ﬁ(7+\/i)f—\/ﬁ dx
FoxtHx - +x2 §+T+x2

Mathematica [A] time = 0.136855, size = 83, normalized size = 1.69

(V2 - 3) szr) (3+\/2_1)tan‘1( 5})

\42(5-v21) ’ 42(5+721)
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Antiderivative was successfully verified.

[In] Integrate[(1 + x72)/(1 + 5*x~2 + x74),x]

[Out] ((-3 + Sqrt[21])*ArcTan[Sqrt[2/(5 - Sqrt[21])1*x])/Sqrt[42*(5 - Sqrt[21])]
+ ((3 + Sqrt[21])*ArcTan[Sqrt[2/(5 + Sqrt[21]1)]1*x])/Sqrt[42*(5 + Sqrt[21])]

Maple [B] time = 0.079, size = 136, normalized size = 2.8

2 \/ﬁ t (4 X ) +2 1 arctan (4 X ) + 2 \/2_1 arctan |4
———= arctan —_— B — -
1447 -14+/3 247-24/3 247-24/3 247-243) 147 +14+3 247

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2+1)/(x"4+5*xx"2+1) ,x)

[Out] -2/7%217(1/2)/(2*7~(1/2)-2%37 (1/2) ) *arctan (4*x/ (2%7~(1/2)-2%37(1/2)) ) +2/ (2%
77(1/2)-2%37(1/2) ) *arctan (4*x/ (2+77 (1/2) -2%37(1/2)))+2/7*217(1/2) / (2x77(1/2
)+2%37(1/2) ) *xarctan (4*x/ (277 (1/2)+2x37(1/2)) ) +2/(2*¥7~(1/2) +2+3~ (1/2) ) *arct

an (4*x/(2x77(1/2)+2x37(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

_[ X2 +1 p
—  dx
*+5x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4+b5*x"2+1),x, algorithm="maxima")

[Out] integrate((x”2 + 1)/(x"4 + 5*x"2 + 1), x)

Fricas [A] time = 1.31138, size = 109, normalized size = 2.22

1 1 3 1 1

= Warctan = \E(x + 6x) + = \ﬁarctan = \ﬁx

7 7 7 7
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((x~2+1)/(x"4+5*x"2+1),x, algorithm="fricas")

[Out] 1/7*sqrt(7)*arctan(l/7*xsqrt(7)*(x"3 + 6*x)) + 1/7*sqrt(7)*arctan(l/7*sqrt(7
) *X)

Sympy [A] time = 0.108215, size = 41, normalized size = 0.84

\/7(2 atan (g) + 2 atan («/sz + 6\7‘))
14
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x*x*2+1)/(x**x4+5xx**2+1) %)

[Out] sqrt(7)*(2*atan(sqrt(7)*x/7) + 2%atan(sqrt(7)*xx*3/7 + 6*xsqrt(7)*x/7))/14

Giac [A] time = 1.13694, size = 35, normalized size = 0.71

)

1
1 \ﬁ(nsgn (x) + 2 arctan 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x"2+1)/(x"4+5%x"2+1) ,x, algorithm="giac")

[Out] 1/14x*sqrt(7)*(pi*sgn(x) + 2*arctan(1/7*sqrt(7)*(x"2 - 1)/x))
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370 [y

1+4x2+x4
Optimal. Leaf size=43

tan” [ 2_\/3) ) tan” [\/er_\/g)
\G \G

[Out] ArcTan([x/Sqrt[2 - Sqrt[3]1]]1/Sqrt[6] + ArcTan[x/Sqrt[2 + Sqrt[3]]1]/Sqrt[6]

Rubi [A] time = 0.049938, antiderivative size = 43, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 18, e .

integrand size
0.111, Rules used = {1163, 203}

tan” [ 2_\/5) ) tan” [m)
V6 V6

Antiderivative was successfully verified.

[In] Int[(1 + x72)/(1 + 4%x"2 + x74),x]
[Out] ArcTan[x/Sqrt[2 - Sqrt[3]]1]/Sqrt[6] + ArcTan[x/Sqrt[2 + Sqrt([3]]]/Sqrt[6]

Rule 1163

Int[((d_) + (e_)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - bx*e)/(2*%q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*xx”2), x], x]] /; FreeQl[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Eq
Qlc*xd™2 - a*xe™2, 0] && GtQ[b~2 - 4*axc, 0]

Rule 203
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt

la, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps

1+ x? 1 1 1 1
1+4x2+x4dx_6(3_\/5)f2_\/§+x2dx4-8(34_\/5)[2_,_\/§+x2dx

tan” [ 2_\/5) . tan” (\/2+_«/§)
V6 V6

Mathematica [A] time = 0.0673384, size = 81, normalized size = 1.88

(@_1)tan—1( :@] (1+@)tan—1[ W}
25 2pEev)
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Antiderivative was successfully verified.

[In] Integrate[(1 + x72)/(1 + 4*x~2 + x74),x]

[Out] ((-1 + Sqrt([3])*ArcTan[x/Sqrt[2 - Sqrt[3]11])/(2%Sqrt[3*(2 - Sqrt[3]1)]) + ((
1 + Sqrt[3])*ArcTan[x/Sqrt[2 + Sqrt[3]1])/(2%Sqrt[3*(2 + Sqrt[3])])

Maple [B] time = 0.065, size = 110, normalized size = 2.6

ol ) et E e e b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2+1)/(x"4+4*xx"2+1),x)

[Out] -1/3%37(1/2)/(67(1/2)-2"(1/2))*arctan(2*x/(6~(1/2)-2"(1/2)))+1/(6"(1/2)-2"(
1/2))*arctan(2xx/(67(1/2)-27(1/2)))+1/3*37(1/2) /(27 (1/2)+6~(1/2) ) *arctan (2x
x/(27(1/2)+67(1/2)))+1/(27(1/2)+67 (1/2) ) ¥arctan (2*x/ (27 (1/2)+67(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.
x?+1
fo4+4x2+1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4+4*x"2+1),x, algorithm="maxima"

[Out] integrate((x”2 + 1)/(x74 + 4%x”2 + 1), x)

Fricas [A] time = 1.3479, size = 109, normalized size = 2.53

1 1 1 1
—V6arctan (6 \/g(xz’ + 5x)) + 8 \/garctan (8 \/gx)

6
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4+4*x"2+1),x, algorithm="fricas")

[Out] 1/6*sqrt(6)*arctan(1l/6*sqrt(6)*(x~3 + 5*x)) + 1/6%sqrt(6)*arctan(l/6xsqrt(6
) *X)

Sympy [A] time = 0.108176, size = 41, normalized size = 0.95

\/8(2 atan (@) + 2atan (\/EX3 + Sfx))

6 6
12

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((x**2+1)/(x**4+4*x**2+1) ,x)

[Out] sqrt(6)=*(2*atan(sqrt(6)*x/6) + 2*atan(sqrt(6)*x*x*3/6 + b*xsqrt(6)*x/6))/12

Giac [A] time = 1.11523, size = 35, normalized size = 0.81

=)

1
5 \/g(nsgn (x) + 2 arctan y

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x72+1)/(x"4+4*x"2+1),x, algorithm="giac")

[Out] 1/12*sqrt(6)*(pi*sgn(x) + 2*arctan(1/6*sqrt(6)*(x"2 - 1)/x))
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371 [y

1+3x24+x4

Optimal. Leaf size=49
_ 2
w5 e T
+
V5 V5

[Out] ArcTan[Sqrt[2/(3 + Sqrt[5])]1*x]/Sqrt[5] + ArcTan[Sqrt[(3 + Sqrt([5])/2]*x]/S
qrt [5]

Rubi [A] time = 0.0618606, antiderivative size = 49, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 2, integrand size = 18, number of rules_

0.111, Rules used = {1163, 203}

tan™ ( ﬁx) tan! ( % (3 + \/g)x)
+

V5 V5

Antiderivative was successfully verified.

integrand size

[In] Int[(1 + x72)/(1 + 3%x"2 + x74),x]

[Out] ArcTan[Sqrt[2/(3 + Sqrt[5])]1*x]/Sqrt[5] + ArcTan[Sqrt[(3 + Sqrt[5])/2]1*x]/S
qrt [5]

Rule 1163

Int[((d)) + (e_)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[b~2 - 4xa*xc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*x”2), x], x] + Dist[e/2 - (2*cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ cxx72), x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~™2 - 4*axc, 0] && Eq
Qlcxd™2 - axe™2, 0] && GtQ[b~2 - 4xaxc, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQlb, 01)

Rubi steps

1+ x? p —l(5—\/5)f—

14 3x2 4 x4 X = 10

Mathematica [A] time = 0.0963296, size = 83, normalized size = 1.69

(v5-1) tan” (\/g) (1 +5) tan™ (\/%)
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Antiderivative was successfully verified.

[In] Integrate[(1 + x72)/(1 + 3*x~2 + x74),x]

[Out] ((-1 + Sqrt[5])*ArcTan[Sqrt[2/(3 - Sqrt[5]1)]1*x])/Sqrt[10*(3 - Sqrt[5]1)]1 + (
(1 + Sqrt[5])*ArcTan[Sqrt[2/(3 + Sqrt[5])]1*x])/Sqrt[10*(3 + Sqrt[5])]

Maple [B] time = 0.069, size = 104, normalized size = 2.1

-10+10+/5

245

X
+ arc
—2+2\/§) 10+10/5

+2 —

X
2+2\/§) 2

arctan (4 arctan (4 tan (4

x 1
+2
—2+2\/§) —2+245

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2+1)/(x"4+3*x"2+1) ,x)

[Out] -2/5%5~(1/2)/(-2+2x5"(1/2) ) *arctan (4*xx/ (-2+2x5~(1/2)))+2/(-2+2x5~(1/2) ) *arc
tan (4*x/ (-2+2%57(1/2)))+2/5%5~(1/2) / (2+2*x57(1/2) ) *arctan (4*xx/ (2+2*x57(1/2)))
+2/(2+2%57(1/2) ) *arctan (4*x/ (2+2%57(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

f 2 +1 p
——dx
A +3x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4+3*x72+1),x, algorithm="maxima")

[Out] integrate((x”2 + 1)/(x74 + 3*x”2 + 1), x)

Fricas [A] time = 1.32716, size = 109, normalized size = 2.22

1 1 3 1 1

= V5arctan | = \/g(x + 4x) + = V5 arctan | = V5x

5 5 5 5
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((x~2+1)/(x"4+3*x72+1),x, algorithm="fricas")

[Out] 1/5*sqrt(5)*arctan(1/5*sqrt(5)*(x"3 + 4*x)) + 1/b*sqrt(5)*arctan(l/5*sqrt(5
) *X)

Sympy [A] time = 0.109102, size = 41, normalized size = 0.84

\/5(2 atan (%) +2atan (‘/ix3 s 4\é§x))
10

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((x**2+1)/ (x**4+3*x**2+1) ,x)

[Out] sqrt(5)=*(2*atan(sqrt(5)*x/5) + 2*atan(sqrt(5)*x**3/5 + 4*xsqrt(5)*x/5))/10

Giac [A] time = 1.13601, size = 35, normalized size = 0.71

=)

1
10 \/g(nsgn (x) + 2 arctan 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x72+1)/(x"4+3%x72+1),x, algorithm="giac")

[Out] 1/10%*sqrt(5)*(pi*sgn(x) + 2*arctan(1/5*sqrt(5)*(x"2 - 1)/x))
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372 [y

1+2x24+x4

Optimal. Leaf size=2
tan™!(x)

[Out] ArcTan[x]

Rubi [A] time = 0.001515, antiderivative size = 2, normalized size of antiderivative =

. . number of rules
1., number of steps used = 2, number of rules used = 2, integrand size = 18, —————— =

integrand size
0.111, Rules used = {28, 203}

tan™! (x)

Antiderivative was successfully verified.

[In] Int[(1 + x72)/(1 + 2%x"2 + x74),x]
[Out] ArcTan[x]

Rule 28

Int[(u_.)*x((a_) + (c_.)*x(x_)"(n2_.) + (b_)*(x_)"(n_))"(p_.), x_Symbol] :>
Dist[1/c”p, Int[ux(b/2 + c*x"n)~(2*p), x], x] /; FreeQ[{a, b, c, n}, x] &&
EqQ[n2, 2*n] && EqQ[b~2 - 4xa*c, 0] && IntegerQ[p]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

1+ 2
1+2x2+x4 1+x2
=tan~ 1(x)

Mathematica [A] time = 0.0025709, size = 2, normalized size = 1.

tan™!(x)
Antiderivative was successfully verified.

[In] Integrate[(1 + x72)/(1 + 2*x"2 + x74),x]

[Out] ArcTan[x]

Maple [A] time = 0.044, size = 3, normalized size = 1.5

arctan (x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2+1)/(x"4+2*%xx"2+1) ,x)

[Out] arctan(x)

Maxima [A] time = 1.43537, size = 3, normalized size = 1.5

arctan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x72+1)/(x74+2*x72+1),x, algorithm="maxima")

[Out] arctan(x)

Fricas [A] time = 1.33545, size = 15, normalized size = 7.5

arctan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4+2*x"2+1),x, algorithm="fricas")

[Out] arctan(x)

Sympy [A] time = 0.083135, size = 2, normalized size = 1.

atan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((xx*2+1)/(x*x4+2*xx**2+1) %)

[Out] atan(x)

Giac [A] time = 1.10475, size = 3, normalized size = 1.5

arctan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4+2*x"2+1),x, algorithm="giac")

[Out] arctan(x)
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373 [ dx

T+x2+x4
Optimal. Leaf size=38

tan™! (%) tan™! (1:/2;)

V3 V3

[Out] -(ArcTan[(1 - 2*x)/Sqrt[3]]/Sqrt[3]) + ArcTan[(1 + 2*x)/Sqrt[3]]/Sqrt[3]

Rubi [A] time = 0.0270838, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 16, LT

integrand size
0.188, Rules used = {1161, 618, 204}
-1 [ 2x+1 -1 {1-2x
tan (@)_tan (\/3)
V3 V3

Antiderivative was successfully verified.

[In] Int[(1 + x”2)/(1 + x72 + x74),x]
[Out] -(ArcTan[(1 - 2*x)/Sqrt[3]]1/Sqrt[3]) + ArcTan[(1 + 2*x)/Sqrt[3]]/Sqrt[3]

Rule 1161

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2xc), Int[1/Simpl[d/e + g*x + x~2
, x], x], x] + Dist[e/(2*c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQ[c*d"2 - a*e”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRtl[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Substl[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b"2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] Il LtQ[b, 01)

Rubi steps

1+ 2 i 1f 1 p +1f 1 p
—  dx==- | ———dx+~- | ———dx
14+ x2 +x4 2J 1-x+x2 2J 1+x+x2

1 1
= — Subst (fwdx,x,—l +2x) — Subst (fmdx,x,l +2x)

_ tan™! (_1\7_32}() . tan™! (1:;?)
V3 V3
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Mathematica [C] time = 0.195295, size = 99, normalized size = 2.61

—i)tan™ a i)tan~! a
(V3= [%(1—1'@)) (V3 +i)¢ (%(m«é)]

\/6 (1-iv3) ’ \J6(1+iv3)

Antiderivative was successfully verified.

[In] Integrate[(1 + x72)/(1 + x72 + x74),x]

[Out] ((-I + Sqrt([3])*ArcTan[x/Sqrt[(1 - I*Sqrt[3]1)/2]1]1)/Sqrt[6+(1 - I*Sqrt[3]1)]
+ ((I + Sqrt[3])*ArcTan[x/Sqrt[(1 + I*Sqrt[3])/2]11)/Sqrt[6*(1 + IxSqrt[3])]

Maple [A] time = 0.045, size = 34, normalized size = 0.9

V3 (<2x—1>«@) V3 ((1+2x)@]
tan T +?arctan _

- arc 3
Verification of antiderivative is not currently implemented for this CAS.
[In] int((x"2+1)/(x"4+x"2+1),x)

[Out] 1/3%37(1/2)*arctan(1/3*x(2*xx-1)*3"(1/2))+1/3*%arctan(1/3*(1+2*xx)*3~(1/2))*3"(
1/2)

Maxima [A] time = 1.4882, size = 45, normalized size = 1.18

1 1 1 1

3 3arctan 3 \/5(29( +1)|+ 3 V3arctan 3 \/§(Zx -1)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((x~2+1)/(x"4+x"2+1),x, algorithm="maxima")

[Out] 1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/3*sqrt(3)*arctan(l/3*sqrt(3)*
(2*x - 1))

Fricas [A] time = 1.28342, size = 109, normalized size = 2.87
1 1 1 1
3
3 3arctan (5 \/§(x + 2x)) + 3 3arctan (§ \/gx)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((x72+1)/(x"4+x72+1),x, algorithm="fricas")

[Out] 1/3*sqrt(3)*arctan(1/3*sqrt(3)*(x~3 + 2*x)) + 1/3*sqrt(3)*arctan(1/3*sqrt(3
)*x)
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Sympy [A] time = 0.105415, size = 41, normalized size = 1.08

\/5(2 atan (%) +2atan (\/ix3 . Z\fx))
6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((xx*2+1)/(x*x4+x**2+1) ,x%)

[Out] sqrt(3)*(2xatan(sqrt(3)*x/3) + 2*atan(sqrt(3)*x**3/3 + 2*sqrt(3)*x/3))/6

Giac [A] time = 1.12416, size = 35, normalized size = 0.92

=)

1
= V3| msen (x) + 2 arctan
6 3x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4+x"2+1),x, algorithm="giac")

[Out] 1/6*sqrt(3)*(pi*sgn(x) + 2*arctan(1/3*sqrt(3)*(x"2 - 1)/x))
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374 [

T+x%
Optimal. Leaf size=35

tan™! (\/Ex + 1) tan”! (1 - \/Ex)
V2 ) V2

[Out] -(ArcTan[1 - Sqrt([2]#*x]/Sqrt[2]) + ArcTan[1 + Sqrt[2]#*x]/Sqrt[2]

Rubi [A] time = 0.0183083, antiderivative size = 35, normalized size of antiderivative

0 . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 13, e .

0.231, Rules used = {1162, 617, 204}
tan™! (\/Ex + 1) tan”! (1 - \/Ex)

V2 V2

integrand size

Antiderivative was successfully verified.

[In] Int[(1 + x72)/(1 + x74),x]
[Out] -(ArcTan[1 - Sqrt([2]#*x]/Sqrt[2]) + ArcTan[1 + Sqrt[2]#*x]/Sqrt[2]

Rule 1162

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(2%d) /e, 2]}, Distle/(2*%c), Int[1/Simp[d/e + g*x + x~2, x], x], x] + Dist[e
/(2xc), Int[1/Simp[d/e - gq*x + x72, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d™2 - a*xe”2, 0] && PosQ[dx*el

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2xc*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(@Rt[-a, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rubi steps

1+x? 1 1 1 1
= [ xS [ ax
I+x 2J 1 \2x+ 22 2J 1420+ 22

Subst (f ﬁ dx,x,1 - \/Ex) Subst (f ! dx,x,1+ \/Ex)

v T
_ tan™! (1 - \/Ex) tan™! (1 + \/Ex)
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Mathematica [A] time = 0.0129433, size = 30, normalized size = 0.86

tan~! (\/Ex + 1) —tan~! (1 - \/Ex)
V2

Antiderivative was successfully verified.

[In] Integrate[(1 + x72)/(1 + x74),x]

[Out] (-ArcTan[l - Sqrt[2]*x] + ArcTan[1 + Sqrt[2]*x])/Sqrt[2]

Maple [B] time = 0.044, size = 88, normalized size = 2.5

arctan(1+x\/§)\/§ arctan(—1+x\/§)\/§+£1n[1+x2+x\/§] V2 (1+x2—x\/§]

+ — [+ =In
2 2 8 1+x2-xV2 8 1+x2+x\2

Verification of antiderivative is not currently implemented for this CAS.
[In] int((x"2+1)/(x"4+1),x)
[Out] 1/2*arctan(1+x*27(1/2))*27(1/2)+1/2*arctan(-1+x*27(1/2))*27(1/2)+1/8%27(1/2

Y¥In((1+x72+x%x27(1/2)) / (1+x72-x%2"(1/2) ) )+1/8%2~(1/2) *1n((1+x~2-x*2~(1/2) )/
(1+x~2+x%2~(1/2)))

Maxima [A] time = 1.45257, size = 53, normalized size = 1.51

1 1 1 1

5 V2arctan (E \/E(Zx + \/E)) + 5 V2arctan (E \/E(Zx - \/5))
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((x~2+1)/(x74+1),x, algorithm="maxima"

[Out] 1/2*sqrt(2)*arctan(1/2*xsqrt(2)*(2*x + sqrt(2))) + 1/2*sqrt(2)*arctan(1/2*sq
rt(2)*(2xx - sqrt(2)))

Fricas [A] time = 1.37549, size = 107, normalized size = 3.06

! V2 arctan 1 \/E(xe’ + x) + ! V2 arctan ! V2x

2 2 2 2
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((x~2+1)/(x74+1),x, algorithm="fricas")

[Out] 1/2*sqrt(2)*arctan(1/2*sqrt(2)*(x"3 + x)) + 1/2*sqrt(2)*arctan(1/2*sqrt(2)*

x)
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Sympy [A] time = 0.101463, size = 39, normalized size = 1.11

V2 (2 atan (@) + 2atan (\Ef + %))

2
4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**2+1)/(x**4+1),x)

[Out] sqrt(2)*(2*atan(sqrt(2)*x/2) + 2*atan(sqrt(2)*x*x*3/2 + sqrt(2)*x/2))/4

Giac [A] time = 1.13747, size = 53, normalized size = 1.51

1 1 1 1

> V2arctan (5 \/E(Zx + \/E)) + > V2arctan (E \/5(2x - \5))
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((x72+1)/(x74+1),x, algorithm="giac")

[Out] 1/2*sqrt(2)*arctan(1/2*sqrt(2)*(2*x + sqrt(2))) + 1/2*sqrt(2)*arctan(1/2*sq
rt(2)*(2*x - sqrt(2)))
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3.75 [ dx

1-x2+x4
Optimal. Leaf size=23

tan™! (2x + \/5) —tan™! (\/5 - Zx)

[Out] -ArcTan[Sqrt[3] - 2*x] + ArcTan[Sqrt([3] + 2xx]

Rubi [A] time = 0.0195514, antiderivative size = 23, normalized size of antiderivative =
18 number of rules

1., number of steps used = 5, number of rules used = 3, integrand size =
0.167, Rules used = {1161, 618, 204}

tan™! (2x + \/5) —tan™! (\/§ - Zx)

integrand size

Antiderivative was successfully verified.

[In] Int[(1 + x72)/(1 - x72 + x74),x]
[Out] -ArcTan([Sqrt[3] - 2*x] + ArcTan[Sqrt([3] + 2xx]

Rule 1161

Int[((d) + (e_)*x(x_)"2)/((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With([{q = Rt[(2*d)/e - b/c, 2]}, Distl[e/(2%c), Int[1/Simpl[d/e + g*x + x~2
, x], x1, x] + Dist[e/(2xc), Int[1/Simp[d/e - gq*x + x"2, x], x], x]] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQlc*d~2 - axe”2, 0] && (
GtQ[(2xd)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4*a*c - x72, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/Rt[-a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 01 || LtQ[b, 01)

Rubi steps

1+ x? p 1f 1 p +1f 1
—  dx=- _ dx+ - e —
1-x%+x* 2J 1By +x2 2J 14Bx+ 22

1 1
= — Subst (f ) dx,x,—\/§+2x) — Subst (fl—dx,x,\/g+2x)

-1 -2
= _tan! (\/5 — Zx) +tan! (\/5 + 2x)

dx

Mathematica [A] time = 0.0066184, size = 12, normalized size = 0.52

X
“ont ()
an 21




Antiderivative was successfully verified.

[In] Integratel[(1 + x72)/(1 - x72 + x74),x]

[Out] -ArcTan[x/(-1 + x~2)]

352

Maple [A] time = 0.055, size = 20, normalized size = 0.9

arctan (Zx - \/3) + arctan (2 X+ \/5)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2+1)/(x"4-x"2+1),x)

[Out] arctan(2*x-3~(1/2))+arctan(2*x+3~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.
2
x-+1
[25
xt-x2+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4-x"2+1),x, algorithm="maxima")

[Out] integrate((x”2 + 1)/(x"4 - x72 + 1), x)

Fricas [A] time = 1.35492, size = 34, normalized size = 1.48

arctan (x3) + arctan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4-x"2+1),x, algorithm="fricas")

[Out] arctan(x~3) + arctan(x)

Sympy [A] time = 0.101872, size = 7, normalized size = 0.3

atan (x) + atan (x3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x*x*2+1)/(x*x4-x**2+1) ,x%)

[Out] atan(x) + atan(x**3)
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Giac [A] time = 1.1328, size = 41, normalized size = 1.78

1 ()+1 . ¥t -3x%+1
- mtsgn (x) + = arctan | ————
4 2 2(x3—x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4-x"2+1),x, algorithm="giac")

[Out] 1/4*pi*sgn(x) + 1/2*arctan(1/2*(x"4 - 3*x"2 + 1)/(x"3 - x))
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3.76 [

1-2x2+x4

Optimal. Leaf size=11

[Out] x/(1 - x72)

Rubi [A] time = 0.0032829, antiderivative size = 11, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 18, LT

integrand size
0.111, Rules used = {28, 383}

Antiderivative was successfully verified.

[In] Int[(1 + x72)/(1 - 2%x"2 + x74),x]
[Out] x/(1 - x72)

Rule 28

Int[(u_.)*x((a ) + (c_)*x(x_ )" (n2_.) + (b_)*(x )" (n_))"(p_.), x_Symbol] :>
Dist[1/c”p, Int[ux(b/2 + c*x"n)~(2*p), x], x] /; FreeQ[{a, b, c, n}, x] &&
EqQ[n2, 2*n] && EqQ[b~2 - 4xa*xc, 0] && IntegerQ[p]

Rule 383

Int[((a_) + (b_)*x(x_)"(n_)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> S
imp[(c*x*(a + b*x™n) " (p + 1))/a, x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[
bxc - axd, 0] && EqQ[axd - bxcx(n*x(p + 1) + 1), 0]

Rubi steps

1+ x2 1+ 2
" 4 :‘f'______d
T2+ a™ ( 2

Mathematica [A] time = 0.0038171, size = 10, normalized size = 0.91

X
x2 -1

Antiderivative was successfully verified.

[In] Integrate[(1 + x72)/(1 - 2*x~2 + x74),x]

[Out] -(x/(-1 + x72))




Maple [A] time = 0.043, size = 16, normalized size = 1.5

1 1
-2+42x 2+4+2x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2+1)/(x"4-2*%x"2+1),x)

[Out] -1/2/(-1+x)-1/2/(1+x)
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Maxima [A] time = 1.0077, size = 14, normalized size = 1.27

X
x2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4-2*x"2+1),x, algorithm="maxima"

[Out] -x/(x"2 - 1)

Fricas [A] time = 1.27508, size = 19, normalized size = 1.73

X
x2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4-2%x"2+1),x, algorithm="fricas")

[Out] -x/(x"2 - 1)

Sympy [A] time = 0.078523, size = 7, normalized size = 0.64

X
x2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((xx*2+1)/(x**4-2%x**2+1) %)

[Out] -x/(x*x*x2 - 1)

Giac [A] time = 1.14241, size = 15, normalized size = 1.36

Verification of antiderivative is not currently implemented for this CAS.



356

[In] integrate((x72+1)/(x"4-2%x"2+1),x, algorithm="giac")

[Out] -1/(x - 1/x)
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3.77 [

1-3x2+x4
Optimal. Leaf size=65

%10g(—2x—\/§+1)+%log(—2x+\/§+1)—%log(2x—\/§+1)—%10g(2x+\/§+1)

[Out] Logl[l - Sqrt[6] - 2*x]/2 + Logl[l + Sqrt[5] - 2*x]/2 - Logl[l - Sqrt[5] + 2xx
1/2 - Logl[l + Sqrt[5] + 2*x]/2

Rubi [A] time = 0.0319407, antiderivative size = 65, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 3, integrand size = 18, e -

0.167, Rules used = {1161, 616, 31}

integrand size

%10g(—2x—\/§+1)+%log(—2x+\/§+1)—%log(Zx—\/g+1)—%log(2x+\/5+1)

Antiderivative was successfully verified.

[In] Int[(1 + x72)/(1 - 3*%x"2 + x74),x]

[Out] Logl[l - Sqrt[6] - 2*x]/2 + Logl[l + Sqrt[5] - 2*x]/2 - Logl[l - Sqrt[5] + 2xx
1/2 - Logl[l + Sqrt[5] + 2*x]/2

Rule 1161

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With([{q = Rt[(2*d)/e - b/c, 2]}, Distl[e/(2%c), Int[1/Simpl[d/e + g*x + x72
, x], x], x] + Dist[e/(2xc), Int[1/Simp[d/e - q*x + x"2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQ[c*d"2 - axe”2, 0] && (
GtQ[(2%d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - ex*Rt[a/c, 2],

01))

Rule 616

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Distl[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4x*axc]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rubi steps
1+x2 1 1 1
Ty :—f—d +—f—d
T-3x2+x" 2 1—\/_x+x2 T2 1+\/_x+x2 *
1 1 1
e g
2J ~(-1-+5 +x 2 ) +x 2 1+\/_ J+x 2 (1445

T
2
= 110g(1—\/§—2x)+Elog(l+\/§—2x)—Elog(l—\/§+2x)—Elog(1+\/§+2x)
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Mathematica [A] time = 0.0057495, size = 29, normalized size = 0.45

%1og(—x2+x+1)—%log(—xz—x+1)

Antiderivative was successfully verified.

[In] Integratel[(1 + x72)/(1 - 3*x72 + x74),x]

[Out] -Logll - x - x72]/2 + Logl[l + x - x72]/2

Maple [A] time = 0.044, size = 22, normalized size = 0.3

ln(x2+x—1) ln(xz—x—l)
- 2 " 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2+1)/(x"4-3*x"2+1),x)

[Out] -1/2*1n(x"2+x-1)+1/2*%1n(x"2-x-1)

Maxima [A] time = 0.953934, size = 28, normalized size = 0.43
L log(x2 +x—1) + ! log(xz—x—l)
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x74-3*x"2+1),x, algorithm="maxima"

[Out] -1/2xlog(x"2 + x - 1) + 1/2*%log(x"2 - x - 1)

Fricas [A] time = 1.27954, size = 62, normalized size = 0.95

—% log(x2+x—1)+% log(xz—x—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(x"4-3*x"2+1),x, algorithm="fricas")

[Out] -1/2%log(x”2 + x - 1) + 1/2%log(x"2 - x - 1)

Sympy [A] time = 0.097323, size = 19, normalized size = 0.29

log(xz—x—l) 10g(x2+x—1)

2 2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((x**2+1)/ (x**4-3*x**2+1) ,x)

[Out] log(x**2 - x - 1)/2 - log(x**2 + x - 1)/2

time = 1.13753, size = 58, normalized size = 0.89

11]
-2

Giac [A]
1+2 +11 -+
- — — log||x
x 1 %8 I x

X= = X ==
X

1 | 1
—g gl —
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((x"2+1)/(x74-3%x"2+1),x, algorithm="giac")

[Out] -1/4xlog(abs(x + 1/(x - 1/x) - 1/x + 2)) + 1/4xlog(abs(x + 1/(x - 1/x) - 1/

X - 2))
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3.78 [

1-4x2+x4

Optimal. Leaf size=43

tanh™! (\/5 - \/Ex) tanh™! (\/Ex + \/5)
V2 ) V2

[Out] ArcTanh[Sqrt[3] - Sqrt[2]*x]/Sqrt[2] - ArcTanh[Sqrt[3] + Sqrt[2]*x]/Sqrt[2]

Rubi [A] time = 0.0331814, antiderivative size = 43, normalized size of antiderivative

0 . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 18, e .

0.167, Rules used = {1161, 618, 206}

tanh™! (\/5 - \/Ex) tanh™! (\/Ex + \/5)
V2 ) V2

integrand size

Antiderivative was successfully verified.

[In] Int[(1 + x72)/(1 - 4%x"2 + x74),x]
[Out] ArcTanh[Sqrt[3] - Sqrt[2]*x]/Sqrt[2] - ArcTanh[Sqrt[3] + Sqrt[2]*x]/Sqrt[2]

Rule 1161

Int[((d)) + (e_)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With([{q = Rt[(2*d)/e - b/c, 2]}, Distl[e/(2%c), Int[1/Simpl[d/e + g*x + x72
, x], x1, x] + Dist[e/(2xc), Int[1/Simp[d/e - q*x + x"2, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQ[c*d~2 - axe”2, 0] && (
GtQ[(2*d)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - e*Rt[a/c, 2],
01))

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2*xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps

1+ x? p 1f 1 p +1f 1 i
——dx== | ————dx+ = | —————dx
1-4x? +x* 2J 1 -+ex + x2 2J 14 +/6x + 2

1 1
= —Subst (fmdx,x,—\/g+2x) — Subst (fz—dx,x,\/g+2x)

~ tanh™ (\/§ - \/Ex) tanh ™t (\/5 + \/Ex)
B V2 ) V2
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Mathematica [A] time = 0.0119289, size = 40, normalized size = 0.93

log (—x2 +V2x + 1) ~log (xz +2x - 1)

22

Antiderivative was successfully verified.

[In] Integratel[(1 + x72)/(1 - 4*x"2 + x74),x]

[Out] (Logll + Sqrt[2]*x - x72] - Logl[-1 + Sqrt[2]*x + x72])/(2%Sqrt[2])

Maple [B] time = 0.067, size = 70, normalized size = 1.6

(\/§+3)\/§ x (—3+\/§)\/